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NONLINEAR ERGODIC THEOREMS
WITHOUT CONVEXITY FOR NONEXPANSIVE SEMIGROUPS
IN HILBERT SPACES

SACHIKO ATSUSHIBA AND WATARU TAKAHASHI

ABSTRACT. In this paper, we introduce the concept of common attractive points
of a nonexpansive semigroup in a Hilbert space and study fundamental properties
for the points. We also prove a nonlinear mean convergence theorem of Baillon’s
type [3] without convexity for nonexpansive semigroups. Using this result, we
obtain new and well-known nonlinear mean convergence theorems in a Hilbert
space.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and norm || - || and let C
be a nonempty subset of H. For a mapping T : C' — C, we denote by F(T') the set
of fizred points of T' and by A(T') the set of attractive points [15] of T, i.e.,

(i) F(I)={z€C:Tz=z};

(i) A(T)={z€ H:|Tx—z|]| < ||l — z||, Vz € C}.
A mapping T : C — C is called nonexpansive if ||Tz — Ty| < ||z — y|| for all
x,y € C. In 1975, Baillon [3] proved the following first nonlinear ergodic theorem in
a Hilbert space: Let C be a nonempty bounded closed convex subset of a Hilbert
space H and let T' be a nonexpansive mapping of C' into itself. Then, for any x € C,
Spx =1 Z?:_ol Tiz converges weakly to a fixed point of T (see also [14]).

Recently, Kocourek, Takahashi and Yao [5] introduced a broad class of nonlinear
mappings called generalized hybrid which containing nonexpansive mappings, non-
spreading mappings, and hybrid mappings in a Hilbert space. They proved a mean
convergence theorem for generalized hybrid mappings which generalizes Baillon’s
nonlinear ergodic theorem. Motivated by Baillon [3], and Kocourek, Takahashi and
Yao [5], Takahashi and Takeuchi [15] introduced the concept of attractive points
of a nonlinear mapping in a Hilbert space and they proved a mean convergence
theorem of Baillon’s type without convexity for generalized hybrid mappings.

In this paper, we introduce the concept of common attractive points of a non-
expansive semigroup in a Hilbert space and study fundamental properties for the
points. We also prove a nonlinear mean convergence theorem of Baillon’s type with-
out convexity for nonexpansive semigroups. Using this result, we obtain new and
well-known nonlinear mean convergence theorems in a Hilbert space.
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2. PRELIMINARIES AND NOTATIONS

Throughout this paper, we denote by N and R the set of all positive integers and
the set of all real numbers, respectively. We also denote by Z* and R* the set of
all nonnegative integers and the set of all nonnegative real numbers, respectively.

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. We know the
following basic equality from [14]. For z,y € H and A € R, we have

(2.1) Iha + (1= Nyll* = Allz[* + (1 = Myl = A1 = V)l — ]|
Furthermore, we obtain that for all x,y,w € H,

(22) (@ —y) + (@ —w),y —w) = [lz —w|* = ||lz — y|*

In fact, we have that
(z—y)+ (@ —w),y —w)
=(z-y+ @ -w),(y—z)+(z—-w))
=z —w|* = llz —yl* + (z —y, 2 —w) + (& —w,y — @)
= |l — w|® = [l — yl*.

Let C be a closed and convex subset of H. For every point x € H, there exists a
unique nearest point in C', denoted by Pox, such that

[l = Pox| <z -yl

for all y € C. The mapping P¢ is called the metric projection of H onto C. It is
characterized by

(Pcx —y,x — Pox) >0
for all y € C. See [14] for more details. The following result is well-known; see [14].

Lemma 2.1. Let C be a nonempty, bounded, closed and convex subset of a Hilbert
space H and let T be a nonexpansive mapping of C into itself. Then, F(T) # (.

We write z,, — = (or lim x,, = z) to indicate that the sequence {z,} of vectors
n—oo
in H converges strongly to . We also write z,, — x (or w- lim z,, = x) to indicate
n—o0

that the sequence {x,} of vectors in H converges weakly to x. In a Hilbert space,
it is well known that =, — x and ||z,| — || imply z, — z. We say that a
Banach space E satisfies Opial’s condition [9] if for each sequence {z,} in E which
converges weakly to z,
(2.3) lim [Jo, — 2 < lim ||z, — y]

n—oo n—oo
for each y € E with y # x. In a reflexive Banach space, this condition is equivalent
to the analogous condition for a bounded net which has been introduced in [7]. It is
also known that this condition is equivalent to the analogous condition of lim (see
[2]). Tt is known that Hilbert spaces satisfy Opial’s condition (see [9, 14]).

