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ABSTRACT. The purpose of this paper is to investigate the problem of finding a
common element of the fixed point set Fix(.S) of a nonexpansive mapping S and
the solution set I' of the split feasibility problem (SFP) in real Hilbert spaces.
We introduce a hybrid extragradient-like approximation method with regulariza-
tion, which is based on the well-known extragradient method, a hybrid (or outer
approximation) method, and a regularization method. The method produces
three sequences which are shown to converge strongly to the same common ele-
ment of Fix(S) N I'. In addition, we also prove a new weak convergence theorem
by a modified extragradient method with regularization for finding an element of
Fix(S)NI". These results represent the supplementation, improvement, extension
and development of the corresponding results in the very recent literature.

1. INTRODUCTION

Let H be a real Hilbert space, whose inner product and norm are denoted by
(-,-) and || - ||, respectively. Let K be a nonempty closed convex subset of . The
(nearest point or metric) projection from H onto K, denoted by Px. We write
x, — x to indicate that the sequence {z,} converges weakly to = and z,, — x to
indicate that the sequence {x,} converges strongly to x.

Let C and @ be nonempty closed convex subsets of infinite-dimensional real
Hilbert spaces H; and Ha, respectively. The split feasibility problem (SFP) is to
find a point z* with the property:

(1.1) e C and Ax* € Q,

where A € B(H1,H2) and B(H1,Hs2) denotes the family of all bounded linear
operators from H; to Ho.

In 1994, the SFP was first introduced by Censor and Elfving [8], in finite-
dimensional Hilbert spaces, for modeling inverse problems which arise from phase
retrievals and in medical image reconstruction. A number of image reconstruction
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problems can be formulated as the SFP; see, e.g., [2] and the references therein.
Recently, it is found that the SFP can also be applied to study intensity-modulated
radiation therapy; see, e.g., [6,7,9] and the references therein. In the recent past,
a wide variety of iterative methods have been used in signal processing and image
reconstruction and for solving the SFP; see, e.g., [2,3,6,7,9,23,25,27-30] and the
references therein. A special case of the SFP is the following convex constrained
linear inverse problem [12] of finding an element z such that

(1.2) reC and Az =0b.

It has been extensively investigated in the literature using the projected Landweber
iterative method [17]. Comparatively, the SFP has received much less attention
so far, due to the complexity resulting from the set (). Therefore, whether vari-
ous versions of the projected Landweber iterative method [17] can be extended to
solve the SFP remains an interesting open topics. For example, it is yet not clear
whether the dual approach to (1.2) of [22] can be extended to the SFP. The original
algorithm given in [8] involves the computation of the inverse A~! (assuming the
existence of the inverse of A), and thus has not become popular. A seemingly more
popular algorithm that solves the SFP is the CQ algorithm of Byrne [2,3] which
is found to be a gradient-projection method (GPM) in convex minimization. It is
also a special case of the proximal forward-backward splitting method [11]. The CQ
algorithm only involves the computation of the projections Po and Pg onto the sets
C and @), respectively, and is therefore implementable in the case where Po and Pg
have closed-form expressions, for example, C' and @ are closed balls or half-spaces.
However, it remains a challenge how to implement the CQ) algorithm in the case
where the projections Po and/or Py fail to have closed-form expressions, though
theoretically we can prove the (weak) convergence of the algorithm.

Very recently, Xu [28] gave a continuation of the study on the C'Q algorithm
and its convergence. She applied Mann’s algorithm to the SFP and proposed an
averaged C'Q) algorithm which was proved to be weakly convergent to a solution of
the SFP. She also established the strong convergence result, which shows that the
minimum-norm solution can be obtained.

Furthermore, Korpelevich [16] introduced the so-called extragradient method for
finding a solution of a saddle point problem. He proved that the sequences gener-
ated by the proposed iterative algorithm converge to a solution of the saddle point
problem.

Throughout this paper, assume that the SFP is consistent, that is, the solution
set I' of the SFP is nonempty. Let f : H1 — R be a continuous differentiable
function. The minimization problem

1
1. i = ~|| Az — PpAz|?
(1.3) gggf(w) 2H x — PoAx||

is ill-posed. Therefore, Xu [28] considered the following Tikhonov regularization
problem:

. 1 2 1 2
(1.4) min fu () := 2|4z — PAs|* + Solle]?
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where a > 0 is the regularization parameter. The regularized minimization (1.4)
has a unique solution which is denoted by z,. The following results are easy to
prove.

