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WELL-POSEDNESS OF GENERAL MIXED IMPLICIT
QUASI-VARIATIONAL INEQUALITIES, INCLUSION PROBLEMS
AND FIXED POINT PROBLEMS

MU-MING WONG

ABSTRACT. In this paper the concept of well-posedness to a general mixed im-
plicit quasi-variational inequality is generalized and some characterizations of its
well-posedness is given. It is proven that under appropriate conditions, the well-
posedness of a general mixed implicit quasi-variational inequality is equivalent to
the well-posedness of a corresponding inclusion problem. We also discuss the re-
lations between the well-posedness of a general mixed implicit quasi-variational
inequality and the well-posedness of a fixed point problem. Finally, we derive
some conditions under which a general mixed implicit quasi-variational inequal-
ity is well-posed.

1. INTRODUCTION

The concept of well-posedness for a minimization problem was initially intro-
duced by Tykhonov [31] and ever since has been widely studied, since the concept
of well-posedness has been applied to other contexts: variational inequality problems
[7,10,18-21], saddle point problems [5], Nash equilibrium problems [20,22-26, 28],
inclusion problems [16,17], and fixed point problems [16,17,32]. The concept of
Tykhonov well-posedness in the generalized sense was introduced, which means the
existence of minimizers and the convergence of some subsequence of every mini-
mizing sequence toward a minimizer. It is clear that the concept of well-posedness
is motivated by the numerical methods producing optimizing sequences. On ac-
count of its importance in optimization problems, various concepts of well-posedness
have been introduced and studied for minimization problems in past decades; see,
e.g., [2,8,14,21,27,31,37,38|.

Concerning the well-posedness of a given variational problem, it is very interesting
and quite important to establish its metric characterization, to find conditions under
which the problem is well-posed, and to investigate its links with the well-posedness
of other related problems. Some metric characterizations of various well-posedness
were established for minimization problems [8], variational inequalities [7,10,18,19]
and Nash equilibrium problems [25]. For the well-posedness conditions of various
variational problems, we refer the readers to [7,8, 10, 18,19, 26, 28]. The relations
between the well-posedness of variational inequalities and the well-posedness of
minimization problems were discussed in [7,19,21]. Lemaire [16] discussed the
relations among the well-posedness of minimization problems, inclusion problems
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and fixed point problems. Recently, Lemaire et al [17] further extended the result
in [16] by considering perturbations.

Very recently, motivated by the mentioned work as above, Fang, Huang and
Yao [11] investigated the well-posedness of a mixed variational inequality which
includes as a special case the classical variational inequality. They gave some met-
ric characterizations of its well-posedness and establish the links with the well-
posedness of inclusion problems and fixed point problems. Furthermore, they proved
that under suitable conditions, the well-posedness of the mixed variational inequal-
ity is equivalent to the existence and uniqueness of its solutions, and the well-
posedness in the generalized sense is equivalent to the existence of solutions.

In this paper, inspired by Fang, Huang and Yao [11], we generalize the concept
of well-posedness to a general mixed implicit quasi-variational inequality which in-
cludes as a special case the mixed variational inequality. We derive some met-
ric characterizations of its well-posedness and establish the links with the well-
posedness of inclusion problems and fixed point problems. Finally we also prove
that under appropriate conditions, the well-posedness of the general mixed implicit
quasi-variational inequality is equivalent to the existence and uniqueness of its solu-
tions, and the well-posedness in the generalized sense is equivalent to the existence
of solutions. The results presented in this paper are the improvements and extension
of the corresponding ones in Fang, Huang and Yao [11].

2. PRELIMINARIES

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. In order
to show the main results, we need the follow concepts and results.

Definition 2.1. A mapping g : H — H is said to be
(i) monotone if

(9(x) —g(y),z —y) >0, Va,ye H;
(ii) d-strongly monotone if there exists a constant 6 > 0 such that
(9(x) = g(y),z —y) 2 8|z —y|?, Va,y e H;
(iii) o-Lipschitz continuous if there exists a constant o > 0 such that
lg(x) =gl < ollz —yll, v,y e H.

We remark that if mapping g : H — H is d-strongly monotone and o-Lipschitz
continuous then g is a homeomorphism.

Let ¢ : H — RU{+0o0} be a proper, convex and lower semicontinuous functional.
Denote by dom the efficient domain of ¢, i.e.,

domp = {x € H : p(z) < +oo}.

Denote by d¢ and 0.y the subdifferential and e-subdifferential of ¢ respectively,
ie.,

Op(x) ={z" € H:o(y) —p(x) > (2", y —z),Vy € H}, Vz € domyp
and

deplx) = {a" € H: py) — o) > ¢,y — ) —e,Vy € H}, Va € dome.
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It is known that de.p(z) D dp(x) # O for all x € domgp and for all € > 0.

Now, let F,g : H — H be two mappings and ¢ : H x H — RU{+0c} be such that
for each fixed y € H, ¢(-,y) : H — H is a proper, convex and lower semicontinuous
functional on H and g(H) Ndomd¢(-,y) # 0. Consider the following general mixed
implicit quasi-variational inequality associated with (F, g, ¢):

Find = € H such that g(z) € domd¢(-, z) and
GMIQVI(F, g, 6) -
LV ER (i i i s
which has been studied intensively in Ding [6].

Some special cases.

(i) If ¢(z,y) = ¢(x) for all z,y € H, the GMIQVI(F, g, ¢) reduces to the following
general mixed variational inequality associated with (F, g, ¢):

Find 2 € H such that g(z) € domdp and
GMVI(F, g, o) :
T S s
which was considered and studied by Hassouni and Moudafi [13].
(ii) If g = I the identity mapping of H, then the GMVI(F, g, p) reduces to the
following mixed variational inequality associated with (F,¢):
MVI(F, o) : Find x € H such that (F(x),z —y) + ¢(z) —¢(y) <0, VYye€ H,

which has been studied intensively (see, e.g., [3,9,11,29,35,36]).

(iii) If K : H — 29 is a given multifunction such that each K(z) is a closed
convex subset of H (or K(x) = m(x) + K where m : H — H and K is a closed
convex subset of H) and if ¢ : H x H — RU{+00} is defined by

o(z,y) =gy (z), Yo,y € H,
where 0, () is the indicator function of K(y), i.e.,
_ 0, if z € K(y),

Ok (y)(®) = { +o00, otherwise,
then the GMIQVI(F), g, ¢) reduces to the following strongly nonlinear quasi-variational
inequality:

Find x € H such that g(z) € K(z) and
SNQVI(F, g, K) :

IELK) (g 20 e Ko

which includes a number of classes of variational inequalities, quasi-variational in-
equalities, complementarity and quasi-complementarity problems, studied previ-
ously by many authors, see, e.g., [6,12,30,33,34].

It is easy to see that O.¢(x,y) D dp(z,y) # 0 for all x € dom¢(-,y) and for all
e > 0. In terms of 9¢(+,y), GMIQVI(F, g, ¢) is equivalent to the following inclusion
problem associated with (F, g, ¢):

IP(F,g,¢) : Find x € H such that 0 € F(z) + d¢(g(z), x).
For each fixed y € H, the resolvent operator of 9¢(-,y) is defined by

TP (@) = (I +206(,y)) " (x), Vo € H,
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which is well-defined, single-valued and nonexpansive, where A > 0 is a constant.
Recall that a mapping T': H — H is said to be nonexpansive if ||Tz—Ty|| < ||z —y||
for all x,y € H. In terms of J/(\%("m), GMIQVI(F, g, ) is also equivalent to the
following fixed point problem associated with (F, g, ¢):

FP(F,g,9) : Find « € H such that © =z — g(x) + Jf\%("x) (9(x) — AF(x)).
Summarizing the above results, we have the following lemma:

Lemma 2.2. Let F,g : H — H be two mappings and ¢ : H x H — RU{+o0} be
such that for each fized y € H, ¢(-,y) is a proper, convezx and lower semicontinuous
functional satisfying g(H) N domd(-,y) # 0. Then the following conclusions are
equivalent:

(i) = solves GMIQVI(F, g, ¢);

(ii) = solves IP(F, g, ®);

(iii) x solves FP(F, g, ®), where X > 0 is a constant.