Let S be a semitopological semigroup, i.e., S is a semigroup with a Hausdorff
topology such that for each a € S the mappings s — a - s and s — s-a from S to
S are continuous. In the case when S is commutative, we denote st by s +¢. A
commutative semigroup S is a directed system when the binary relation is defined
by s <t if and only if {s} U (S +s) D {t} U (S +1).
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Let C be a nonempty subset of a Hilbert space H. A family S = {T'(t) : t € S} of
mappings of C' into itself is said to be a nonezpansive semigroup on C' if it satisfies
the following conditions:

(i) For each t € S, T'(t) is nonexpansive;
(ii) T'(ts) = T(t)T'(s) for each t,s € S,
(iii) for each x € C, t — T(t)x is continuous.

We denote by F(S) the set of all common fixed points of a nonexpansive semigroup
S, i.e.,

F(S) = F(T().
tesS
Motivated by Takahashi and Takeuchi [15], we introduce the set A(S) of all common
attractive points of the family S = {T'(¢) : t € S} of mappings on C, i.e.,

AS)={z e H: Ty — || <lly —z|, vy e C, t € S}.

Let S be a commutative semigroup and let B(S) be the Banach space of all bounded
real-valued functions defined on S with supremum norm. Let C(S) be the Banach
space of all continuous bounded real-valued functions defined on S with supremum
norm. For each s € S and g € B(S), we can define an element (59 € B(S) by
(lsg)(t) = g(s+t) for all t € S. Let X be a subspace of B(S) containing 1 and
let X* be its topological dual. A linear functional p on X is called a mean on X if
||l = (1) = 1. We often write u(g(t)) or [ g(t)du(t) instead of pu(g) for p € X*
and g € X. Furthermore, assume that X is invariant under every f;,s € S, i.e.,
0sX C X foreach s € S. Then, a mean p on X is called invariant if u(¢s9) = p(g) for
all s € Sand g € X. For s € S, we can define a point evaluation ds by ds(g) = g(s) for
every g € B(S). A convex combination of point evaluations is called a finite mean
on S. A finite mean p on S is also a mean on any subspace X of B(S) containing
constants. A net {1} of means on X is said to be strongly asymptotically invariant
if for each s € 5,

HEZMa - NaH — 0,

where £} is the adjoint operator of /5. The following definition which was introduced
by Takahashi [11] is crucial in the fixed point theory for abstract semigroups (see
also [4]). Let h be a bounded function of S into H. Let X be a subspace of B(S)
containing constants and invariant under every ¢;, s € S. Assume that for each
z € H, the function t — (h(t), z) is an element of X. Then, for any p € X* there
exists a unique element h, € H such that

() = ()e(h0).2) = [ (h(t),2) dute), Ve € B

If pu is a mean on X, then h,, is contained in c6{A(t) : t € S}, where €0A is the closure
of convex hull of A (for example, see [11, 14]). Sometimes, h, will be denoted by
J h(t)du(t). Let S = {T'(t) : t € S} be a nonexpansive semigroup on C. Assume
that for each x € C and z € H, {T(t)x : t € S} is bounded. Let p be a mean on
C(S). Following [10], we also write T,z instead of [ T(¢)z du(t). We remark that
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T, is nonexpansive on C' and T,z = z for each x € F(S). If 1 is a finite mean, i.e.,

n n
n= Zaiéti (751' €S5,a; > 0, Zai = 1),
i=1 =1

then we have

n
T,z = ZaiT(ti)m, Vo e C.
i=1
This fact is important in Section 5 of this paper.

3. LEMMAS

In this section, we prove some lemmas which are used in the proof of our main
theorem. They are basic properties of common attractive points of nonexpansive
semigroups in a Hilbert space.

Lemma 3.1. Let H be a Hilbert space, let C be a nonempty, closed and convex
subset of H, and let S be a commutative semigroup. Let S = {T'(t) : t € S} be a
nonexpansive semigroup on C. If A(S) # 0, then F(S) # 0.

Proof. Let u € A(S) and y = Pou € C. Then, we have T'(t)y € C from T'(¢)C C C.
Furthermore, we have

|T(t)y —ull = |ly —ull = |[Pou — ul|.
By the properties of Pr, we have T'(t)y = Pou = y. Therefore y € F(S). O

Lemma 3.2. Let H be a Hilbert space, let C' be a nonempty subset of H, and let S
be a commutative semigroup. Let S = {T'(t) : t € S} be a nonexpansive semigroup
on C. Then, A(S) is a closed and convex subset of H.