Proposition 1.1 (see [4, Proposition 3.1]). Given z* € H;, the following statements
are equivalent:

(i) z* solves the SFP;
(ii) =* solves the fixed point equation

Po(I — AV f)z*" = z*,

where A >0, Vf = A*(I — Pg)A and A* is the adjoint of A;
(iii) x* solves the variational inequality problem (VIP) of finding z* € C such
that

(1.5) (Vf(z*),x —x*) >0, VreCl.
It is clear from Proposition 1.1 that
I' =Fix(Pc(I — AVf)) = VI(C, V)

for all A > 0, where Fix(Po(I — AV f)) and VI(C, V f) denote the set of fixed points
of Po(I — AV f) and the solution set of VIP (1.5), respectively.

Proposition 1.2 (see [4]). There hold the following statements:
(i) the gradient
Viae=Vf+al =A"1—-Py)A+al

is (a + || A||?)-Lipschitz continuous and a-strongly monotone;
(ii) the mapping Po(I — AV fy) is a contraction with coefficient

VT 22a - MAP +a)?) (S Vi—ar<1- %a)\),

o .
where 0 < A < A2 Ta)2

(iii) if the SFP is consistent, then the strong lim,_,o x4 exists and is the minimum-
norm solution of the SFP.

Very recently, Ceng, Ansari and Yao [4] proposed an extragradient algorithm with
regularization, and proved that the sequences generated by the proposed algorithm
converge weakly to an element of Fix(S) N I", where S : C — C is a nonexpansive

mapping.
Theorem 1.3 (see [4, Theorem 3.1]). Let S : C — C be a nonexpansive mapping

such that Fix(S) NI # 0. Let {x,} and {yn} be the sequences in C generated by
the following extragradient algorithm.:

xg =x € C' chosen arbitrarily,
(1.6) Yn = Po(xn — AV fa, (70)),

Tpt1 = B + (1 - 6n)SPC'<37n = AV fa, (yn)>7 vn > 0,
where Y 07 oy, < 00, {An} C [a,b] for some a,b € (0, W) and {Bn} C [c,d] for
some ¢,d € (0,1). Then, both the sequences {x,} and {y,} converge weakly to an
element & € Fix(S) N I
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On the other hand, assume that C' is a nonempty, closed and convex subset of H
and A : C' — H is a nonlinear mapping. The variational inequality problem (VIP)
on C is stated as:

find z* € C such that (Az*,z —2") >0, Vz € C.

The set of solutions of the VIP is denoted by £24; see [15] for more details. In 2006,
Nadezhkina and Takahashi [18] first proved the weak convergence of the sequences
generated by their proposed extragradient method, to an element of Fix(S) N Q4
under approximate assumptions. In the meantime, by combining a hybrid-type
method with an extragradient-type method, Nadezhkina and Takahashi [19] intro-
duced the following iterative method for finding an element of Fix(S) N Q4 and
established the following strong convergence theorem.

Theorem 1.4 (see [19, Theorem 3.1)). Let C' be a nonempty closed convex subset of
a real Hilbert space H. Let A : C' — H be a monotone and k-Lipschitz continuous
mapping and let S : C — C be a nonexpansive mapping such that Fix(S)NQy # 0.
Let {zn},{yn},{2n} be sequences generated by

;

xo=x € C,

Yn = Po(xn, — M\pAxy,),

Zn = anty + (1 — an)SPo(xn — A Ayn),
Crn={2€C:|zn— 2| < |lzn — 2|},
Qn={2€C:(xy,—2z,x—x,) >0},

| Znt1 = Po,nQ,%,

(1.7)

for all n > 0, where {\,} C [a,b] for some a,b € (0,1) and {an} C [0,c] for some
c €[0,1). Then the sequences {xn},{yn},{zn} converge strongly to the same point
q = Prix(s)n, -

Very recently, Ceng, Hadjisavvas and Wong [5] introduced a hybrid extragradient-
like approximation method which is based on the above extragradient method and
the hybrid (or outer approximation) method, for finding an element of Fix(S)NQ 4,
and derived the following strong convergence theorem.