Proof. For the sake of completeness we give the proof of the lemma. Observe that
for each y € H,

x solves GMIQVI(F, g, ¢)
& (F(z),9(z) —y) + d(g(x),z) — d(y,2) <0
< dy,z) — o(g(x), ) = (—F(z),y — g(z))
& —F(x) € 0¢(g(x), )
< 0€ F(z)+ 9¢(g(x), z),

and for some A > 0

0€ F(x)+ 0¢(g(x),x)
& g(x) = AF(x) € g(z) + A0¢(g(x), z)
g9(@) = (I +209(-, 2)) "} (g(z) — AF ()

& =z —gfa) + 14 a) - \F()).
Thus, conclusions (i)-(iii) are equivalent. O

Definition 2.3. Let F,g : H — H be two mappings. F'is said to be g-hemicontinuous
if for any z,y € H, the function ¢t — (F(xz + t(y — x)), g(y) — g(x)) from [0, 1] into
R is continuous at 0.

Clearly, the continuity implies the hemicontinuity, but the converse is not true in
general.

Definition 2.4. A mapping F': H — H is said to be uniformly continuous if for any
neighborhood V of 0, there exists a neighborhood U of 0 such that F'(z)— F(y) € V
for all x,y € H with x —y € U. Obviously, the uniform continuity implies the
hemicontinuity.

Definition 2.5. Let F,g: H — H be two mappings.
(i) F' is said to be g-monotone if

(F(x) = F(y),9(x) —g(y)) >0, Vr,yec H.

At the same time, ¢ is said to be F-monotone.
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(ii) F is said to be g-convex if for each A € [0,1] and each z,y € H,

(F'(wx), g(wx)) < MEF(wy), g(x)) + (1 = A){F(wx), 9(y))
where wy = Az + (1 — A\)y.
Lemma 2.6. Let g : H — H be a homeomorphism. Let F : H — H be g-monotone,
g-convex and g-hemicontinuous. Let ¢ : H x H — RU{+oc} be such that for each

firedy € H, ¢(g(-),y) is a proper, convezx and lower semicontinuous functional, and
x € H a given point. Then

(F(x),9(x) —y) + o(9(x),2) — ¢(y,x) <0, VyeH
if and only if

(F(y),9(x) —y) + ¢(g(x), ) — d(y,2) <0, Vye H.
Proof. Suppose

(2.1) (F(z),9(x) —y) + o(9(),2) — ¢(y,x) <0, Vye€ H.
Since g : H — H is a homeomorphism, we know that inequality (2.1) is equivalent
to the following inequality

(F(x),9(x) — 9(y)) + o(9(x),x) — $(g(y),x) <0, Vye H.
Since F' is g-monotone, we have
(F(y) — F(x),9(y) —g(x)) =0, VyeH
and hence

(F(y),9(y) — g9(z)) + d(9(y), ) — (g9(x), )
> (F(2),9(y) — 9(x)) + d(9(y), ) — ¢(g(x),x) > 0,
for all y € H. Consequently,

(F(y),9(x) — g(y)) + d(9(x),2) — ¢(9(y),2) <0, Vye€ H.
Utilizing again the condition that g : H — H is a homeomorphism, we deduce that

Conversely, suppose inequality (2.2) is valid. Since g : H — H is a homeomor-
phism, we deduce that inequality (2.2) is equivalent to the following inequality

(F(y),9(y) —g(x)) + ¢(9(y), x) — #(g(z),x) >0, Vye€ H.

For any given y € H we define y; = ty+ (1 —t)x for all ¢ € (0, 1). Replacing y by
in the left-hand side of the last inequality, and utilizing the convexity of ¢(g(-), )
and the g-convexity of F', we derive for each ¢ € (0,1),

0 <(F(yt),9(yt) — g9(x)) + ¢(g(wr), ) — ¢(9(x),

)
= (F(ye),9(4r)) = (F(y1), 9(x)) + 0(9(y1), ) — d(g(2), x)
< EF(W),9(y) + (1 = )(F (), g(2)) — (F(ye), 9())
+to(g(y), 2) + (1 = )d(g(2), 2) = 6(g(2), 7)

= t[(F(yt),9(y)
which hence implies that

(2.3) (F(ye), 9(x) = 9(y)) + o(9(x), ) — d(g(y),x) <0, Vt e (0,1).

9(x)) + ¢(9(y), z) — d(g(x), )],
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Since F is g-hemicontinuous, we conclude from (2.3) that as t — 0%,

(F(z),9(z) — 9(y)) + ¢(g(x),2) — d(g9(y),z) < 0.
Since g : H — H is a homeomorphism, from the arbitrariness of y we obtain

(F(x),9(x) —y) + o(g(z),2) — d(y, ) <0, Vye H.
This completes the proof. O

Definition 2.7 (See [15]). Let A be a nonempty subset of H. The measure of
noncompactness p of the set A is defined by

p(A) =inf{e >0: A C U, A;, diamA4; <e¢, i =1,2,...,n},
where diam means the diameter of a set.

Definition 2.8. Let A, B be nonempty subsets of H. The Hausdorff metric H(-,-)
between A and B is defined by

H(A, B) = max{e(A, B),e(B, A)},

where e(A, B) = sup,c4d(a, B) with d(a,B) = infyecp |l — bl|. Let {A4,} be a
sequence of nonempty subsets of H. We say that A,, converges to A in the sense of
Hausdorff metric if H(A,, A) — 0. It is easy to see that e(A,, A) — 0 if and only
if d(an, A) — 0 for all section a,, € A,. For more details on this topic, we refer the
readers to [1,15].

3. WELL-POSEDNESS AND METRIC CHARACTERIZATION

In this section we introduce sone concepts of well-posedness of the general mixed
implicit quasi-variational inequality and establish their metric characterizations.
Let a > 0 be a given number and let H, F) g, ¢ be defined as in the previous section.

Definition 3.1. Let g : H — H be a homeomorphism. A sequence {z,} C H
is said to be an a-approximating sequence for GMIQVI(F, g, ¢) if there exists a
sequence {e,} of nonnegative numbers with €, — 0 such that

g(zp) € domo(-, xy),
(F(zn), 9(xn) — y) + ¢(9(@n), Tn) — ¢(y, zn) < %llxn - WP +en,vye H

for all n € N. If a1y > as > 0, then every as-approximating sequence is «aj-
approximating. When ao = 0, we say that {x,, } is approximating for GMIQVI(F, g, ¢).

Definition 3.2. We say that GMIQVI(F, g, ¢) is strongly (resp. weakly) a-well-
posed if GMIQVI(F, g, ¢) has a unique solution and every a-approximating sequence
converges strongly (resp. weakly) to the unique solution. In the sequel, strong (resp.
weak) O-well-posedness is always called as strong (resp. weak) well-posedness. If
a1 > ag > 0, then strong (resp. weak) aj-well-posedness implies strong (resp.
weak) ao-well-posedness.

Remark 3.3. When ¢(z,y) = dx(z) and g = I where K is a closed convex subset
of H, Definition 3.2 reduces to the definition of strong (resp. weak) a-well-posedness
for the classical variational inequality. For details, we refer the readers to [7,19,20]
and the references therein.
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Definition 3.4. We say that GMIQVI(F, g, ¢) is strongly (resp. weakly) a-well-
posed in the generalized sense if GMIQVI(F, g, ¢) has a nonempty solution set S
and every a-approximating sequence has a subsequence which converges strongly
(resp. weakly) to some point of S. When o = 0, we say that GMIQVI(F, g, ¢) is
strongly (resp. weakly) well-posed in the generalized sense. Clearly, if ag > ay > 0,
then strong (resp. weak) aj-well-posedness in the generalized sense implies strong
(resp. weak) ag-well-posedness in the generalized sense.

Remark 3.5. When ¢(z,y) = 0x(x) and g = I where K is a closed convex subset
of H, Definition 3.4 reduces to the definition of strong (resp. weak) a-well-posedness
in the generalized sense for the classical variational inequality. For details, we refer
the readers to [7,19,20] and the references therein.

Let ¢ : H — H be a homeomorphism. The a-approximating solution set of
GMIQVI(F, g, ¢) is defined by

Qa(e) ={z € H: (F(z),9(z) —y) + ¢(9(z), ) — ¢(y, x)
@
< Sllw =97 W) +e vy € H}, Ve>0.
Now we give a metric characterization of strong a-well-posedness for GMIQVI(F, g, ¢).

