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A NEW INTERPRETATION OF THE SHAPLEY VALUE

WEN-LIN CHIOU* AND CHIH-RU HSIAO

ABSTRACT. It is well-known that the Shapley value of a convex TU game is the
center of gravity of the extreme points of the core. However, the above geometric
interpretation is not applied to the Shapley value of a game with empty core. In
this article, we provide a new geometric interpretation for the Shapley value of
both TU games with non-empty core and TU games with empty core.

1. INTRODUCTION

The Shapley value was proposed by Lloyd Shapley in his 1953 Ph.D. disserta-
tion [5]. He originally adopted the axiomatic method and proved that there is a
unique single-valued solution to TU games satisfying the three axioms: symmetry,
additivity and carrier efficiency. It is well-known that carrier efficiency axiom can
be replaced by two axioms, namely efficiency axiom and dummy axiom. He had
obtained the explicit formula of this unique solution(see Shapley [6], 1953). The
Shapley value has applications in many fields such as economics, political sciences,
accounting, and even military sciences.

The core(Gillies [2], 1953) of an n-person TU game is a m-dimensional poly-
tope(might be empty), where m is less than or equal to n — 1. Shapley [8](1971)
showed that the Shapley value for a convex TU game is the center of gravity of
the extreme points of the core(also see Ichiishi [4],1981). However, the Bondareva-
Shapley theorem(Bondareva [1], 1962 and Shapley [7], 1967) said that the core of
a game is non-empty if and only if the game is balanced. In other words, the core
of a game could be empty and the above geometric interpretation is not applied to
the Shapley value of a game with empty core.

In this article, enlightened by the “snowballing” or “bandwagon” effect men-
tioned in the paper of Shapley([8],1971), we propose a new class of TU games called
coalitional regular in average games, abbreviated as CRIA games.

Observing the structure of the core, we introduce the concepts of k' semi-cores
and k' pseudo-cores of an n-person game, for k =1,2,...,n—1. When all pseudo-
cores of an n-person TU game are non-empty, enlightened by the concept of com-
promise, a middle way between two extremes, we propose the middle-way solution
of the TU game as the geometric centroid of the n — 1 mass centers of the pseudo-
cores of the game. Surprisingly, we find that the middle-way solution is exactly the
Shapley value. This gives the Shapley value a new geometric interpretation and
a new characterization, or say, a new intuitive interpretation, as the middle-way
solution. In section 4 of this article, we have a real-world example to explain the
intuitive meaning of the middle-way solution.
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Also, we show that a game is CRIA if and only if none of its k*" pseudo-cores is
empty. Furthermore, a CRIA game might have empty core, therefore, our geometric
interpretation is applied to the Shapley value for games with empty core. Finally,
our middle-way solution is different from the core-center(Gonzalez-Diaz& Sanchez-
Rodriguez [3], 2007).

2. PRELIMINARIES

We adopt the notation as in most of mathematics text book, a vector in R" is
usually denoted by a bold face letter, x = (1, z2,...,z,) and the order relation
x >y means that z; > y; for all i € N. Following [2],[6] and [8], we have definitions
and notations as follows.

Let N ={1,2,...,n} be the set of players. The collection of coalitions(subsets)
in N is denoted by 2V. The coalition N is called the grand coalition. The number
of players in coalition S is denoted by |S]|.

A cooperative n-person game with transferable utility, shortly TU game, in char-
acteristic function is a pair (IV,v), where v : 2V 5 R is a function assigning, to
each coalition S € 2V, its worth v(S) satisfying v(()) = 0. The set of all n-person
games defined on N is denoted by GV .

A game (N, v) is said to be superadditive if and only if v(T'US) > v(T)+v(S), for
all disjoint S, T € 2IV. Moreover, (N, v) is called a proper game if it is superadditive.
A proper game is clearly monotonic in the following sense: if S C T' then v(S) <
v(T). A game (N,v) is convex if, v(T"U S) +v(T'NS) > v(T) + v(9), for every
S, T e 2N,

A payoft vector(allocation) x = (z1,22,...,2,) is called an imputation if
Y ien Ti = v(N) (group rationality or efficiency), and x; > v({i}), for each i € N
(individual rationality). The set of all imputations of v is denoted by I(v).

Given a payoff vector x, we define x(S) = > . g xj, for each S C N, and define
x(0) = 0.

The core(Gillies, 1953) of an n-person game (N,v) is the set of payoff vec-
tors(allocations)

jeS

(2.1) C(N,v) ={x € R":x(S) > v(S5), for every S C N,x(N) =v(N)}.

The Shapley value on G¥ is well-known as the mapping ¢ = (¢1,...,¢,) : G —
R™ such that

|

i) =S |S]Hn _n|!S| “ D s U = u(8))i =1, .. n.