Theorem 1.5 (see [5, Theorem 5]). Let C' be a nonempty closed convex subset of a
real Hilbert space H, A : C — H be a monotone, k-Lipschitz continuous mapping
and let S : C — C be a nonexpansive mapping such that Fix(S) N Q4 # 0. We
define inductively the sequences {xn}, {yn},{zn} by

/

xg € C,

Yn = (1 = y)n + WmPo(zn — AnAxy),

Zn = (1 — Op — Bn)l'n + anyn + /BnSPC(ZL'n - )\nAyn),
Cn={2€C:|lzn — 2|* < llon — 2[* + (3 = 3y + an)0?[| Az [?},
Qn={z€C:(x,— 2,20 —xy) >0},

Tnt1 = Po,n@.To

(1.8)

for all n > 0, where {\,} is a sequence in [a,b] with a > 0 and b < 5, and
{an}, {Bn}, {n} are three sequences in [0,1] satisfying the conditions:
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(i) an + Bn <1 for alln > 0;
(if) limy,— o0 arn = 0;
(iii) liminf, . B > 0;
(iv) limy—yo0 v = 1 and v, > % for allm > 0.
Then the sequences {xn},{yn},{zn} are well-defined and converge strongly to the
same point ¢ = Priy(5)n0,%0-

In this paper, inspired by the iterative scheme (1.6) and utilizing the hybrid
extragradient-like approximation method in [5, Theorem 5], we propose the follow-
ing hybrid extragradient-like iterative algorithm with regularization:

xg = x € C chosen arbitrarily,

Yn = PC(fEn - Anvfan(l'n))a

Zn = (1 = Bpn — n)@n + Bnyn + mSPce(xn — AV fa, (Un)),
Cn={2€C:|lzn — 2l < |lzn — 2|* + 200 M0k (s + [lynl))},
Qn={z€C:(xy,—z,x0—2x4) >0},

Tnt1 = Po,nQ.To

(1.9)

for all n > 0, where sup,cpix(s)nr [[pll < & for some x > 0, and the following con-
ditions hold for four sequences {a,} C (0,00), {\n,} C (0, ||Al|\2) and {5,},{m} C
[0, 1]:
(1) {A\n} C [a,b] for some a,b € (0, |jHQ);
(ii) lim,—00 vy = 0;
(iii) By 4+ vn <1 for all n > 0;
(iv) limy—o0 B = 0 and liminf, o v, > 0.

It is shown that the sequences {x,, }, {yn}, {zn} are well-defined and converge strongly
to the same point ¢ = Ppigs)nr®o. It is worth emphasizing that our result is
new and novel for Hilbert spaces. The main result represents the supplementa-
tion, improvement, extension and development of the corresponding results in the
very recent literature, for example, [28, Theorem 5.7] and [4, Theorem 3.1] to a
great extent. Moreover, the hybrid extragradient-like approximation method given
in [5, Theorem 5] is extended to develop our hybrid extragradient-like approxima-
tion method with regularization. In addition, we also prove a new weak convergence
theorem by a modified extragradient method with regularization for the split feasi-
bility problem and fixed point problem, which essentially includes [4, Theorem 3.1]
as a special case.

2. PRELIMINARIES

Let H be a real Hilbert space, whose inner product and norm are denoted by (-, -)
and || - ||, respectively. Throughout the paper, unless otherwise specified, we denote
by z, — = (respectively, z,, — z), the strong (respectively, weak) convergence of
the sequence {z,} to x. In addition, we use wy,(x,) to denote the weak w-limit set
of the sequence {z, }; namely,

wy(2n) == {x : z,, — x for some subsequence {z,, } of {z,}}.
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Let K be a nonempty, closed and convex subset of 7. Now we present some
known results and definitions which will be used in the sequel.

The metric (or nearest point) projection from H onto K is the mapping Py :
H — K which assigns to each point x € H the unique point Pxz € K satisfying
the property

|z — Pgz|| = inf ||z —y|| =: d(z, K).
yeK
The following properties of projections are useful and pertinent to our purpose.