Theorem 3.6. Let g : H — H be a homeomorphism. Let F : H — H be g-
monotone, g-convex and g-hemicontinuous. Assume that for each fixed y € H there
hold the following conditions for a proper functional ¢ : H x H — RU{+00}:

(i) z = ¢(g(x),y) is conver;

(i) z — ¢(g(x),x) — P(g(y), x) is lower semicontinuous.
Then GMIQVI(F, g, ¢) is strongly a-well-posed if and only if

(3.1) Qu(e) #0, VYe>0 and diamQ,(e) — 0 ase— 0.

Proof. Suppose that GMIQVI(F, g, ¢) is strongly a-well-posed. Then GMIQVI(F, g,
¢) has a unique solution which lies in ,(¢) for all € > 0. If diamQ,(e) 4 0 as
€ — 0, then there exist constant > 0 and sequences {e,} C R4 with €, — 0, and
{un}, {vn} with up, v, € Qq(ey) such that

(3.2) lun, —vn| > 1, ¥YneN.

Since up, vy, € Q4(€n), both {u,} and {v,} are a-approximating sequences for
GMIQVI(F,g,¢). So they have to converge strongly to the unique solution of
GMIQVI(F, g, ¢), a contraction to (3.2).

Conversely, suppose that condition (3.1) holds. Let {z,} C H be an a-
approximating sequence for GMIQVI(F, g, #). Then there exists a sequence {¢,} C
R+ with €, — 0 such that

(F(zn), 9(zn) = y) + d(g(n), 2n) = ¢y, 20) < S llzn — g7 W) + e, Vy € H

for all n € N. This implies that x,, € Qu(e,). From (3.1), we know that {x,}
is a Cauchy sequence and so it converges strongly to a point £ € H. Note that
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g : H — H is a homeomorphism. Hence the last inequality is equivalent to the
following inequality

(3.3) (F(xn),g(xn) =9(y)) +¢(g(2n); 2n) = P(9(y), 2n) < %Ilwn—yll2+6n, Vy € H.

Since F' is g-monotone and functional z — ¢(g(x),z) — ¢(g(y), z) is lower semicon-
tinuous for each fixed y € H, it follows from (3.3) that

(F(y), 9(z) — 9(y)) + o(9(2), ) — ¢(9(y), T)
<l inf{(F(y), g(zn) — 9(y)) + (g(wn), Tn) — H(g(y); xn)}
< lminf{{F(zn), 9(xn) = 9(y)) + &(g(n), 2n) = S(9(y), 2n)}
< liminf{Z 2 — y|? + en}
=slz -yl vyem
For any y € H, put s = (1 — t)z + ty, Vt € (0,1). Then

(F(30),9(2) — 9l)) + 6(9(2),7) — d(9(un). ) < Sz will’, Ve € (0,1).

Since F is g-convex and ¢(g(-), %) is convex, we have

(F(), 9(2) — 9(y)) + ¢(9(2),7) — d(g(y), T) < %a\lfc —yll”, vte(0,1).
Letting t — 07" in the last inequality, from the g-hemicontinuity of F we get
(F(2),9(7) — 9(y)) + &(9(2),Z) — ¢(9(y), ) <0

for each y € H. Since g : H — H is a homeomorphism, we have

(F(2),9(z) —y) + 9(9(2),Z) — ¢(y,2) <0, Vye H.

This shows that Z solves GMIQVI(F, g, ¢).

To complete the proof, we need only to prove that GMIQVI(F, g, ¢) has a unique
solution. Assume by contradiction that GMIQVI(F, g, ¢) has two distinct solutions
x1 and x9. Then it is easy to see that x1,x2 € Q4(€) for all € > 0 and

0 < ||lz1 — x2|| < diamQ,(e) -0 ase— 0,
a contradiction to (3.1). This completes the proof. O

Remark 3.7. Theorem 3.6 generalizes Theorem 3.1 of [11], and hence Proposition
2.2 of [7].

In terms of noncompact measure, we have the following analogous metric char-
acterization of strong a-well-posedness in the generalized sense.

Theorem 3.8. Let g : H — H be a homeomorphism and F : H — H be such
that the functional x — (F(z),g(x) — g(y)) is lower semicontinuous for each fized
y € H. Let ¢ : HxH — RU{+00} be a proper functional such that x — ¢(g(x), x)—
d(g(y), z) is lower semicontinuous for each fivzed y € H. Then GMIQVI(F, g, ¢) is
strongly a-well-posed in the generalized sense if and only if

(3.4) Qa(e) #0, Ve>0 and p(Qa(e)) = 0ase— 0.
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Proof. Suppose that GMIQVI(F, g, ¢) is strongly a-well-posed in the generalized
sense. Let S be the solution set of GMIQVI(F, g, ¢). Then S is nonempty and
compact. Indeed, let {z,} be any sequence in S. Then {z,} is a-approximating for
GMIQVI(F, g, ¢). Since GMIQVI(F, g, ¢) is strongly a-well-posed in the generalized
sense, {x,} has a subsequence which converges strongly to some point of S. Thus
S is compact. Clearly, Qq(€) D S # 0 for all € > 0. Now let us show that

1w(Qa(e)) =0 ase—0.

Observe that for every € > 0,
H(Qa(e), S) = max{e(Qq(€), S), e(S, Q(e))} = e(Qale),S).
Taking into account the compactness of S, we get
1(Qa(€)) < 2H(Qu(e), S) = 2¢(Qule), ).
To prove (3.4), it is sufficient to show that

e(Qu(€),S) =0 ase—0.

If e(Qqa(€),S) 4 0 as € — 0, then there exist [ > 0 and {¢,} C Ry with ¢, — 0,
and z,, € Q,(€,) such that

(3.5) an & S+ B(0,1), VYneN,

where B(0,1) is the closed ball centered at 0 with radius . Because of x,, € Qq,(€,),
{zn} is an a-approximating sequence for GMIQVI(F, g, ¢). Since GMIQVI(F, g, ¢)
is strongly a-well-posed in the generalized sense, there exists a subsequence {zy, }
of {z,,} converging strongly to some point of S. This contradicts to (3.5) and so

e(Qa(€),S) -0 ase—0.

Conversely, assume that (3.4) holds. First, let us show that Q,(€) is closed for
all € > 0. Let {z,} C Q4(€) with z,, = z. Then

(F(wn)ag(mn> - y> + ¢(g(xn)7xn) - qﬁ(y,xn) S %”‘rn - g_l(y)Hz + € Vy € H.

Since g : H — H is a homeomorphism, the last inequality is equivalent to the
following one

(F(2n), 9(xn) = 9(y)) + ¢(9(2n), 2n) — ¢(9(y), 2n) < %Hxn —yl’+e WyeH.

Since z — (F(2),9(z) — g(y)) and z — ¢(g(2), z) — #(g9(y), z) are lower semicontin-
uous for each fixed y € H, we deduce that

(F(x),9(z) — g(y)) + d(g9(z), z) — d(g(y), z) < %Hw —yl*+e, VyeH.

Since g : H — H is a homeomorphism, the last inequality is equivalent to the
following one

(F(x). 9(2) = y) + d9(@),@) = 6(y.2) < Tlle = 97" W)|* +e vy € H.

This shows that © € Q4(€) and so Q,(€) is nonempty closed for all € > 0. Observe

that
S =) Qale).

>0
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Since p(2o(€)) — 0, the Theorem on page 412 of [15] can be applied and one
concludes that S is nonempty and compact with

e(Qu(€),S) = H(Qa(€),S) = 0 ase— 0.
Let {u,} C H be an a-approximating sequence for GMIQVI(F, g, ¢). Then there
exists €, > 0 with ¢, — 0 such that

9(un) € domo (-, un),

(F(un), g(un) = y) + ¢(g(un), tn) — &y, un) < %Hun g WP +en, Vye H
for all n € N. So u, € Q4(€,) follows from definition. It follows from (3.4) that
d(un, S) < e(Qalen),S) — 0.
Since S is compact, there exists z,, € S such that
|lun, — Zn | = d(un, S) — 0.
Again from the compactness od S, {Z, } has a subsequence {Z, } converging strongly

to z € S. Hence the corresponding subsequence {u,, } of {u,} converges strongly
to z. Thus GMIQVI(F, g, ¢) is strongly a-well-posed in the generalized sense. [

Now we give the following example as an application of Theorem 3.6.