Proof. We show that A(S) is closed. Let {z,} C A(S) be a sequence which converges
strongly to z € H. Take x € C' and t € S. From z, € A(S), we have

Iz = T(t)x]| = [|z = znll + [2n — T(t)z]]
S llz = znll + 20 — |-

Since z, — z, we have
Iz =T(t)z| < ||z — =

This implies that z € A(S). So, A(S) is closed. We prove that A(S) is convex. Let
21,22 € A(S),a € [0,1] and z = az; + (1 — a)z2. We prove from (2.1) that for any
zeC’,

le=T@)a|* = llaz1 + (1 — @)z = T(t)z|?
= allzs = T(t)z]* + (1 — a)[lz2 = T(t)z|* — a(l — a)llz1 — 2|
< aflar =l + (1= a)]lz2 — 2] — a(l - @)l — 2
= lla(zr = 2) + (1 = a)(z2 = 2)|* = ||z — 2*.

This implies that z € A(S). So, A(S) is convex. O
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Lemma 3.3. Let H be a Hilbert space, let C' be a nonempty subset of H, and let S
be a commutative semigroup. Let S = {T'(t) : t € S} be a nonexpansive semigroup
on C. Let {uy} be a net in H such that

@«ua —y) + (ua — T(t)y),y — T(t)y) <0

for all(t )6 S andy € C. If a subnet {ua,} of {ua} converges weakly tow € H, then
u € A(S).

Proof. Since {uaﬁ} converses weakly to v € H, we have that for any ¢t € S and
yed,
(u=y)+(u—-T®)y),y—T(t)y)

< lim ((ua = y) + (ua = T()y),y — T(t)y)
«
<0.
On the other hand, we know from (2.2) that

((u—=y)+ (w=TO)y),y — T(t)y) = lu—TOyl* — [lu—y]*.
Thus we have
lu =T @)yl < llu—=yll.
for all t € S and y € C. This implies u € A(S). O

The following was proved by Lau and Takahashi [8] (see also [16]).

Lemma 3.4. Let H be a Hilbert space, let C be a nonempty subset of H and let D
be a nonempty, closed and convex subset of H. Let P be the metric projection from
H onto D. Let S ={T(t) : t € S} be a nonexpansive semigroup on C and x € C. If
|T(t+s)z—v| < ||T(t)z —v| for any v € D and s,t € S, then {PT(t)x} converges
strongly to vg € D.

4. NONLINEAR ERGODIC THEOREM

In this section, we prove a nonlinear mean ergodic theorem without convexity for
finding a common attractive point of a semigroup of nonexpansive mappings in a
Hilbert space by using the ideas of [3, 15] (see also [14]).

Theorem 4.1. Let H be a Hilbert space, let C' be a nonempty subset of H. Let S be
a commutative semigroup and let S = {T'(t) : t € S} be a nonexpansive semigroup
on C such that {T(t)x : t € S} is bounded for some x € C. Let {uqa} be a strongly
asymptotically invariant net of means on C(S), i.e., a net of means on C(S) such
that
lim||pa = Lipal = 0.

Then, the following hold:

(1) A(S) is non-empty, closed and convex;

(2) for any u € C, {T,,u} converges weakly to ug € A(S),

where ug = limy Py(s)T'(t)u.
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Proof. Since {T'(t)z : t € S} is bounded for some z € C, we can define a net {7, z}
of elements of H such that

(Tpatt, y) = (a)e(T (), y)

for all y € H. Since S = {T'(t) : t € S} is a nonexpansive semigroup on C, we have
that

(T(s)z—y) + (T(s)x = T(t)y),y — T(t)y)

= |T(s)z = T(t)yl* — |1 T(s)x — yl”

< | T(s)z = T(ylI* = IT(s + t) — T(t)y|?
for all t,s € S and y € C'. Applying p,, to both sides of the inequality, we have that

(Thor = y) + (Tpow = T()y),y = T(t)y)
= (a)s((T(s)z —y) + (T(s)z = T)y),y = T(t)y)

pa)s(IT(s)z = T(A)ylI* — IT(s + t)z — T(t)y[|*)
pa)s|T(s)e = T(ylI* = (ua)sl|IT(s + )z — T()y|
pa =l pa)s|T(s)z = T(t)yl|?
[ = £ pia| Sup IT(s)x — T(t)y?