Proposition 2.1 (see [13]). For given x € H and z € K :
(i) z=Pgzr & (z—2,y—2) <0, Vy e K;
(i) z=Pga & |lz—2|? <z —yl? - lly — 2| Vy € K;
(iii) (Pxx— Pgy,z—1vy) > |Pxx — Pryl|?, Vy € H, which hence implies that Py
18 nonexpansive and monotone.
Definition 2.2. A mapping T : H — H is said to be:
(a) nonexpansive if
[Te =Tyl < |lz—yll, Vo,yeH;
(b) firmly nonexpansive if 27" — I is nonexpansive, or equivalently,
(@ =y, Te—Ty) > |Tw = Ty|?*, Vo,yeH;
alternatively, T is firmly nonexpansive if and only if T' can be expressed as
1
where S : H — H is nonexpansive; projections are firmly nonexpansive.
Definition 2.3. Let T be a nonlinear operator whose domain is D(7") C H and

whose range is R(T) C H.
(a) T is said to be monotone if
(x—y,Tx —Ty) >0, Va,ye D(T).
(b) Given a number 8 > 0, T is said to be [-strongly monotone if
(¢ —y,Te = Ty) > Bllo —y|? Va,y € D(T).
(¢) Given a number v > 0, T is said to be v-inverse strongly monotone (v-ism)
if
(v —y,Te = Ty) > v||Te = Ty|?, Vz,y e D(T).

It can be easily seen that if S is nonexpansive, then I — S is monotone. It is also
easy to see that a projection Py is 1-ism.

Inverse strongly monotone (also referred to as co-coercive) operators have been
applied widely in solving practical problems in various fields, for instance, in traffic
assignment problems; see, e.g., [1,14].

A mapping T : H — H is said to be an averaged mapping if it can be written
as the average of the identity I and a nonexpansive mapping, that is,

T=(01-a)l+aS
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where o € (0,1) and S : H — H is nonexpansive. More precisely, when the last
equality holds, we say that T is a-averaged. Thus firmly nonexpansive mappings
(in particular, projections) are %-averaged maps.

Proposition 2.4 (see [3]). Let T : H — H be a given mapping.

(i) T is nonexpansive if and only if the complement I — T is %-ism.

(ii) If T is v-ism, then for v > 0, ~T is %-ism.
(iii) T is averaged if and only if the complement I —T is v-ism for some v > 1/2.

Indeed, for a € (0,1), T is a-averaged if and only if [ — T is %—ism.

Proposition 2.5 (see [3,10]). Let S, T,V : H — H be given operators.

i) If T = (1—a)S+aV for some a € (0,1) and if S is averaged and V is
nonexpansive, then T is averaged.

(ii) T is firmly nonexpansive if and only if the complement I — T is firmly
nonexrpansive.

(i) If T = (1 — a)S + aV for some a € (0,1) and if S is firmly nonexpansive
and V is nonexpansive, then T is averaged.

(iv) The composite of finitely many averaged mappings is averaged. That is,
if each of the mappings {Tl}f\;l is averaged, then so is the composite 17 o
Ty 0---0TnN. In particular, if T} is ai-averaged and To is ao-averaged,
where aq,ay € (0,1), then the composite Ty o Ty is a-averaged, where o =
a1+ oy — a1an.

(v) If the mappings {T;}., are averaged and have a common fized point, then

N
(Fix(T;) = Fix(Ty - - - Tw).
=1

The notation Fix(T') denotes the set of all fixed points of the mapping T,
that is, Fix(T) ={x € H : Tx = x}.

The following so-called demiclosedness principle for nonexpansive mappings will
often be used.

Lemma 2.6 (see [13, Demiclosedness Principle]). Let K be a nonempty closed
convexr subset of a real Hilbert space H and let S : K — K be a nonexrpansive
mapping with Fix(S) # 0. If {z,} is a sequence in K converging weakly to x and
if {(I —S)xn} converges strongly to y, then (I — S)z = y; in particular, if y = 0,
then x € Fix(S).

The following elementary result in the real Hilbert spaces is quite well-known.

Lemma 2.7 (see [13]). Let H be a real Hilbert space. Then for every A, p, v € [0,1]
with A+ p+v =1, we have

Az + py + vz|? =z + pllyl® + vlz)? = Az —y))?
— Wz —z2|? = pvlly — 2|% Va, y, 2 € H.

To prove a new weak convergence theorem by a modified extragradient method
with regularization for the split feasibility problem and fixed point problem, we
need the following lemma due to Osilike et al. [21].
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Lemma 2.8 (see [21, p. 80]). Let {an}5>;, {on}2, and {6,}52, be sequences of
nonnegative real numbers satisfying the inequality

ant1 < (14 ap)an + 6p,  Vn > 1.