Example 3.9. Let H be the 2-dimensional Euclidean space R?. As usual, its inner
product and norm are defined as

(z,y) = z1y1 + 22y2 and  |lz| =/ w3 +a23, Vo,yeH

where x = (z1,22) and y = (y1,y2). Define mappings F, g : H — H and functional
¢: H x H— RU{+00} as follows
F(z) = g(x) = (&1 — w221+ x2) and  ¢(z,y) = [[«]* + |ly|*>, Vz,ye H

where ©z = (x1,22) and y = (y1,y2). Clearly, g is a homeomorphism, F' is g-
monotone, g-convex and g-hemicontinuous, and ¢ is a proper functional such that
for each fixed y € H the following conditions are satisfied:

(i) ¢(g(x),y) = 2||z||* + |Jy||* is convex in the variable x;

(i) ¢(g(),2)—(g(y), ) = 2(||z||*—||y||?) is lower semicontinuous in the variable
x.
Let a = 4. Then

Q4(e)

={z € H: (F(z),9(z) —y) + d(9(z),2) — d(y,x) < %le — 9 W? + e Vy € HY
={z e H:(F(z),9(x) —g(y)) + o(9(z),z) — d(g(y),x) < %Hl‘ —yl* +¢Vy € H}
= {z € H: 2w,z —y) +2(|l2|* = |y|*) < 2llz - y|* +¢,Vy € H}

= (e e H: {w,x —y)+ 2l — lyl* - o — y|* - 5 < 0.vy € H}

9l _
8

:{xEH:—2||y—§||2+ %SO,VyEH}

—{we o < 2.
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By Theorem 3.6, GMIQVI(F, g, ¢) is 4-well-posed since diam$y(e) = %ﬁ — 0 as
e — 0.

4. LINKS WITH WELL-POSEDNESS OF INCLUSION PROBLEMS

In this section we shall investigate the relations between the well-posedness of gen-
eral mixed implicit quasi-variational inequalities and the well-posedness of inclusion
problems. In what follows we always denote by — and — the strong convergence
and weak convergence, respectively. Let A : H — 2" be a set-valued mapping. The
inclusion problem associated with A is defined by

IP(A) : Find x € H such that 0 € A(x).

Definition 4.1 ( [16,17]). A sequence {z,,} C H is called an approximating se-
quence for IP(A) if d(0, A(x,)) — 0, or equivalently, there exists y,, € A(x,) such
that |lyn|| — 0 as n — oo.

Definition 4.2 ( [16,17]). We say that IP(A) is strongly (resp. weakly) well-posed if
it has a unique solution and every approximating sequence converges strongly (resp.
weakly) to the unique solution of IP(A). IP(A) is said to be strongly (resp. weakly)
well-posed in the generalized sense if the solution set S of IP(A) is nonempty and
every approximating sequence has a subsequence which converges strongly (resp.
weakly) to a point of S.

Definition 4.3. A proper functional ¢ : H x H — RU{+o0} is said to be diagonally
convex if for each (u;,v;) € H x H, i =1,2 and each \ € [0, 1]

d(Aur + (1 — Nug, Aoy + (1 — N)v2) < Ap(ug,v1) + (1 — X)p(ug, v2).

Remark 4.4. If a proper functional ¢ : H x H — RU{+o0} is diagonally convex,
then for each fixed (z,y) € H x H the functionals u — ¢(u,y) and v — ¢(z,v) are
convex. Now we illustrate the concept of diagonal convexity. Take two fixed vectors
a,b € H. Define a proper functional ¢ : H x H — RU{+o0} as follows

o(x,y) = lal® + (a,y — b), V(a,y) € H x H.

Then it is easy to see that ¢ : H x H — RU{+o0} is diagonally convex. Meantime,
it is clear that ¢(y, -) is affine for each fixed y € H.

The following theorems establish the relations between the strong (resp. weak)
well-posedness of general mixed implicit quasi-variational inequalities and the strong
(resp. weak) well-posedness of inclusion problems.

Theorem 4.5. Let g : H — H be a homeomorphism which is affine and o-Lipschitz
continuous. Let ' : H — H be g-monotone and g-hemicontinuous. Let ¢ : Hx H —
RU{+oc} be a proper and diagonally convexr functional such that for each fized
y € H there hold the following conditions:
(1) ¢(y7 ) is a.ﬁ:’:ne;
(ii) & (-, y) is a lower semicontinuous functional satisfying g(H)Ndomdo(-,y) # 0;
(iii) = — é(g(x),z) — d(g(y), x) is weakly lower semicontinuous.
If GMIQVI(F, g, ¢) is weakly well-posed, then IP(F, g, ¢) is weakly well-posed.
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Proof. Suppose that GMIQVI(F, g, ¢) is weakly well-posed. Then GMIQVI(F, g, ¢)
has a unique solution z*. By Lemma 2.2, x* is also the unique solution of IP(F, g, ¢).
Let {x,} be an approximating sequence for IP(F,g,#). Then there exists y, €
F(zy) + 0¢(g(xy), xy) such that ||y,| — 0. It follows that

(Y, xn) — ¢(9(xn), Tn) = (Yn — F(2n),y — g(xn)), Vy € H,n € N.

Since g : H — H is a homeomorphism, the last inequality is equivalent to the
following one

(4.1)  o(9(y),zn) — ¢(9(wn), wn) > (yn — F(2n),g(y) — g(zn)), Yy € H,n € N.

If {x;,} is unbounded, without loss of generality, we may assume that ||z,| — +oo.

Let
1
by = ————, zn=2a" +tp(x, — ).
S e R
Without loss of generality, we may assume that ¢, € (0,1] and z, — z(# z*). For
any y € H, it follows from the affinity of g that

(F(y),9(z) —g()) = (F(y),9(2) — g(zn)) + (F(y), 9(2n) — g(z7))
+(F(y), 9(z") — g(y))
(4.2) = (F(),9(2) — 9(zn)) + ta(F(y), g(xn) — g(z7))
+(F(y), 9(z") — g(y))
= (F(y),9(2) — 9(zn)) + ta(F(y), g(xn) — 9(y))
+(1 = ta){(F(y), 9(z") — 9(y))

Since F'is g-monotone,
(4.3) (F(y),9(z") —g(y)) < (F(z%),9(z") = 9(y))
and  (F(y),9(xn) — 9(y)) < (F(2n), 9(zn) — 9(y))-
Furthermore, since z* is the unique solution of GMIQVI(F, g, ¢), we have
(F(a"),9(x%) —y) + ¢(g(a7),27) — ¢(y,27) <0, Vye H
which is equivalent to the following inequality
(4.4) (F(z%), 9(z") — g(y)) + d(g(2"),2%) — d(g(y),2") <0, Vye H.

Also, since ¢ is diagonally convex, and both ¢(g(y),-) and g are affine, it follows
from (4.1)-(4.4) that

(F(y),9(2) — 9(y))
< (F(y),9(2) — 9(zn)) + tnd(9(y), 2n) — tnd(g(Tn), Tn) + tn(Yn, 9(xn) — 9(v))
+(1 —tn)[d(9(y), z*) — d(g(z*), 27)]
= (F(y),9(2) — 9(zn)) + tnd(9(y), zn) + (1 — )0 (g(y), 2*)
—[tnd(9(wa)s w) + (1 = ta)$(g(a*), a*)] + Lol g)
< (F(y), 9(2) = 9(20)) + B(9(y), 2n) — B9(2n), 20) + Laflinlgld)
< <F(y)79(2) - g(ZTL)) + ¢(g(y)7 Zn) - ¢(Q(Zn)v Zn) + UHynH |||L$nn:1i”|| .
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Note that = — ¢(g(x),z) — ¢(g(y), x) is weakly lower semicontinuous. Utilizing the
fact that every convex and lower semicontinuous functional has to be weakly lower
semicontinuous, we deduce that

(F(y),9(z) — 9(y))
< lings;p{(F(y)ag(z) — g(zn)) + D(9(1), 20) — d(g(zn), 2n) + o||ynl HH;C“ ;ZJHH}
< ¢(9(y), 2) — #(9(2), 2),

which is equivalent to the following inequality

(F(y),9(2) —y) + ¢(g9(2), 2) — ¢(y,2) <0, Vye€ H.