SCN
@S

3. THE COALITIONAL REGULAR IN AVERAGE GAMES

Given an n-person game (N,v), for each integer k= 0, 1, 2, ..., n, we define
QF = {T | |T| = k,T C N}. (Note: The indices k + 1, k, k — 1 and k — 2 always
denote the size of a coalition through out this article.)
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It is easy to see that the size of QF is |QF| = (Z) For each k, we define the average
of all the worths of the coalitions T' € QF by the following:

1
ave(k,v) = Z o(T).
(k) |T|=F
TCN
It is easy to see ave(0,v) = 0 and ave(n,v) = v(N). Suppose that each prob-
ability function P defined on sample space Q¥ is uniformly distributed and the
players in a coalition T share the worth v(7T) equally, i.e. each player in T shares
%’I -v(T'), then the expected payoff for a player in a coalition of size k is % ~ave(k,v).
Enlightened by the “snowballing” or “bandwagon” effect mentioned in the paper of
Shapley([5],1971), we propose the following definition.

Definition 3.1. A TU game (N, v) is called a coalitional regular in average game,
abbreviated as CRIA game if

1 1 1 1
(31) —-v(N) > -ave(k,v) == Y o(T), foreach k=1,2,...,n—1.
n

k E) A
TCN

In the investigation of the solutions of a cooperative game, researchers usually
assume that the grand coalition N is formed, then study how to distribute v(NV)
among all the players in V. A player has incentive to participate in a bigger coalition
if the expected payoff is bigger. The inequality (3.1) makes players have incentive
to participate in IV, i.e. there is a “snowballing” or “bandwagon” effect in a CRIA
game. Therefore it is more acceptable in a CRIA game than in an improper game
to assume that the grand coalition is formed. As illustrations, we provide three
examples.

Example 3.2. Let N = {1,2,3},v({1}) = v({2}) = v({3}) = 0,v({1,2}) = 1,
v({1,3}) = 3,v({2,3}) = 2,v({1,2,3}) = 3. Then ave(l,v) = 0, ave(2,v) = 2, and
hence ave(1,v) < 1v(N),ave(2,v) < 2v(N). Hence, (N,v) is CRIA. On the other
hand, since for A = {1,3}, B = {2,3},v(AUB)+v(ANB)=3+0 #3+2=
v(A)+V(B), (N, v) is not a convex game. Therefore a CRIA game is not necessarily
a convex game. Later, we will show that a convex game is a CRIA game.

Example 3.3. Let N = {1,2,3}, v({1}) = v({2}) = v({3}) = 0, v({1,2}) =
2,v({1,3}) = 2,v({2,3}) = 2, and v({1,2,3}) = 2.5. (N,v) is clearly a proper
game. On the other hand, since 3 x é x (v({1,2}) + v({1,3}) + v({2,3})) =

$-3(2+42+42) £ 1 xv(N) =1 x 25, (N,v) is not a CRIA game. Therefore, a
proper game is not necessarily a CRIA game.

Example 3.4. Let N = {1,2,3}, v({1}) = v({2}) = v({3}) = 0, v({1,2}) =
3,v({1,3}) = 1,v({2,3}) = 1 and v({1,2,3}) = 2.5. (IV,v) is clearly not a proper
game. On the other hand, since ave(1,v) = 0, ave(2,v) = g, and hence ave(1,v) <
2u(N), tave(2,v) < 2v(NV), hence (N, v) is a CRIA game. Therefore, a CRIA game
is not necessarily a proper game.
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4. PSEUDO CORES AND MIDDLE-WAY SOLUTION

Observing the core C(v) as (2.1), for k = 1,2,...,n — 1, we defined the k"
semi-cores C*(v) as follows.

Definition 4.1. Given an integer k with 1 < k < n — 1, the k" semi-core of an
n-person game (N, v), denoted by C¥(v), is defined as follows.

(4.1) C*(v) = {x|x(S) > v(S), for all S C N with |S| = k and x(N) = v(N)}

Apparently, the first semi-core C(v) is the set of all imputations of v. Also, it is
clear that the core of v is the intersection of all the k** semi-cores of v, i.e.
k=n—1

Cv)= (] C*w).
k=1

We have the following example where all k' semi-cores C*(v) # () but the core

C(v) =0.

Example 4.2. Let N = {1,2,3} and v be the TU game defined on 2V such that
v({1,2}) =2, v({3}) = 2, v({1,2,3}) = 3 and v(S) = 0 for any other coalition S.

Then, the core C(v) = 0, the first semi-core C1(v) = {(z1, 72, 23) | z1 > 0,29 >
0,23 > 2 and x1 + x2 + 23 = 3} # () and the 2nd semi-core C?(v) = {(z1, Ta, z3) |
x1+wy > 2,1 + 23 > 0,29 + 23 > 0 and 21 + 22 + x3 = 3} # 0. Since the core
of v is empty, we cannot say that the Shapley value of v is the geometric center
of the core. However, since C*(v) # () and C?(v) # (), the players may consider a
middle-way solution which is out of C'!(v) and C?(v).