If o0 jo < o0 and Y 07 0, < 00, then lim, o an exists. If, in addition,
{an}22 has a subsequence which converges to zero, then lim,_ . a, = 0.

Corollary 2.9 (see [26, p. 303]). Let {an}32y and {0,}52 be two sequences of
nonnegative real numbers satisfying the inequality

nt1 < ap +0p, Vn >0.
If ZZO:O 0, converges, then lim,, o a, exists.
The following fact is straightforward but useful.
Lemma 2.10. There holds the following inequality in an inner product space X :
lz +yl* < ll2l® + 2(y, x +y), Va,yeX.

Let K be a nonempty closed convex subset of a real Hilbert space H and let
F : K — H be a monotone mapping. The variational inequality problem (VIP) is
to find z € K such that

(Fx,y—z) >0, YyekK.
The solution set of the VIP is denoted by VI(K, F'). It is well-known that
z € VI(K,F) & x=Pg(x— AFzx), YA >0.

Recall that a Banach space X is said to satisfy the Opial condition [20] if for any
sequence {z,} in X the condition that {x, } converges weakly to x € X implies that
the inequality

liminf ||z, — z| < liminf ||z, — y||

n—ao0 n—-ao0
holds for every y € X with y # z. It is well-known that every Hilbert space satisfies
the Opial condition.

A set-valued mapping T : H — 2™ is called monotone if for all x,y € H, f € Tx
and g € T'y imply

(r—y,f—g) =0
A monotone mapping T' : H — 2" is called maximal if its graph G(T) is not
properly contained in the graph of any other monotone mapping. It is known that
a monotone mapping 7' is maximal if and only if, for (z, f) € HxH, (x—y, f—g) >0
for every (y,g) € G(T) implies f € Tx. Let F' : K — H be a monotone and k-
Lipschitz continuous mapping and let Ngv be the normal cone to K at v € K, that
is,
Ngv={weH:{(v—yw) >0, Vye K}.

Define

0, if v K.
Then, T is maximal monotone and 0 € T if and only if v € VI(K, F); see [24] for
more details.

TU—{ Fv+ Ngv, ifveK,
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3. MAIN RESULTS

We are now in a position to prove that the sequences generated by the pro-
posed hybrid extragradient-like approximation method with regularization, con-
verge strongly to an element of Fix(S) N I'.

Theorem 3.1. Let S : C — C' be a nonexpansive mapping such that Fix(S)NI" is a
nonempty bounded subset of C. Let {xp}, {yn},{2n} be the sequences in C' generated
by the following hybrid extragradient-like iterative algorithm with regularization:

xg = x € C chosen arbitrarily,

Yn = PC(fEn - Anvfan(l'n))a

Zn = (1 = Bpn — n)Zn + Bnyn + mSPc(xn — AV fa, (Yn)),
Cn={2€C:|lzn— 2l < |lzn — 2)* + 200 M0k (s + [lynl)},
Qn={z€C:(x,— 2,20 —x,) >0},

Tnt1 = Po,n@.To

(3.1)

for all n >0, where sup,cpixs)nr Pl < & for some k >0, and the following con-
ditions hold for four sequences {c,} C (0,00), {A\n} C (0, W) and {fn},{m} C
[0,1]:

(i) {M\n} C [a,b] for some a,b € (0, Hj“Q),'

)

(ii) limy,— o0 oty = O;
)
)

(iii) Bp +vn <1 for alln > 0;

(iv) limy—00 B = 0 and liminf,, o, v, > 0.
Then the sequences {xn},{yn}, {zn} are well-defined and converge strongly to the
same point ¢ = Prix(s)nro-

Proof. First, let us show that Po(I — AV fy) is (-averaged for each A € (0
where

e Ed)
> aFfiAT)

_ 24 M+ ]l4]%)
(= : .

Indeed, it is easy to see that Vf = A*(I — Pg)A is W—ism, that is,

(V) - V) z—y) > Mﬂpnwm O

Observe that

(a+ [JAIPUV fa(x) = Valy), = —y)

= (a+ |AP)[allz — y|I> + (Vf(z) —= VI(y),z —y)]

=z —y|?+ a(Vf(z) = VIi(y),z —y) + ol Az — y|?
HIAIP(V f(x) = VI(y),z —y)

> a?|lz —ylI> +2a(Vf(z) = VI(y),z —y) + |[Vf(z) = VIy)|?
= [l —y) + Vf(x) = V(y)l?