This together with Lemma 2.6 yields that z solves GMIQVI(F), g, ¢), a contradiction.
Thus, {x,} is bounded.

Let {xy,} be any subsequence of {z,} such that z,, — = as k — oo. It follows
from (4.1) that

(F(zny), 9(n,) — 9(y)) + d(9(ny)s Tny) — ¢(9(Y)s Tni) < W 9(ny) — 9(y)),
Yy € H,n € N.

Since ¢ is affine, F' is g-monotone, x — ¢(g(x),z) — ¢(g(y),z) is weakly lower
semicontinuous, and ||y, || — 0, we have

(F(y),9(z) — g(y)) + o(9(2), ) — 0(9(y), )
< lminf{(F(y), g(@n,) = 9(y)) + d(9(2ny), 2ny) — G(9(y), Ty )}
< lim inf{(F (2, ), 9(zn,) = 9(9)) + (9(2ns ) Tny) = 6(9(y)s 2 ) }
< liminf(yn,, g(wn,) = 9(y))
< liminf o[y, [z, —yl =0, vy e H,

which is equivalent to the following inequality

(F(y),9(2) —y) + (9(z),7) — #(y,7) <0, Vye€ H.

This together with Lemma 2.6 yields that  solves GMIQVI(F, g,¢). We have
z = z* since GMIQVI(F, g, ¢) has a unique solution z*. Therefore {z,} converges
weakly to z* and so IP(F), g, ¢) is weakly well-posed. O

Theorem 4.6. Let g : H — H be a homeomorphism whose inverse g~ is uniformly

continuous. Let F' : H — H be uniformly continuous and g-monotone, and let
¢: Hx H — RU{+o0} be such that for each fixed y € H, ¢(-,y) is a proper, convex
and lower semicontinuous functional satisfying g(H) N domd(-,y) # 0. Assume
that for any bounded sequences {x,},{yn} in H there holds the following:

|n—ynl| = 0(n —00) = 00(9(yn), zn) C 00(g(yn), yn) for n sufficiently large.

IfTP(F, g, ¢) is strongly (resp. weakly) well-posed, then GMIQVI(F, g, ¢) is strongly
(resp. weakly) well-posed.

Proof. Let {x,} be an approximating sequence for GMIQVI(F, g, ¢). Then there
exists €, > 0 with ¢, — 0 such that

¢(g(zn), zn) < &Y, Tn) + (F(2n),y — 9(xn)) + €, Yy € H,n € N.
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Define ¢y, : H — RU{40c0} as follows:

On(y) = Sy, x0) + (F(zn),y — g(xn)), Yy € H.

Clearly ¢, is proper, convex and lower semicontinuous and 0 € ., ¢ (g(z,)) for all
n € N. By the Brondsted-Rockafellar theorem [4], there exists z,, € H and

T, € (‘3(;3”(9(3’:71)) = 09(9(Zn), Tn) + F(zn)
such that
l9(zn) — 9(Zn)|| < Ven, llznll < Ven.
It follows that
z,, + F(Z,) — F(x,) € F(Zy) + 00(9(Tn), xn) C F(Zn) + 00(9(ZTn), ZTn)

for n sufficiently large. Since g~!, F : H — H are uniformly continuous, we deduce
that

20 = Zall = lg™ (g(2n)) — g™ (9(Za))I| = O
and hence
27, + F(Zn) — F(zn)|| < |25 ) + |1F(Zn) — F(zn)]| — 0.

So {z,} is an approximating sequence for IP(F, g, ¢).

Let x* be the unique solution of GMIQVI(F, g, ¢). By Lemma 2.2, z* is also the
unique solution of IP(F, g, ¢).

If IP(F, g, ¢) is strongly well-posed, then z, — z*. It follows that

o — 271 < llzn — Zall + n — °] =0

and so GMIQVI(F, g, ¢) is strongly well-posed.

If IP(F, g, ¢) is weakly well-posed, then z,, — z*. For any f € H, we have
[y = 2| < 4y = Fa) | [4F, B— 2°)] < [Pl — Foll 14, 70— 2] = 0.
Thus GMIQVI(F, g, ¢) is weakly well-posed. O

For the well-posedness in the generalized sense, we have the following analogous
results.

Theorem 4.7. Let g : H — H be a homeomorphism which is o-Lipschitz contin-
wous, and F' : H — H be g-hemicontinuous and g-monotone. Let ¢ : H x H —
RU{+oc} be such that for each fized y € H, ¢(-,y) is a proper, convex and lower
semicontinuous functional satisfying g(H) N domd¢(-,y) # 0. If GMIQVI(F, g, ¢)
is strongly (resp. weakly) o®-well-posed in the generalized sense, then IP(F, g, ¢) is
strongly (resp. weakly) well-posed in the generalized sense.

Proof. Let {x,} be an approximating sequence for IP(F, g, ¢). Then there exists
Yn € F(xp) + 06(g(zy), x,) such that ||y,|| — 0. It follows that

&Y, zn) — d(9(2n); Tn) > (Yn — F(zn),y — g(xn)), Vy € H,n €N,

which is equivalent to the following inequality

(9(y)s zn) — d(g(zn), 2n) > (yn — F(zn),9(y) — g9(xn)), Vy € H,n € N.
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Hence we have

(F(xn), 9(7n) — 9(y)) + ¢(g(zn), 2n) — d(g(y), Tn)
<yna g(xn) - g(y)>
slg(@n) — gW)I1* + 3 llynl?

2

VASRVANRVAN

which is equivalent to the following inequality

2

o _ 1
5 len—g Yy)lI? + §||yn|\2,

Vye H,n € N.

(F(xn), 9(7n) —y) + &(g(2n), Tn) — ¢(y, T5) <

This together with |y,|| — 0 implies that {z,} is o?-approximating for
GMIQVI(F, g, ¢). Since GMIQVI(F, g, ¢) is strongly (resp. weakly) o2-well-posed
in the generalized sense, {z,} converges strongly (resp. weakly) to some solution
x* of GMIQVI(F,g,¢). By Lemma 2.2, x* is also a solution of IP(F,g,¢). So
IP(F, g, ¢) is strongly (resp. weakly) well-posed in the generalized sense. O

Theorem 4.8. Let g : H — H be a homeomorphism whose inverse g~ ' is uniformly

continuous. Let F' : H — H be uniformly continuous and g-monotone, and let
¢ Hx H— RU{+o0} be such that for each fixed y € H, ¢(-,y) is a proper, convex
and lower semicontinuous functional satisfying g(H) N domde(-,y) # 0. Assume
that for any bounded sequences {xn},{yn} in H there holds the following:

|zn—yn|| > 0(n = 00) = 9b(9(yn), xn) C 0P(9(yn), yn) for n sufficiently large.

If TP(F, g, ¢) is strongly (resp. weakly) well-posed in the generalized sense, then
GMIQVI(F, g, ¢) is strongly (resp. weakly) well-posed in the generalized sense.

Proof. The conclusion follows from the arguments similar to that of Theorem 4.6.

g

5. LINKS WITH WELL-POSEDNESS OF FIXED POINT PROBLEMS

In this section, we shall investigate the relations between the well-posedness of
general mixed implicit quasi-variational inequalities and the well-posedness of fixed
point problems. Let T : H — H be a single-valued mapping. The fixed-point
problem associated with T is defined by

FP(T): Find z € H such that T'(z) = z.

We first recall some concepts.

Definition 5.1 ( [16,17]). A sequence {z,} C H is called an approximating se-
quence for FP(T) if ||x,, — T(x,)|| — 0 as n — oc.