Given an n-person game (N, v), we consider the (k + 1) semi-core of the game
(N,v) and a fixed player £ € N. Write x = (21,Z2,...,%—1,%¢, To41,s---,Tn) €
C*+1)(y). Observing
CHED(v) = {x | x(8) > v(8) for all S € N with |S| = k4 1 and x(N) = v(N)},
by a simple combinatorial calculation, we can see that the player ¢ appears (”;1)
times in the coalitions S where |S| = k + 1 related to the inequalities x(S) > v(.5).
Also, by a simple combinatorial calculation, we can see that any other player i # £
appears (Zj) times in the coalitions S with ¢ € S and |S| = k+ 1. Therefore, given

S =TU{l} with £ €T and |S| = k + 1, there are (”;1) inequalities as follows.

(4.2) xo+ Za:z > (T U{l}) =v(S), foreach T C N — {{} with |T| =k
€S
il
Now, for all the inequalities corresponding to S where S = T'U {¢} with |T'| =k
and ¢ ¢ T in (4.2), we have the following.

Case 1. When |T| =k =0, T = (), then
2o +02 ) o(TU{e}) =v({f})

T=0
n—1 k
(43) BEELEIY = R e =
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(4.4) = 20({0) ~ 2 o(N) = uf.

Case 2. When |T| =k =1,2,...,n — 2, sum all the inequalities corresponding to
S where S =T U {¢} with |T| =k and £ ¢ T in (4.2) together, we have

<n;1>'x”(2:f)32 5z Y ulS).

Since (”gl) = (";2) + (Z:f), we have

:(”,ﬁ) $e+<z_i>'f(]]v\7)2 > s
|S|=k+1

Therefore by some simple algebraic computations, we have

v o Y wTU) + ()
( k ) |T|=k n
TCN—{¢}
(4.5) = f;i 1[ nfl > U(TU{g})} + %U(N).
" (" )TCNf{Z} "

IT|=k
Combine (4.4) and (4.5) we have the following proposition.

Proposition 4.3. Given an n-person game (N,v) and its (k + 1) semi-core
CHD(v). let x = (x1,x2, ..., 2,) € CEHD(v), then

n—1 1 k def
(4.6) > n—k—1 |:(n;1) TC;{K}U(T U {E})] - mU(N) — wzﬂa
|T|=k

for each k=0,1,2,...,n—2 and each { € N.

We denote the greatest lower bound of z; in inequality (4.6) by wf“ where ¢

stands for player ¢ and k stands for the number of the other players who participate
in a coalition of size k + 1 with player £. we called wéf“ the “worst” payoff for
player ¢ in C*+1(v).

We do not define wéf for k = n — 1, however, when kK = n — 1, we may regard
C*+1(v) as the hyperplane 21 + x3 + -+ + z, = v(N) and z, € R.



38 WEN-LIN CHIOU AND CHIH-RU HSIAO

Remark 4.4. Fixed a player £, let Qf ™' = {S : [S|=k+1,£ €S C N}, it is
easy to see the number of element |Q’Z+1] = (";1). We define the average of all the
worths of coalitions S’s of size £ + 1 with £ € S as follows.

LS wru{e),

= 1
! ) |T|=k

ave(k + 1,v,¢) —
k
TCN—{¢}

If the probability defined on Qf“ is uniformly distributed and the players in each
coalition S share the worth v(S) equally, then player ¢’s expected payoff is (
ave(k + 1,v,¢). We have the following interesting observation.

1
1)

1 k 1 1
wptt = pgave(k +1,0,6) —n- o [Cave(n,v,6) — g ave(k + 1,0, 0),

which implies w} ™ = k%rlcwe(k +1,v,¢) if and only if Lave(n,v,l) = ﬁave(k: +
1,v,¢). Intuitively, when a player ¢’s expected payoff in coalition of size (k 4 1) is
the same as that in the grand coalition, the player at worst can get his expected

payoff in coalition of size (k + 1), w.r.t. any payoff vector x € C*+1) ().

For convenience of combinatorial computations, we let £ = 0,1,...,n — 2 and
make the following definition.

Definition 4.5. The (k + 1)"* pseudo-core of an n-person game (N,v) is defined
as follows.
(4.7)

PO* D (v) = {(21,...,2,) | ¢ > wh*!, for each £ € N and x(N) = v(N)},

where

kil n—1 1 k
= T — —F— v(N).
o= ey X o] - e
TCN—{¢}
T|=k

Remark 4.6. Please note that PC'(v) = C'(v) and PC*+D(y) D CF+D(v),
however in general C*+1(v) is a proper subset of PC*+1(v).

We denote H? = {x € R" : x(N) = v(N)}. Given k € {0,1,2,...,n — 2}, for
each £ € N, we denote HékH) ={(z1,...,zp) ER" : 2y = wéf“}.

We can easily see that H® and Hékﬂ), for each k € {0,1,2,...,n — 2} and each
{ € N are hyperplanes in R"™.

Next, given a fixed r € N, we define y(¥t17 = (y§k+1)’r, yékﬂ)’r, . 7y7(1k;+1),r) €

PC* 1 (1) to be the payoff vector where each player £ € N — {r} get his“worst”
payoff wéf“, ie.