= [Vfalz) = Via(y)|.
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Hence, it follows that Vf, = ol + A*(I — Pg)A is m—ism. Thus, AV f, is
m—ism according to Proposition 2.4 (ii). By Proposition 2.4 (iii) the comple-

ment I — AV f, is M -averaged. Therefore, noting that Pg is %-averaged and

utilizing Proposition 2. 5 (iv), we know that for each A € (0, ﬁ), Po(I—=AVf,)
is (-averaged with

co Ly Mot lAP) 1 Mot [AI) _ 2+ Mo+ [I4])
2 2 2 2 a 4

€ (0,1).

This shows that Po(I — AV f,,) is nonexpansive. Furthermore, for {\,,} C [a, b] with
a,b € (0, W), we have

1
a<1nf)\ <supA, <b< = lim ——.
n>0 IIAII2 n—o0 ap + || A[]?
Without loss of generality we may assume that
1
a < 1nf)\ <sup A\, <b<7 Vn > 0.

n>0 an + || A2

Consequently, it follows that for each integer n > 0, Po(I —\,V fa,,) is (y-averaged
with

¢, = 1 Mfam +IAI?) 1 Anlon + A7) _ 2+ An(on +[|A]1%)
"2 2 2 2 4

€ (0,1).

This immediately implies that Po(I — A,V fg,,) is nonexpansive for all n > 0.
Next we divide the remainder of the proof into several steps.

Step 1. Assuming that z, is a well-defined element of C for some n > 0, we
show that Fix(S) NI C C,.

Since x,, is defined, y,, z,, are obviously well-defined elements of C'. Now, take a
fixed p € Fix(S) N I" arbitrarily. Then, we get Sp = p and Po(I — AV f)p = p for
A € (0, W) From (3.1) it follows that

lyn =2l = [Pc(I = AV fo,)2n — Po(I = AV f)p|
< |NPo(I = AV fa,)wn — Po(I = AV fa, )|
(3.2) +||PC(I_>\anan)p_PC(I_)\nvf)p”

< lzn = pll + (T = AV fa,)p = (I = AV )p|
< [lzn = pll + Ancwn|lp]l-
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Utilizing Lemma 2.10 we also have
(3.3)
Hyn _pH2 = HPC(I — MV fa, )0 — PC(I - )‘nvf)pH2
= ||Pc(I = MV fa, )n — Po(I — AV fa,,)D
+Po(I — MV fa,)p — Po(I — )\an)pHQ
< NPl = MV fo,)zn — Po(l — /\nvfocn)p”2
+2(Pc(I — MV fa,)p — Po(I — MoV f)p, yn — D)
<lan = pl? + 2[1Po(I = AoV fa,)p — Po(I = AV £)plllyn — pll
<z = pl* + 2011 = MV fa,)p — (T = XV F)pllllyn — pll
= [lzn = plI + 2 nanl|pllllyn — pl-

Put t, = Po(xn — Ay V fa,, (yn)). Then, by Proposition 2.1 (ii), we have

[tn _pH2 <|lzn — AV fa, (Un) _PH2 = lzn = AV fa, (yn) — th2

= |lzn — p”2 — |lzn — th2 + 22V fa,, (Yn), 0 — tn)

= ||lzn — p”2 — lzn — thZ + 220 ((V fan (Un) = Via, (p), 0 — yn)

HV fon()s P = Yn) + (V fa, (Un) Yn — tn))

< |lan — p”2 = |lzn — th2 + 2200 ((Vfan (P), 2 = Yn) + (V fa, (Un) Yn — tn))
= ||@y, _pH2 — lzn — thZ + 2 [((and + V), p — yn) + (V fan (Un) Yn — tn)]
< lan — p”2 — |lzn — th2 + 20 [0 (P, P — Yn) + (V fa, (Yn), Yn — tn)]

= [lzn — 2l = 20 — ynll* = 2(zn = Yns Yn — tn) — lyn — tull®

+2An[n (D p — Yn) + (V fo, (Un), Yn — tn)]