(
(
(

<
<

for all t € S and y € C. Since lim||po — £; f1a|| = 0 for each t € S, we have that
6
lim (T = y) + (T = T()y) ,y = T)y) = 0.
«

Since{T'(t)x} is bounded, so is {T},,x}. There exists a subnet {7, aﬂx} of {Tj,x}
which converges weakly to a point b € H. By Lemma 3.3, we have that b € A(S).
Hence, we have that A(S) is non-empty. By Lemma 3.2, we have that A(S) is closed
and convex.
Let us prove (2). Let u € C. Since A(S) is non-empty, we have that
IT(#)u = vl < flu =]
for all t € S and v € A(S). Then {T'(t)u} is bounded. Furthermore, we have that
IT(t + s)u =l = | T(s)T()u = || = | T(t)u -

for each t,s € S and v € A(S). By Lemma 3.4, there exists vg € A(S) such that
lim; Py(s)T'(t)u = vo € A(S). Since Pys) is the metric projection of H onto A(S),
we have that
[Pas)T(t + s)u —T(t+ s)ul| = ||Pas)T(#)u —T(t + s)ul|

= [Pas)T(t)u—T(s)T(t)ul

< |[Pags)T(t)u — T(t)ul|-
Thus, {||T'(t)u — Pas)T(t)ul|} is non-increasing. Let {Tﬂaﬁ u} be a weakly conver-
gent subnet of {7}, u} and let {7, os u} converge weakly to a point in b € H. As in
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the proof of (1), we have b € A(S). To complete the proof of (2), it is sufficient to
show b = vg. We have from the property of Pys) that
(4.1) <T(t)u — PA(S)T(t)u, PA(S)T(t)u - ’U> Z 0
forallt € S and v € A(S). Since {T'(t)u} is bounded, so is { Py(s)T(t)u}. So, there

exists M > 0 such that | T'(t)ul| = M and [|[PysT(t)ul| = M for every t € S. We
have that for any v € A(S) and ¢t € S,

(v—v0, T(t)u — Pys)T(t)u)

< (Pas)T(t)yu — vo, T(t)u — PasyT(t)u)

S [Pas)T(#)u — wvol| - |T(t)u — PysyT'(t)ul|

= 2M - [[Pas)T(t)u — vol|.
Then, we have that
(42) ()l — o0, T(t)u — Pagsy T(H)u) < 2M - (pa)ill Pagsy T (H)u — v
Since {io} is a net of means on C(S) such that

lim [|pza = £5pall = 0

for each s € S, a cluster point u of {14} in the weak* topology is an invariant mean
on C(S); see the proof of [14, Theorem 3.4.4]. Without loss of generality, we may
assume that pa, — p in the weak™ topology. Replacing a by as in (4.2), we have
that

(43) (1o (v — 0, (0w — Pagey T(8)u) < 2M - (1o, )| PagsyT(0)u — vo
and hence

(4.4) ()e{v — o, T(t)u — Pas)T(t)u) = 2M - (p)el| PacsyT (t)u — vol|-
Since p is an invariant mean on C'(.5), we have from

lim | PgsyT' (t)u — =
tgg” A@s) T (t)u —vol| =0

and Tuaﬁu—\bé H,
(v —2v9,b—1vg) =0

for any v € A(S). Setting v = b, we have [|[b — vg|]| £ 0 and hence b = vy. Thus
{T,,u} converges weakly to vg € A(S). This completes the proof of (2). O

5. APPLICATIONS

Throughout this section, let C' be a nonempty subset of a Hilbert space H. Using
Theorems 4.1, we can prove some nonliear mean ergodic theorems as in [4] and [14].

Theorem 5.1. Let T' be a nonexpansive mapping of C into itself such that {T"x}
is bounded for some x € C. Then, the following hold:
(1) A(T) is non-empty, closed and convex:
(2) for anyu € C, {% Z?;(]l Tiu} converges weakly to ug € A(T), where ug =
limn_mo PA(T)THU.
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Proof. Put S = Z* in Theorem 4.1 and define
1 n—1

pn(f) =~ f(0)
=0

for alln € N and f € B(S). We have that {u, : n € N} is a strongly asymptotically
invariant sequence of means on B(S). Furthermore, we have that for any u € C

and n € N,
1 n—1 '
Tunu = E Z; T u.
1=
Therefore, we obtain Theorem 5.1 by using Theorem 4.1. O

Theorem 5.2. Let T be a nonexpansive mapping of C' into itself such that {T™x} is
bounded for some x € C. Let {qnm : n,m € Z*} be a sequence of real numbers such
that gnm >0, Y 0 o qnm = 1 for eachn € Z and limy o0 > ro_ o |qnm+1 — Gnm| =
0. Then, the following hold:

(1) A(T) is non-empty, closed and convex:
(2) for any u € C, {300 o gnmT™u} converges weakly to ug € A(T), where
uo = lim,, o PA(T)T”U.