(4.8) yékﬂ)’r = w?“, for each £ € N — {r},

then the player r gets

y£k+1),r = v(N) — Z y§k+1)7r = o(N) — Z w?“
LeN—{r} LeN—{r}
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(4.9) —U(N)—i—(n—l)-n_kl_kv(]\f)—(niz) > ( 3 U(Tu{e})>.
et L B

Intuitively, since all the players other than r get their “worst” payoff’s w.r.t. y 17
then with restriction to (4.6) and the efficiency restriction y*+D7(N) = v(N),

y§k+1)’r is the least upper bound of the inequality
erU(N)_ Z w§+1’
LeN—{r}

it comes from

x, =v(N) — Z Ty andangwifHVE;ér.
LeN—{r}

We call yﬁkﬂ)’r the “best” payoff of player r in PC(k+1)(v). Also, the payoff vector
y(kH)”" is said to be the “best” payoff vector in favor of player r, or player r’s
“best” payoff vector in PC*+1)(v).

Since each player r takes his “best” payoff only once w.r.t. y*+1)7 and takes
his “worst” payoff w®*! in the rest of n — 1 times w.r.t. y**)% i € N — {r}, in

PC* D (1) it is easy to see the following.

(4.10)

(k+1),1 _

y! (k+1),2 _ (k+1),(r—1)

yl =gl (k+1),(r4+1) _ .,

— yr (k‘-ﬁ-l),?’b —

_ k+1
=Yy :

Wy,

From the setting of y**17" by (4.8), (4.9) and (4.10), we know that the inter-
section of the n hyperplanes

( m Hék+1)) N H()
LeN—{r}

is exactly the singleton {y*+17},

Definition 4.7. Given a TU game (N, v) and all its pseudo cores, let all the players
in N take turns to be the one who get his “best” payoff in PC*+1)(v), then we have
constructed n points ykt1:1 y(E+1).2 gkt iy favor of player 1,2,....,n,
respectively, in PC*+D(y) € HO. It is certainly a middle-way method for the
players in N to take turns to get their “best” payoff, then accept the average of the
n “best” payoff vectors, denoted by y(*+1): where

Z y(kJrl),r

y(k+1),- _ reN

n

We call y(#+1) the (k + 1)"*-middle-way payoff vector(allocation).

Again, we have the following definition.
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Definition 4.8. The middle-way solution of an n-person game is the average of all
the (k + 1)"-middle-way payoff vector, y*+1- &k =0,1,...,n — 2. We denote the
middle-way solution by p(v) = (u1(v), -, pn(v)) =y where

n—2

(kD)
v — k=0
Y n—1

Later, we will prove that the middle-way solution u(v) is exactly the Shapley
value.

Now, the following example justifies the value of this paper.

Example 4.9. There are there children, 1:Alice, 2:Bob and 3:Cathy. Alice has an
ordinary jumping rope, she can play jumping rope by herself and get v({1}) = 10
unit of happiness. Bob has an ordinary jumping rope too and v({2}) = 10. Cathy
has a valuable kid’s rocking chair, she can play with the chair by herself and get
v({3}) = 15. If Alice and Bob play together, they can use the two jumping ropes to
make a simple swing and have more fun, say v({1,2}) = 27. Only one jumping rope
cannot do much with the kid’s rocking chair, hence we let v({1,3}) = v({2,3}) = 26.
Suppose the three children play together, they may use the two jumping ropes and
the chair to make a comfortable swing with chair and have much more fun, say
v({1,2,3}) = 41. But, the swing will be broken if two or more children ride on it,
therefore, the children must take turns to ride on the swing.

Now, we use our mathematical model to explain the game. The player set is
N ={1,2,3} and the game (N, v) is CRIA.
Case 1: The upper index 1 of wz-1 denotes the case that each child plays alone. We
have wi = v({1}) = 10, w = v({2}) = 10 and wi = v({3}) = 15. Intuitively, when
a child plays alone, at worst the child can get w} = v({i}). Hence, y''! = (16,10, 15)
means that when Alice takes her turn to ride on the swing and enjoys 16 unit of
happiness, Bob and Cathy are happily waiting for their turns, Bob is as happy as
playing alone, Cathy is also as happy as playing alone. By similar calculations,
yb? = (10,16, 15) and y'3 = (10,10,21), hence y = (3£, 38 31) = (12,12,17).
Case 2: The upper index 2 of w? denotes the case that two children play together.
Now, w? = 12 > 10 = v({1}) and w3 = 12 > 10 = v({2}) mean that a child
who has an ordinary jumping rope is better off whenever there is another child
playing with him or her. The very interesting case which w? = 11 < 15 = v({3})
means that Cathy is a little reluctant to share her valuable kid’s rocking chair with
others. Therefore, y?>! = (18,12,11) ¢ I(v) means that when Alice takes her turn
to ride on the swing and enjoys 18 unit of happiness, Bob and Cathy are happily
waiting for their turns, Bob is happier than playing alone, but Cathy is a little
reluctant to share her valuable rocking chair with others. By similar calculation,
y?? = (12,18,11) and y*3 = (12,12,17), hence y2- = (4,4 39) = (14,14,13).