= |lzn — p”2 = [|zn — ynH2 — |lyn — tn||2 +2(zn — AV fa, (Yn) — Yns tn — Yn)
+2X (D, D — Yn)-

Further, by Proposition 2.1 (i), we have

n— MV fa, (yn) — Ynyln — yn>

(@n = AV fa, (@n) = Ynstn — Yn) + MV fa, (@n) = AV fa, (Yn)s tn — Yn)
AV fa, (Tn) = AV fa, (Yn)s tn — yn)

nllV fan () =V fo, (Un) [ [t — ynl|

(x
<
<
< An(an + AP 20 = ynlllltn = ynll-

A
A
So, we obtain
(3.4)

[tn = plI* < ll2n =PI = ll2n — yall® = lyn — tal®

+2(zn — AV fa, (Yn) = Ynstn = Yn) + 22000 (D, P — Yn)

<l = plI* = llzn = ynll* = llyn — tall® + 22 (an + [ Al 120 — ynlllltn — yal

+2Xnanplllyn — ol

< lzn —plI* = llzn — yall* = llyn — tall?

AL (an + AP [2n = ynll? + llyn — tall® + 22 nanlplllyn — pl]

= [lzn = pl* + 2Xnanlpllllyn — pll + (N (an + [|A*)? = Dz — yall?

< lwn = plI* + 2Xnanllplllyn — plI-
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Consequently, utilizing Lemma 2.7, from (3.2), (3.3) and the last inequality, we
conclude that
(3.5)
[l
= I(1 = Bn = Yn)Tn + BnYn + 1Sty _pH2
= (1= Bn = w)llzn — 2l + Bullyn — PI* + 7all Stn — plI?
—(1 = Bn — ) Ballzn — ynH2 — (1= Bn =) Wllon — Sthz — Bnynllyn — Stn”2
< (1= Bn = )llzn = pII? + Bullyn — I + Yalltn — pl|>
—(1 = Bn — 'Yn)ﬁn”mn - ynH2 - (1 — Bn — ’Yn)')’onn - Sthz - Bn’YnHyn - SthZ
< (1= Bn = v)llza = pl* + Balllzn — plI* + 2Xncn [Pl v — pI)
+mlllzn = plI* + 22X lplllyn — pll + (W% (en + [ AI?)? = D)l|2n — yall?]
—(1 = Bn — V) Bullzn — ynH2 — (1= Bn— ) nllTn — Sth2 — Bnynllyn — SthQ
< (1= Bo = v)llza = pl* + (Bu +va) (120 — 21> + 220 lplllyn — )
—(1 = Bn — ) Bullzn — ynH2 — (1= Bn— ) nllzn — Sth2 — Bnnllyn — SthQ
< lwn = plI? + 2Xnanlpl| v — pl]
—(1 = Bn — ) Bullzn — ynH2 — (1= Bn =) WmllTn — Stn||2 — Banllyn — Stn”2
< lwn = plI? + 2Xnanllpl|lyn — pl]
<|lzn — pH2 + 2Anank([lynll + &)
This implies that p € C,,. Thus Fix(S) NI C C,,.

Step 2. We show that the sequence {z,,} is well-defined and Fix(S)NI" C C,,NQy,
for all n > 0.

We show this assertion by mathematical induction. For n = 0 we have Qo = C.
Hence by Step 1 we get Fix(S) N I" C CpN Q. Assume that zj is defined and
Fix(S)N I C Cy N Qy for some k > 0. Then yy, zj are well-defined elements of C.
Note that C}, is a closed convex subset of C' since

Cr ={z € C: ||z — gll® + 2(2k — xp, wp — 2) < 2hanhi((lyl + £)}-

Also, it is obvious that (), is closed and convex. Thus, Cr. NQy, is a closed convex
subset, which is nonempty since by assumption it contains Fix(S)NI". Consequently,
Zr+1 = Poyng, o is well-defined.

The definitions of x4 and of Q41 imply that CpNQk C Q1. Hence, Fix(S)N
I' C Qp+1. Using Step 1 we infer that Fix(S) NI C Cry1 N Qpy1.

Step 3. We show that the following statements hold:
(1) {x,} is bounded, lim,,—, ||z, — x| exists, and lim,, 0 || Znt1 — zn|| = 0;
(2) imy,—s00 |20 — @0 || = 0.
Indeed, take any p € Fix(S) N I". Using p4+1 = Pc,nQ, %o and p € Fix(S)N I C
Cn N Q,, we obtain
(3.6) [Znt1 = @0l < lp — xoll, Vn=0.