Definition 5.2 ( [16,17]). We say that FP(T) is strongly (resp. weakly) well-
posed if FP(T') has a unique solution and every approximating sequence for FP(T)
converges strongly (resp. weakly) to the unique solution. FP(T) is said to be
strongly (resp. weakly) well-posed in the generalized sense if FP(T") has a nonempty
solution set S and every approximating sequence for FP(T") has a subsequence which
converges strongly (resp. weakly) to some point of S.
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Theorem 5.3. Let g : H — H be a homeomorphism which is affine and o-Lipschitz
continuous. Let ' : H — H be Lipschitz continuous and g-monotone. Let ¢ :
H x H — RU{+oc} be a proper and diagonally convex functional such that for each
fixed y € H there hold the following conditions:

(1) ¢(y’ ) is aﬂine;

(ii) & (-, y) is a lower semicontinuous functional satisfying g(H)Ndomdo(-,y) # 0;

(iii) for any weak convergence sequence {z,} C H with z, — z € H and any
sequence {en} C H with e, — 0, there holds for each fized y € H

lim inf(¢(g(2n) + €n, 2n) = 3(9(y), 2)] = B(9(2), 2) — B(9(y), 2);
(iv) for any sequences {xy},{wn} C H with ||w,| — 400 and ||z, — wy|| — 0,

lim sup (F(zn), g(wn) — g(Tn) + T — wp)

If GMIQVI(F, g, ¢) is weakly well-posed, then FP(F, g, ¢) is weakly well-posed, where
A >0 is a constant.

<0.

Remark 5.4. It is easy to see that condition (iv) of Theorem 5.3 holds if one of
the following statements (a), (b) holds:

(a) g = I the identity mapping of H;

(b) F: H— H is Lipschitz continuous.
In addition, if g = I the identity mapping of H and ¢(x,y) = ¢(x) is a proper,
convex and lower semicontinuous functional, then there is no doubt that condition
(iii) in Theorem 5.3 holds.

Proof of Theorem 5.3. Suppose that GMIQVI(F, g, ¢) is weakly well-posed. Let z*
be the unique solution of GMIQVI(F,g,¢). By Lemma ??, x* is also the unique
solution of FP(F,g,¢). Let {x,} be an approximating sequence for FP(F, g, ¢).
Then ||z, —wy|| = 0, where

86 (- zm
Wy, = Ty — g(xn) + J)\‘f’( N (gan) — AF ().
By the definition of Jf‘ﬁ(':x)7

Tp — Wn

3 — F(xy) € 00(wn — xpn + g(x0), Tp).

It follows that
(5.1)

¢(yv xn) - ¢(wn —xy + g(xn), xn) > <w

y — F(zn),y — (W, —xp + g(xn))),

Vye€ H,n € N,
which is equivalent to the following inequality
(5.2)
¢(9(y), Zn) = p(wn—2n+9(xn), 2n) = (

Tp — Wn

) —F(zy),9(y)— (wn—xn+9(zn))),

Yy € H,n € N.
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If {w,} is unbounded, without loss of generality, we may assume that ||w,| —

+o00. Let
1 X %
th = ———, Zn=2" +tp(z, —2").
[wn — ¥
Without loss of generality, we may assume that ¢, € (0,1) and z, — z(# z*). From
the affinity of g it follows that

(F(y),9(2) —9()) = (F(y),9(2) —9(zn)) + (F(y), 9(zn) — g(z7))
+(F (), 9(z*) — g(y))
(5.3) = (F),9(2) — g(zn)) + ta(F(y), g(xn) — 9(y))

+(1 = tn){(F(y), 9(z") — 9(y))-
Since x* is the unique solution of GMIQVI(F, g, ¢), we have
(F(2%),9(z") —y) + d(g(z"),2") — ¢(y,2") <0, Vye H,neN,
which is equivalent to the following inequality
(5.4)  (F(z"),9(2%) — g(y)) + ¢(g(z"),2") — ¢(g(y),z") <0, Vye H,neN.

Note that ¢ is diagonally convex and g and ¢(g(y),-) are affine. Hence it follows
from (13)-(15) that for all y € H and n € N,

(F(y),9(2) —g(y))
< (F(y),9(2) = 9(zn)) + talF(2n), 9(zn) — g(y)) + (1 = t)(F(z*), g(=*) — g(y))
< <F<y ,g(Z) - g(zn)> + tn[¢<g<y)7xn> - ¢(wn — I +g($n>7xn)
+<wn;xn79(y) —(wn — 2+ 9(20))) + (F(2n), 9(wn) — g(xn) + 2n — wy)]
+(1 = tn)[p(g(y), z%) — (g(x™), x")]
= (F(y),9(2) — 9(2n)) + tad(9(y), zn) + (1 — tn)d(g(y), z*)
—[tnd(wn — Tn + g(@n), Tn) + (1 = tn)p(g(z*), 7)]
+ta [(255, 9(y) — (Wi — Tn + 9(@0))) + (F(20), 9(wn) — g(xn) + T — wy)]
<(F(y),9(2) — g(zn)) + ¢(9(y), 2n) — ¢ (g(znzﬂn(wn Tn), 2n)

Hta[ (255, 9(Y) — (wn — 20 + g(20))) + (F(2n), 9(wn) = g(2n) + 2 — wn)].

Consequently, from conditions (i), (iii) and (iv) it follows that

(F(y),9(2) — 9(y))
< limsup{(F(y), 9(2) — g(zn)) + ¢(9(y), 2n) — ¢(g(2n) + tn(wn — Tpn), 2n)

n—oo

+tn[<w 2 9(y) — (W — 0 + g(x0))) + (F(2n), g(wn) — g(x0) + 20 — wn)]}
< 6lg(y).2) — dlg(z),2), Wy e H.
This together with Lemma 2.6 implies that z solves GMIQVI(F, g, ¢), a contradic-
tion. Thus, {w,} is bounded.

Let {wy, } be any subsequence of {wy} such that w, — w as k — oco. From
(5.2) we have

<F(wnk)’ (wnk Ty +g(xnk)) —9(v)) +¢(wnk — Tny, +g($nk)7xnk) - ?b(g(y)vxnk)

< (T (i, + () — 9(0)

+ <F(wnk) - F(Ink)7 (wnk — Tny +g($nk)) —9(y)),
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for all y € H. Since F' is g-monotone and uniformly continuous, from condition (iii)
and the affinity of g we obtain

(F(y), g(w) — g(y)) + ¢(g(w), w) — ¢(g(y), @)
< hnnigf{<F(y)vg(wnk) - g(y)> + ¢ Wny, — Ty, + g(xnk) xnk) - d’(g(y)? l‘nk)}
< 1inH_1i£f{<F(wnk),g(wnk) - (y)> <F wnk) (xnk) - g(wnk) + Wy, — J;nk>
+¢(wnk _;gnk j_g)(xnk)vxnk) o(g (y)aajn )}
+(F(wn,) — F(2n,), (Wny, — on; + g(wnk)) 9w}
=0, VyeH.

This together with Lemma 2.6 yields that w solves GMIQVI(F,g,¢). We have
wy, — x* since GMIQVI(F, g, ¢) has a unique solution z*. For any f € H, it follows
that
[(fozn —2™) < [(f, 20 —wa)| + [(f, wn — 27)]
< [ flllen — wnll + [(f, wn = 2*)[ = 0.

Therefore, z — z* and so FP(F), g, ¢) is weakly well-posed. O

Theorem 5.5. Let g : H — H be a homeomorphism whose inverse g~ is uniformly

continuous. Let F' : H — H be uniformly continuous and g-monotone, and let
¢ : Hx H— RU{+o0} be such that for each fixred y € H, ¢(-,y) is a proper, convex
and lower semicontinuous functional satisfying g(H) N domd(-,y) # 0. Assume
that for any bounded sequences {x,},{yn} in H there holds the following:

|zn—yn|| > 0(n —00) = 9b(9(yn),xn) C 0P(9(yn), yn) for n sufficiently large.

IfFP(F, g, ¢) is strongly (resp. weakly) well-posed, then GMIQVI(F, g, ¢) is strongly
(resp. weakly) well-posed.

Proof. Let {z,} be an approximating sequence for GMIQVI(F, g,#). Then there
exists €, > 0 with ¢, — 0 such that

H(g(xn), 2n) < &Y, Tn) + (F(20n),y — 9(xn)) + €0, Vy € H,n € N.
Define ¢, : H — RU{+oc} as follows:
On(y) = ¢y, 20) + (F(zn),y — g(zs)), Vy € H.

Clearly ¢, is proper, convex and lower semicontinuous and 0 € Oe,, qgn(g(xn)) for all
n € N. By the Brondsted-Rockafellar theorem [4], there exists z,, € H and

(5.5) 5, € 09u(9(Zn)) = 0(9(Zn), Tn) + F(wn)
such that
(5.6) lg(zn) = g(@n)| < Ven, l2nll < Ven.