Finally, suppose the game is repeated 3 times, and each child has his or her turn
to ride on the comfortable swing, the middle-way solution is (13,13, 15) which is
the Shapley value of (N,v). It is easy to see that the core of (NN, v) is empty.

In game (N, v), Cathy has a very subtle situation, her payoff w.r.t the middle-way
solution (13,13,15) is 15. If she plays alone, she has at least 15 unit of happiness.
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If she plays with Alice and Bob, she has to share her valuable kid’s rocking chair
with others taking turns to ride on the comfortable swing and has the risks of
y3l = (18,12,11), y?? = (12,18,11) and y? = (14,14,13) ¢ I(v). Nevertheless,
on the other hand, if she plays with Alice and Bob, she has opportunity to get
y?3 = (12,12,17) or even y"? = (10,10,21) and y!~ = (12,12,17). Suppose the
game is repeated 3 times, the children take turns to ride on the comfortable swing,
it is still rational for Cathy to accept the risks of y?!, y%? and y2 and then has
chance to get y23 or even y*? and y 1. It is still worthwhile studying a payoff vector
which is not in I(v).

Before we give the main results, we need the following lemma.

Lemma 4.10. Given a game (N,v) and an i € N ={1,2,3,...,n} then

> (X wrow)

LeN—{i} |T|=Fk
TCN—{¢}
(4.11) =k- > w@Uuf{ih)+E+1)- > ().
|T|=k |T|=k+1
TCN—{i} TCN—{i}

Proof. We have the following combinatorial calculations.

> (X wruw)

teN—{i}  |T|=k
TCN-{¢}
:{ > ( > w(Tu {z})) + > w(Tu {i})} - > w(Tufi}
eEN—{i} N |T|=k IT|=k IT|=k
TCN—{0} TCN—{i} TCN—{i}
(4.12)
=) ( > v(TU{E})) - Y w(Tu{i})
teN N |T|=k IT|=k
TCN—{€} TCN—{i}
Now, observe the double summation
(4.13) > < > w(Tu {5})).
(eEN N |T|=k
TCN—{}
Given any coalition with k + 1 players, say {ji,j2,.--,jr+1}, We can write the same

coalition in turns of k + 1 different forms of T'U {¢} by choosing ¢ = j1, jo, ..., jk+1
respectively. In other words, each v({j1,j2,...,Jk+1}) of the same k + 1 players is
counted k + 1 times in the double summation (4.13).

Therefore,

Z( > v(TU{E})):(k+1)~ > (1)

(EN |T|=k |T|=k+1
TCN—{¢} TCN
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(4.14) =(k+1)- D o@u{ih+E+1)- D> (T
\T|=k \T|=k+1
TCN—{i} TCN—{i}
Combine (4.12), (4.13) and (4.14), we get (4.11) and complete the proof. O

The following theorem modifies the pseudo-cores and is one of our main results.

Theorem 4.11. Let (N,v) be an n-person game and y*+1):1 ykthn 0 <} <
n — 2 be “best” payoff vectors in favor of players 1,2,..., n respectively. Then

(1) y®EDL Ly D e ejther distinet or identical.
(ii) PC*+D)(v) is an empty set or a singleton or an (n—1) simplex of n vertices
yEEDL gD i the (n — 1)-dimensional hyperplane HO.
In fact
(ii.a) PCH D (v) # 0 if and only if
1 1

nv(N)zlm(i) 3 v(T):ki1~ave(k+1,v).

Or, equivalently,

1 1 1
PC* D (v) = 0 if and only if —v(N) < —— - - o(T).
n k+1 (k+1) |T_Zk+1

TCN
(ii.b) The following equality holds
1 1 1 .
—v(N) = ——7+ Z v(T) if and only if PC(’““)(U) - {y(k+1)11}’
n k + 1 (k:-i—l) |T|:k+1
TCN

where y D0 = g+ for g1l ¢ € N, moreover, the it" coordinate of
y B3 s of the form: ygkﬂ)’j = wf“, for each i € N. (In this case,
with w4t wptt = o(N).)

(ii.c) The following inequality holds

1 1 1

—V(N) > == oy o(T)

n k+1 (k—i—l) T|zk:+1
TCN

if and only if PC*+1) (v) is an (n—1) simplex of n vertices y*+1:1
yEDn in the (n — 1)-dimensional hyperplane H°.