Proof. Put S = Z" in Theorem 4.1 and define
pn(f) =Y Gnmf(m)
m=0

for all n € Z* and f € B(S). We have that {u, : n € Z"} is a strongly asymp-
totically invariant sequence of means on B(S). Furthermore, we have that for any
u€ CandncZt,

o0
Ty,u= Z nmT" .
m=0

Therefore, we obtain Theorem 5.2 by using Theorem 4.1. g
Theorem 5.3. Let T' and U be nonexpansive mappings of C' into itself such that
{T'U’x :i,5 € Z*} is bounded for some x € C. Then, the following hold:

(1) A(T)NA(U) is non-empty, closed and convex;

(2) for anyu e C, {ﬁ Z?;:lo TiUu} converges weakly to ug € A(T) N A(S).
Proof. Put S = Z x Z* in Theorem 4.1 and define

1 n—1
() = o5 2 f0.)
4,7=0
for alln € N and f € B(S). We have that {u, : n € N} is a strongly asymptotically
invariant sequence of means on B(S). Furthermore, we have that for any v € C
and n € N,

1 n—1 o
Ty, u= OB Z T'U’u.
4,j=0
Therefore, we obtain Theorem 5.3 by using Theorem 4.1. H
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Let C be a nonempty subset of a Hilbert space H. A family S = {T'(t) : t € R*}
of mappings of C into itself satisfying the following conditions is said to be a one-
parameter nonexpansive semigroup on C":

(i) For each t € RT, T'(t) is nonexpansive;
(i) T(0) = I;
(iii) T(t +s) = T(¢t)T(s) for every t,s € Rt;
(iv) for each x € C, t — T (t)x is continuous.
Theorem 5.4. Let S = {T'(t) : t € R*} be a one-parameter nonexpansive semi-
group on C such that {T(t)x : t € R} is bounded for some x € C. Then, the
following hold:

(1) A(S) is non-empty, closed and convex:
(2) for any u € C, {3 fOA T(s)uds} converges weakly to ug € A(S), as A — oo,
where ug = im0 Pa(s)T(t)u.

Proof. Put S = RT in Theorem 4.1. Define

A
i) =5 [ s

for all A > 0 and f € C(S). We have that {uy : 0 < A < oo} is a strongly
asymptotically invariant net of means on X. Furthermore, we have that for any
uw € C and A > 0,

1 A
Ty u= / T(s)uds.
AJo
Therefore, we obtain Theorem 5.4 by using Theorem 4.1. g

Theorem 5.5. Let S = {T'(t) : t € R"} be a one-parameter nonexpansive semi-
group on C such that {T(t)x : t € R} is bounded for some x € C. Then, the
following hold:

(1) A(S) is non-empty, closed and convex:
(2) foranyu e C, {r [~ e T (t)udt} converges weakly to ug € A(S),asr — 0.
where ug = im0 Pa(s)T(t)u.

Proof. Put S = RT in Theorem 4.1. Define

wr(f) =1 /0 T e ()t

for all » > 0 and f € C(S). We have that {u, : 0 < r < oo} is a strongly
asymptotically invariant net of means on X. Furthermore, we have that for any
uw € C and r >0,

o0
Tyu= r/ e " T (t)udt.
0
Therefore, we obtain Theorem 5.5 by using Theorem 4.1. U

Theorem 5.6. Let S = {T'(t) : t € R*} be a one-parameter nonexpansive semi-
group on C such that {T(t)x : t € R} is bounded for some x € C. Let q be a
continuous function from Rt x RY into R such that supysq [y lq(h,t)|dt < oo,
iy oo fo° q(h,t)dt = 1, limyoe f3° |q(ht + s) — q(h,t)|dt = O for all s € RT.
Then, the following hold:
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(1) A(S) is non-empty, closed and convez:
(2) for any w € C, {f;" q(h,t)T(t)udt} converges weakly to ug € A(S), as
h — oo, where ug = limy—,o0 Py(s)T'(t)u.

Proof. Put S = RT in Theorem 4.1. Define

in(f) = /0 gt f(t)dt

for all A > 0 and f € C(S). As in the proof of [4, Theorem 7|, we have that
{pn : 0 < h < 0o} is a strongly asymptotically invariant net of means on C(S) (see
also [1, Theorem 5.7], [14]). Furthermore, we have that for any v € C and h > 0,

oo
Tyu = / q(h, )T (t)udt.
0
Therefore, we obtain Theorem 5.6 by using Theorems 4.1. U
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