It follows that
9(Zn) + Mz, — F(xn)) € 09(9(Zn), 2n) + 9(Zn)
C 9(Zn) + A0P(9(Zn), Tn) + 9(ZTn)
= (I + Aa(ﬁ(vjn))(g(jn))’



WELL-POSEDNESS OF GMIQVI, INCLUSION AND FPT PROBLEMS 407

and hence
(5.7) Zn = T — g(Tn) + T2 (g(2) + A(aE — F())).
It follows from (5.5)-(5.7) that

_ _ _ 0¢(+,Tn
||$%¢— (m?—g(m n) + I3 (g2 — M*;(xrs)))ll
= [lJ) x"((f)Jr)\(SUn—F(In))) J3 T (9(@n) = AE(z0))|
< (g(@n) + Moy, — Fan))) — (9(Zn) — )\F(fﬂn))ll
S Mzpll + AlF(Zn) — F(zq)]] = 0
and so {Z,} is an approximating sequence for FP(F, g, ¢).
Let x* be the unique solution of FP(F, g, ¢). By Lemma 2.2, z* is also the unique

solution of GMIQVI(F, g, ¢).
If FP(F, g, ¢) is strongly well-posed, then z,, — z*. It follows that

[en — 27| < llzn = Zn|l + [0 — 27| = 0.

Thus GMIQVI(F, g, ¢) is strongly well-posed.
If FP(F, g, ¢) is weakly well-posed, then Z,, — z*. For any f € H, we have

[(frzn —2) <[ fswn = Zn)| + [(f,Zn — 27) < | fIIVen + [{f,Zn —27)] = 0
and so GMIQVI(F, g, ¢) is weakly well-posed. O

Theorem 5.6. Let g: H — H be a homeomorphism which is o-Lipschitz continu-
ous, and F : H — H be uniformly continuous and g-monotone. Let ¢ : H x H —
RU{+o0} be such that for each fized y € H, ¢(-,y) is a proper, conver and lower
semicontinuous functional satisfying g(H) N domd¢(-,y) # 0. For any approzimat-
ing sequence {x,} C H of FP(F, g, ), suppose for each n € N there exists 6, > 0
such that

|¢(g(wn)7wn)_gb(wn_xn"’_g(xn))xn” < 6, and |¢>(y, xn)_¢(y7wn)| < On, Yy € H,

where 6, — 0 and wy, = x, — g(xy) —|—J6¢( m")( (xn) = AF(xy,)). If GMIQVI(F, g, ¢)
is strongly (resp. weakly) (1+ )-well-posed in the generalized sense, then FP(F, g, ¢)
is strongly (resp. weakly) well—posed in the generalized sense, where A > 0 s a
constant.

Proof. Let {x,} be an approximating sequence for FP(F, g, ¢). Then ||z, —w,| — 0,
where

Wp = Tn g(xn) + J)\ (g(:l:n) (Jjn))
By the definition of Jo¢(-&n)

@ — F(zn) € 0¢(wn — Ty + g(Tn), Tn).

From the definition of subdifferential, we get

Tp — Wn

d)(y, JUn) - ¢(wn —Tn+ g(xn), xn) > < b\

- F(fl?n),y - (wn — In +g($n))>’
Vye H,n € N,

which is equivalent to the following inequality
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Ty —

?(9(y), xn) — d(wn —xn+9g(Tn), Tn) > (

22— F(2n), g(y) — (wn—2n+9())),
Yy € H,
for all n € N. It follows from g-monotonicity that
(F(wn), (wp — 2p + g(20)) — 9(y)) + ¢(wn — 20 + g(20), 20) — 6(9(y), T0)
< (F(wn) = F(zn), (wp — 2n + g(zn)) — 9(y))
+%<xn — Wy, (W, — T + g(70)) — 9(y))
< <F(wn) — F(zp), wy, — xn + g(wn) — g(y))
s (@0 — wn, g(2n) — g(wn) + g(wn) — g9(y))

>\
= (F(wn) = F(zn), wn — 2n) + (F(wn) — F(zn), 9(wn) — g(y))
+%< wnag(xn) - g(wn)> + %<$n - wnag(wn) - g(y >
< 51+ 3)llg(wn) = 9P + (G F (wn) — Fan)lI* + g5 2 — wnll?)
+< ( ) (:En) wn_$n>+%<l’n—wnag(xn)_g(wn) , Vy€H,
for all n Thus from the last inequality we get

<F( ) 9(wn) = g(W) + ¢(g(wn), wn) = &(9(y), wn)
3(1+ )llg(wn) = gW)? + (3]1F (wn) — E%?IIQ axllzn — wal®)

<3

+(F(w ) F(xn), wn — 2n) + i< — Wn, g(Tn) — g(wn))

+(F(wp), zn — wy + g(wn) — g )> P(g(wn), wn) — ¢(wn — Tn + g(Tn), Tn)
+6(9(y), Tn) — #(9(y), wn)

< 51+ Dllg(wn) — gWII? + GIIF(wn) = F(2a)[? + 550 — wall?)

+[{F(wy) — F( n)s W xn)"“%‘@n_wmg(fcn)_g(wn»‘

+[(F(wy), x wn—i—g(wn)—g(xn))]—i-%n, Vy € Hyn € N.

Since F' and g are uniformly continuous and ||w, — x| — 0, we deduce that {wy}
is (1+ %)—approximating for GMIQVI(F, g, ¢).

If GMIQVI(F, g, ¢) is strongly (1 + %)—Well—posed in the generalized sense, then
{wy} has a subsequence {wy, } such that w,, — x* as k — oo, where z* is a solution
of GMIQVI(F, g, ). By Lemma 2.2, 2* is also a solution of FP(F, g, ®). It follows
that

”ka - 1'*H < H‘rnk - wnk” + ”wnk - x*H —0
as k — 0o. Thus FP(F), g, ¢) is strongly well-posed in the generalized sense.

If GMIQVI(F,g,¢) is weakly (1 + 1) Well—posed in the generahzed sense, then

{wy} has a subsequence {wy, } such that w,, — z* as k — oo, where z* is a solution

of GMIQVI(F, g,¢). By Lemma 2.2, z* is also a solution of FP(F, g, ¢). For any
f € H, it follows that, as k — oo,

|<f7$nk - $*>’ < ’<f7x”k - wnk)’ + |<f7wnk - x*>|
< A Nwny, = wny |+ [{f, wny, — 27)] = 0.
Thus FP(F, g, ¢) is weakly well-posed in the generalized sense. 0

Theorem 5.7. Let g : H — H be a homeomorphism whose inverse g~ is uniformly
continuous. Let F' : H — H be uniformly continuous and g-monotone, and let
¢: Hx H — RU{+oo} be such that for each fixred y € H, ¢(-,y) is a proper, convex
and lower semicontinuous functional satisfying g(H) N domd(-,y) # 0. Assume
that for any bounded sequences {x,},{yn} in H there holds the following:

|Zn—yn|| > 0(n —00) = 9d(9(yn), xn) C 0P(g(yn), yn) for n sufficiently large.
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If FP(F, g, ) is strongly (resp. weakly) well-posed in the generalized sense, then
GMIQVI(F, g, ¢) is strongly (resp. weakly) well-posed in the generalized sense.

Proof. The conclusion follows from the arguments similar to that of Theorem 5.5.
O

6. CONCLUSIONS FOR WELL-POSEDNESS

In this section we shall prove that under suitable conditions the well-posedness of
the general mixed implicit quasi-variational inequality is equivalent to the existence
and uniqueness of its solutions, and the well-posedness in the generalized sense is
equivalent to the existence of its solutions.

Theorem 6.1. Let g : H — H be a homeomorphism which is affine and o-Lipschitz
continuous. Let F': H — H be g-monotone and g-hemicontinuous. Let ¢ : Hx H —
RU{+00} be a proper and diagonally convez functional such that for each fized
y € H there hold the following conditions:

(1) ¢(y) ) is a[ﬁne;
(ii) & (-, y) is a lower semicontinuous functional satisfying g(H)Ndomdo(-,y) # 0;
(iii) = — é(g(x),z) — d(g(y), x) is weakly lower semicontinuous.

If GMIQVI(F, g, ¢) is weakly well-posed if and only if it has a unique solution.