Proof. First observe for each fixed i
(4.15)

y(k+1),i c Pc(kJrl)(,U) —
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(4.16)

ey 1 .
y T > Wkt where WfH:@ >, vTUlih) -
k) Tk

TCN—{i}

v(N) <=

(4.17) v(N)—i—(n—l)-%v(N)— R ( 3 v(TU{E}))

n—1- ("%") (eN—{i} N |T|=k
TCN—{¢}
k 1 .
—— )+ D w(TU{) (by (49) =
K ( k ) |T|=k
TCN—{i}
k+1
(4.18) (n—1) n_l_kv(N)
1 .
> Yoow@u{in+ > ( > w(Tu {e}))
(") |T|=k (CN—{i} > |T|=k
TCN—{i} TCN—-{¢}
= n32 Z v(TU{i}) + (by Lemma 4.10)
( k ) |T|=k
TCN—{i}
<I<:~ S ow@Tu{i)+k+1) > U(T)>
IT|=k |T|=k+1<n
TcN—{i} TCN—{i}
EEDL S wruiins D um)
(") |T|=k |T|=k+1
TCN—{i} TCN—{i}
(k+1) Z
= /n—2 U(T)
( k ) |T|=k+1
1 1 (n—1—k) kl(n—2-k)!
(:)EU(N)ZE' n—1 ' (n—2)! ' Z u(T)
|T|=k+1
1 1
(4.19) =— u(T)
k+1 (k+1) |T|=k+1
Since 17 is arbitrary we see that
yFtDi e pOo®+) (1) for some i <= %U(N) > RSN Z o(T)

kE+1 (k+1) |T|=k+1,TCN
(4.20) — ytti e pck+b(y), vje N.
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Especially, by (4.20) we prove the “<” statement of (ii.a). On the other hand,
we also get the following:

1 1 1
EU(N)<m-(n) > (D)

k+1) |7|=k+1

eyt ¢ pe*+D () for some i

(4.21) — yti ¢ potl(y) Vje N
— yz(kH)’i < wf“, for some 7 < y(-kﬂ)’j < wf“, VjieN

Next, if we claim that PC*+V(v) # 0, say (z1,...,z,) € PC*T(v), implies
Lo(N) > k%kl : ﬁ >>  wv(T), then the proof of (ii.a) is complete.

n

k1) | TSkt

Suppose the conclusion fails, that is, 2v(N) < k%—l -t > (T), which by
(k+1) |T|=k+1

(4.21), implies yj(-kﬂ)’] < w?“ Vj € N. We shall get a contradiction. Now by the

definitions of PC'**t1(v) and y**t17 we have

(1,22,...,Tp) € PC(’CH)(U)
= wit <a; =o(N) = (@1 + a2+ + 201 F 2+ )
<o(N) = (Wit bt b w4 T

= o(N) — (y§k+1),1 4 y(kz+1),2 N y(k+1),j—l i y(k+1),j+1 TR y(k+1),n)

J J J

(4.22)

=y vjen.
Therefore, wf"‘l < yz(k‘H),i
claim.
Next observe

k+1

< w,;"", a contradiction occurs. We have proved our

(k+1),3

k+1
7 7 (

notice that ykﬂ’j = wf“, for all j # 9)

= W i

(4.23)
@’U(N)—I—(n—l)-ﬁv(]\f)—% 3 < 3 v(TU{E}))

( k )EeNf{i} |T|=k

TCN—-{¢t}
k 1
S G N W o(T U {i}).
A G Y
TCN—{i}

Equation (4.23) is exactly the same as (4.16) if the notation “>" is replaced by
the notation “=" in inequality (4.16). Similar computation from (4.16) to (4.19)

“__”

with all those “>” being replaced by “=", we have for each fixed i,

(k+1) k41
Y; = w;
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1 1
4.24 —v(N)= —- v(T).
(4.24) = oV) = (kil)T,;H ()
TCN

Notice that by definition y( 1) wf“, for each j # 4, therefore in the case of

(4.24), since i is arbitrary chosen, we have for each fixed j,

j k+1),j k+1)j  (k+1)5  (k+1), ;
y k1) = (yg )J’ . ’y](._l )J’ J( )J,y](_i_ )J’ o 7%(Llwrl)u)
= (Wi w;?fll, wf“, wﬁfll, ., whY) (choose i = j in (4.24))
and hence
j k k k k ;
y(k’+1)J — (w1+1, .. ,wjfll,wjﬂ,wjill, . ,wfﬁl), for some j
1 1 1
@EU(N)ZTH-(” > (1)
k+1/ |7 |=k+1
TCN
(425) e yBEDL S D2 e L )

On the other hand, the statement in (4.24) is equivalent to

yEkH)’i # wf“ ( notice that by definition y(kJr ) wf“ for all j # 1)
(4.26)

k‘+1) |T|=k+1

But if for each fixed 4, the inequalities y(kJr )i # ygkﬂ)’j forallj #i,i=1,...,n,
hold then it is equivalent to say y#T1:¢ £ y(k+1)J for all j 4, where i = 1,2...,n
which means that all points y**t17 = 1.... n are distinct. According to the
above argument as well as (4.26), we have proved the following:

All points y(k+1)’i,i =1,...,n, are distinct

1 1 1
(4.27) = —o(N)#—— v Y. v(T)

n k+1 (k+1) i)
By (4.25) and (4.27), we complete the proof of (i). Next suppose 1v(N) = k%kl
(k%ﬂ)zm:kﬂ v(T'), then by the fact “(4.15)<= (4.19)” and (4.25), we have
PCHD(y) D {y (k+1), *}, where yEths — gDl — yEtd — . =
y kD — (i +d b+t k“) We shall claim PC®*+D (v ) = {y(’“+1 } Sup-
pose (z1,...,2,) € PCH D (v) — {y(+1D*1 then by (4.22) and (4.24), we get
(21, xn) = (W wktt) = {y*+D*} this contradicts to (z1,...,2,) €

PO+ () — {y++))
Finally, by (4.20) and (4.27) we have

1 1 1
(4.28) —v(N)> —— —
n k+1 (k+1) |T|=k+1

o(T)
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— PC(kH)(v) contains y*+t-1L gD which are distinet points.