Proof. The necessity is obvious. For the sufficiency, suppose that GMIQVI(F, g, ¢)
has a unique solution z*. If GMIQVI(F), g, ¢) is not weakly well-posed, then there
exists an approximating sequence {x,} for GMIQVI(F, g, ¢) such that z, A~ z*.
Thus, there exists ¢, > 0 with ¢, — 0 such that

(F(zn),9(zn) —y) + ¢(g(zn), 2n) — (Y, 2n) < €, Yy € H,m €N,

which is equivalent to the following inequality

(6.1)  (F(xn), 9(xn) — 9(y)) + ¢(9(zn), 2n) — ¢(9(y), 2n) < €, Vy € H,n € N,

If {z,,} is unbounded, without loss of generality, we may assume that ||z,| — +oc.

Let
1

by = ————
"l =2

Zn =" +tp(zy — ¥).

Without loss of generality, we may assume that ¢,, € (0,1] and z, — z(# z*). By
the arguments similar to that of Theorem 4.5, we have

(F(y),9(z) —g(y)) < (F(y),9(2) — 9(zn)) + #(9(y), 2n) — #(9(2n), 2n) + tnen,
Vye H,n € N.

It follows that
(F(y),9(2) —g(y)) < limsup{(F(y),g(2) — g(zn))

n—oo

+6(9(y), 2n) — d(9(2n), 2n) + tnen}
< 0(9(y), 2) — 9(y(2),2), VyeH,

which is equivalent to the following inequality

(F(y),9(2) —y) < o(y,2) — ¢(9(2), 2), Vy e H.
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This together with Lemma 2.6 yields that z solves GMIQVI(F), g, ¢), a contradiction.
Thus, {x,} is bounded.

Let {xy,} be any subsequence of {z,} such that z,, — Z as k — oo. It follows
from (6.1) that

(F(zny), 9(xn,) — 9(y)) + d(9(ny)s ¥ny) — 0(9(Y), Tny) < €0y Yy € H k€N,

Since F' is g-monotone, from condition (iii) we conclude that

)
(F(y),9(z) —9(y)) + ¢(9(7), ) — ¢(9(y), T)
< liminfn — co{(F(y), g(wn,) — (y)(> P(9(xn ), ny) — ¢(9(y), Tny )}

< liminfn — co{(F(zn,), 9(zn,) — 9(y)) + &(9(2n, ), Tn,) — A(9(y), 2ny) }
<liminfn — cce, =0, Vye€ H.

This together with Lemma 2.6 yields that Z solves GMIQVI(F g,¢). We have
z = x* since GMIQVI(F,g,¢) has a unique solution z*. Thus {z,} converges
weakly to z*, a contradiction. So GMIQVI(F, g, ¢) is Weakly well-posed. O

Example 6.2. Let H, F, g be as in Example 3.9 and ¢ be as in Remark 4.4. Clearly,
g : H — H be a homeomorphism which is affine and o-Lipschitz continuous. More-
over, ' : H — H be g-monotone and g-hemicontinuous. On the other hand,
¢ : Hx H — RU{+o0} is obviously a proper and diagonally convex functional such
that for each fixed y € H there hold the following conditions:

(1) d)(y) ) is affine;

(ii) ¢(-,y) is a lower semicontinuous functional satisfying g(H)Ndomde(-,y) # 0;

(iii) z — ¢(g(z),x) — ¢(g9(y), x) is weakly lower semicontinuous.
Furthermore, it is easy to see that GMIQVI(F, g, ¢) has a unique solution z* = 0.
By Theorem 6.1, GMIQVI(F, g, ¢) is well-posed.

Theorem 6.3. Let g : R™ — R™ be a homeomorphism which is affine and o-
Lipschitz continuous. Let F': H — H be g-monotone and g-hemicontinuous. Let
¢ R™ x R™ — RU{+00} be a proper and diagonally convex functional such that
for each fixed y € R™ there hold the following conditions:

(1) (rb(ya ) is a.ﬁ:ine;

(ii) ¢(-,y) is a lower semicontinuous functional satisfying g(R™)Ndomd¢(-,y) #
0;

(iii) = — &(g(x),z) — d(g(y), ) is lower semicontinuous.
If there exists some € > 0 such that Q,,(€) is nonempty bounded, then GMIQVI(F, g, ¢)
is a-well-posed in the generalized sense.

Proof. Let {x,} be an a-approximating sequence for GMIQVI(F, g, ¢). Then there
exists €, > 0 with ¢, — 0 such that for all y € R™ and alln € N

(F(xn), 9(xn) —y) + ¢(g(xn), n) — ¢(y, Tn) < %Ilwn 9 W + en,
which is equivalent to the following inequality
(6.2)  (F(zn), g(zn) — 9(y)) + &(g(xn), 2n) — d(g(y), 2n) < %Ilwn —ylI* + en.

Let € > 0 be such that Q,(¢) is nonempty bounded. Then there exists ny such that
Ty € Qq(€) for all n > ng. This implies that {x,} is bounded and so there exists a
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subsequence {zy, } of {x,} such that z,, — Z as k — oo. Since g is affine and F' is
g-monotone, it follows from (6.2) and condition (iii) that for all y € R™

(F(y),9(z) — 9(y)) + 6(9(2),7) — #(9(y), )
< iminf{(F(y), 9(zn,) — 9(y)) + d(9(zny), 2n,) — D(9(y), 20y )}

< Uminf{(F (25, ), 9(2ni) = 9()) + S(9(@nr)s Tni) — S(9(y), 2ny )}

.. « 2
< lllggf{gllwnk —ylI* + €, }
=glz—yl*

For any y € R™, let y; = T + t(y — ) for all t € (0,1). Then

(F().9(@) = g(u)) + (9(@),) — blg(ue). @) < T — well”

By the convexity of ¢(-, %) and the affinity of g, we conclude that for all y € R™
and all t € (0,1)

_ N _ ta,
(F (), 9(7) — 9(0)) + 6(9(2), 3) — éla(), 7) < o llz = y|]*
Letting t — 07 in the above inequality, we have for all y € R™

(F(y),9(x) = 9(y)) + d(9(2), %) — d(9(y), ) <0,
which is equivalent to the following inequality

(F(y),9() —y) + ¢(9(2),2) — ¢(y,2) < 0.
This together with Lemma 2.6 implies that Z solves GMIQVI(F,g,¢). Thus
GMIQVI(F, g, ¢) is a-well-posed in the generalized sense. O

Theorem 6.3 says nothing but that, under suitable conditions, the a-well-posedness
in the generalized sense is equivalent to the existence of solutions.

The following example shows the assumption that Q4(€) is nonempty bounded
for some € > 0 is essential in Theorem 6.3.

Example 6.4. Let m = 2, F(z) = 0 and ¢(z,y) = 6k, where K = [0,400) x
[0,+00). Let g be as in Example 3.9. Then, clearly, F' is g-monotone and g-
hemicontinuous, and there hold conditions (i)-(iii) for the proper and diagonally
convex functional ¢. For any € > 0, we have Q,(e) = [0,400) x [0,+00). By
Theorem 3.8, GMIQVI(F), g, ¢) is not a-well-posed in the generalized sense.

7. CONCLUSIONS

In this paper we introduce some concepts of well-posedness for general mixed
implicit quasi-variational inequalities. In Section 3, we establish some metric char-
acterizations of strong a-well-posedness. In Section 4, we discuss the connections
between the strong (weak) well-posedness of general mixed implicit quasi-variational
inequalities and strong (weak) well-posedness of inclusion problems. In Section 5,
we further investigate the relationships between the strong (weak) well-posedness
of general mixed implicit quasi-variational inequalities and the strong (weak) well-
posedness of fixed point problems. In Section 6, we prove that under suitable con-
ditions, the well-posedness of general mixed implicit quasi-variational inequalities is
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equivalent to the existence and uniqueness of solutions, and that the well-posedness
in the generalized sense is equivalent to the existence of solutions. Our results are
the improvements and extension of the corresponding ones in [11].

It is known that the concept of a-well-posedness has been introduced and con-
sidered for optimization problems [7], variational inequalities [7,20] and Nash equi-
librium problems [20], mixed variational inequalities [11]. It is worth pointing out
that in [11] there are two unsolved open problems arise in nature way.

Q1 Is it possible to consider the concept of a-well-posedness for the inclusion
problems ?

Q2 Is it possible to give a metric characterization only for weak well-posedness 7

The above two unsolved open problems are interesting and important which de-
serve investigation in the future.
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