Therefore if we claim that
1 1 1

—v(N) > —— —— v(T)
n k+1 (kil) |T|=k+1
implies that PC'**+1(v) is an (n—1) simplex of vertices y*+1:1 y(k+D)m iy gO,

Then we can complete the proof of (ii.c) and hence complete the proof of theorem
4.11.
So let us suppose

Loy > S ),

n k + (kil) |T\:k+1

then by (4.28) we have PC*+1)(v) # 0.
Let (x1,22,...,2,) € PC*tD(v), then by (4.22), there exist t1,...,t, with 0 <

t; <1 such that x; = tlylk+1 +(1—t)w k“,i =1,...,n.
Now,

n n n n
Yy
N) = sz _ Zt"' _yi( +1),i —i-zwfﬂ _ Zti'wfﬂ
i=1 i=1 i=1 i=1
n
k+1),i
=2t = 30

LeN—{i}

n
+ Zwkﬂ Ztiwfﬂ (because y T4 e Hy)

= an ti(v(N) — Z wpth) + Z whtt En:tiwfﬂ
i=1 1=1

éeNf{‘}

:zn:tl’u(N) Z Zwk+1 +Zwk+1
=1 =1 /=1

~ () = (o) Yo 3t
i=1 i=1 =1

(1- zn:ti)v( (1->"t) Zw’fﬂ.
i=1 1=1

If1— > t; # 0 then v(N) = Z wk+1 But v(N) = (kH) + > wf“ (by

i=1 teN—{j}
definition of “best” payoff vector), j = 1,2,...,n. Therefore, wf“ = y](-kﬂ)’j ,

j =1,...,n. By (4.24) PC*+1)(y) contains only one point (wht!, ... wktl) =

(k+1),j
Yj

y 13 5 = 1, .. n, this contradicts y J.j =1,...,n, being distinct points.

n n
Hence, 1 — > t; =0, that is, >_¢t; = 1. Now fori =1,...,n,
i=1 i=1



A NEW INTERPRETATION OF THE SHAPLEY VALUE 47

k+1), (k+1),
T = tiyg +1).8 +(1- ti)wﬁ“+1 = tlyl +1) Zt k+1
JFi

(k+1 k+1), (k+1), (k+1),
_t”+)z+z k+1 —tznyr +Zt3¢+ Ztﬂz+ 7
J#i j#i

therefore, (z1,...,2,) = >7 t;y 13, This proves that PC'(k‘H)(v) is the convex
hull of n points y*+t1:1 yktn Byt yE+D1l y(k+D)n are distinet points
in H° and HY is (n — 1)-dimensional, we have that PC**+1(v) is an (n — 1) simplex
of vertices y(*+1:1 g+ iy 0 This proves the claim. O

Remark 4.12. Intuitively, PC*(v) is empty whenever yl L < wF, i.e. the “best”
payoff of player 7 is less than the “worst” payoff of player .

By Theorem 4.11 we have the following proposition immediately.

Proposition 4.13. Suppose that (N,v) is an n-person conver game, then it is a
CRIA game.

5. A NEW INTERPRETATION OF THE SHAPLEY VALUE

While each player is willing to participate in a coalition with any other k players
and share the worth of the coalition according to a payoff vector in PC*+1 (v).
Intuitively, it is a middle-way method for the players if the players take turns to
get the “best” payoff and find the average of all the payoff vectors of all the turns.
In geometric, the average of all the payoff vectors of all the turns(either distinct or
identical, sce Theorem 4.11) is the center of mass of PC*+1(v)(either a (n — 1)-
simplex or a singleton) provided that PC**1)(v) is nonempty. Considering the
vertices y(k+1:1 y(kH)’”(either distinct or identical) as vectors, the centroid is

k}+1),1 _|_ e + y(k’-i-l),n

n
Now, for all the players in N there are n — 1 possible ways to share v(IV), say,

g+ — y'

vl y2 ..., y(=Ds. Again, it is a middle-way method to choose the average of the
above n — 1 payoff vectors which is the geometric center of the n — 1 points in the
hyperplane H. Surprisingly, it is the Shapely value.

Theorem 5.1. Given an n-person CRIA cooperative TU game (N,v), the Shapely

value of v is the geometric center of the n — 1 points yb-,y% ...,y( Dy in R,
where each y* is the center of mass of PC*(v), the k' pseudo-core of v which is
either an (n — 1)-simplex or a singleton, for k =1,2,...,n—1. In other words, the

Shapely value is the geometric centroid of the n — 1 mass centers of pseudo-cores
PCk(), k=1,2,...,n— 1.

Proof. Let

W+W+...+y(n—1)f
n—1

(:u17,u’27"' :Mn) =

)

andwriteﬁ:(y’f",...,yf",...,yn)fork:—l2 —1.
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Then

1, 2,- 3, —1),
A A A
Hi = )
n—1

fort=1,...,n. We are going to show that

p= 3 PRI g0 ) - uis)).
w o

Now since y(*+1)+ is the center of mass of PC*(v) with vertices y (#+1):1 y(k+1)2
y(kH)’”(either distinct or identical), it follows from the definition of “best payoff”
vectors, we have

y@+n,::@kH%1+yf+Ug+~--+yﬁ+Um
! n
(y(k+1),1 Tt y§k+1),z‘—1 + y(k+1),z‘—1 IS y(k+1),n) + y(k+1),i
- n
1 { k 1 .
=—<(n—-1)- [— ———v(N) + —— Z v(T'U {2})} (see (4.5))
n n—1—k (kz) T
TCN—{i}
(5.1)
k 1
—l—v(N)—i—(n—l)-mv(N)— — Z ( Z U(TU{E}))}.
( k )ZeNf{i} |T|=k
TCN—{£}
It follows from (5.1) and lemma 4.10 that
s _ 1fn—1 .
: == T N
R (P DIy
T|=k
TCN—{i}
1
- [k S ow@Tu{i)+k+1) Y U(T)]}
( k ) |T|=k |T|=k+1
TCN—{i} TCN—{i}
(n—1) k .
|T|=Fk k k

( k ) |T|=k+1
TCN—{i}
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1 . 1
( k ) |T|=k (k+1) |T|=k+1
TCN—{i} TCN—{i}
Let
1 .
(53) ag+1 = (n—l) Z U(T U {7“})7 k=0, =2,
k T|=k
T‘C]\If—{i}
and
(5.4) ka:% > w(T),k=0,...,n-2
(k1) |T|=k+1
TCN—{i}
then
. 1 -1
(5.5) 7 = Zu(V) 4+ (a1 = bis).
Next, observe
1 .
a1 — by = ) > (T U{i}) —o(T)
k |T|=k

(5.6)

TCN—{i}

= Y RSU{) - ()]

Rln—1-Fk)! |S|=k,SCN

iZS

> PR s gn - o)l

|S|=k,SC N (n
igS
fork=1,...,n—2,
a1 = s - v({i)) = g (i) — v(0)]

( 0 ) Ol(n—1)!
67 = > |S|!(?n_JSi|)'_ D! [v(S U {i}) —v(9)] (in fact here S = 0)

|S|=0,SCN )

igS
and
b v(V) = ot S u(T) 4 o)
(n—l) |T|=n—1

1

TCN—{i}

= o [o(V) = o(V — {i})]

(n—1)!0!

49
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(5.8)
S ISI!(?H—_lﬁl)!— D (S U i) = v($)]( in fact here § = N — {i}).
|S|:ni;}g,SCN

It follows from (5.2), (5.3), (5.4), (5.6), (5.7) and (5.8)

M =
n—1
1 ’U(N) n—1 U(N) n—1
:n—1<[ n + n (alfbl)]jLJr[T‘F (ak—bk)]
'UN ’I’L*l /UN n—l
+] (n)+ (ars1 = bry1)] +---+ | (n)+ (an—l_bn—l)]>

1 n-—-1
= —b -b
— [a1 + (b1 +az2) + -+ + (b + ag+1)

Foot (=bpg + an1) + (=by_1 + v(N))]

(5.9) =y BRI D50 i) i)

SCN
iZS

O

Theorem 5.1 shows that the geometric centroid of the n — 1 mass centers of
the pseudo-cores of the game (N,v) is the Shapley value. Further, even when
PC* () = (), the points y*+D7 ¢ =1, ... n are still in the hyperplane z; +
29+ -+ x, = v(N), then by the proof of Theorem 5.1, we have Theorem 5.2.

Theorem 5.2. Given an n-person cooperative game (N, v), the Shapely value is the

geometric center of the n — 1 points yb,y2:, ..., ym=1 in R™ where y* is the
geometric center of the n vertices y*',y*2 ... y*" fork=1,2,...,n—1.

Conclusion Let a cooperative TU game (INV,v) be repeated n times, then we may
not only propose a new interpretation for the Shapley value but also propose the
investigation of a payoff vector which is not even an imputation. In our Example
4.9, Cathy justifies the worth of studying a payoff vector which is not an imputation.

We introduce a new class of CRIA games which are not necessarily proper, also
proper games are not necessarily CRIA. We show that a game is CRIA if and only
if none of its pseudo cores is empty. In a CRIA game the players have incentive to
participate in the grand coalition. It is more acceptable in a CRIA game than in
an improper game to assume that the grand coalition is formed.
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