Therefore, {x,} is bounded and so are both {y,} and {z,}. From the definition of
@y, it is clear that =, = Pg,x¢. Since z,41 € Cp, N Qy C Qp, we have

[EZ anQ < lwng1 — xOHQ — ||zn — xOHQ’ Vn > 0.
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In particular, ||z,+1 — zo|| > ||xn — x0l|. Hence lim,,_, ||z, — x| exists. Then
it is easy to see that

(3.7)

nli—n>1<>o [#n41 — @al| = 0.

Since z,11 € C), we have
([ xn+1H2 < |lzn — $n+1”2 + 20 k(K + (|Ynll)-

Since {yn } is bounded, {\,} C [a,b] and lim,,— oo o, = 0, we deduce from (3.7) that
limy,— o0 || 2n — Zn+1|| = 0. Again from (3.7) it follows that lim,_—, ||z — zy| = 0.

Step 4. We show that the following statements hold:

(1) limy—so0 |20 — ynll = 0;

(2) limy,—yo0 ||Szn, — x4|| = 0.

Indeed, from inequality (3.5) we infer that

lzn = plI* = llzn = plI* < (=B = W)llzn = pII* + Ballyn — plI* + 1llStn — pl*

< 20nAnfi (K + [lynl])-
Since a, — 0, B, —> 0, ||zn — znl| — 0, {\n} C [a,b], and {z,}, {y,} are
bounded, we deduce from the last inequality that
lim 5, ([[Sty —pl* = |20 — p*) = 0.
n—aoo

Using liminf, oo v, > 0 we get lim, oo ([|St, — p||*> — ||#n — p||?) = 0. Then
inequality (3.4) implies that

im (St~ 9l ~ lea —pl?) < Tm ([tn— pl? ~ 0 — ol

<
< lim 2\,aupllllyn — pll = 0.
n—>-~o0

Thus, lim, e (||tn — p||* = ||2n — p||?) = 0. Now from inequality (3.4) we have
(1 =% (o + AP l2n — ynll® < (1= N an + [|A1*)?)l2n — yall?
< llzn = plI* = lltn = pI? + 2Xnewnllplllyn — pl|-
This implies that
lim (1 —b*(an + [ AI*)?)]lzn — yal* = 0.

n—aoo
Taking into account [a,b] C (0, W), we have 1 — b2||A||* > 0. Consequently,
lim,,— o0 [|[Tn — Yn|| = 0. Further, again from (3.4) we have
lyn = tal® < llzn =Pl = lta = pI* = 20 — ynl?
+2Xn(an + A |20 = yalllits — ynll + 2Xnanlpll |y — Pl
< llzn = plI? = lltn = plI* + 22 (om + Al 20 — ynllltn — yn

+2 00l [pllllyn = oI
Since oy, — 0, [|zn — yn|| — 0 and {¢,} is bounded, we derive lim,— o0 ||yn —
tn|| = 0. Hence, lim,,—, ||z, — tn]| = 0. Using the nonexpansivity of S, we get

We rewrite the definition of z, as

Zp — Tpn = _/ann + ﬁnyn + 'Yn(Stn - xn)
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From lim, o ||2n — @] = 0, lim,—yo0 B, = 0, liminf, o7, > 0, and the
boundedness of {x,},{y,}, we infer that lim, . ||St, — x,|| = 0. Thus finally
lim,, 00 ||Sxp — x4|| = 0.

Step 5. We claim that wy(z,) C Fix(S) N I', where wy(z,) denotes the weak
w-limit set of {x,}, i.e.,
W (Tn) = {u € Hy : x,; — u for some subsequence {w,,} of {z,}}.
Indeed, since {z,} is bounded, it has a subsequence which converges weakly to
some point in C' and hence wy,(zy,) # 0. Let u € wy,(x,) be arbitrary. Then there
exists a subsequence {r,;} C {z,} which converges weakly to u. Since we also
have lim; o (2, — Szp;) = 0, from the demiclosedness principle it follows that
(I = S)u = 0. Thus u € Fix(S). We now show that u € I".
Since ||z, —t,|| — 0 and |lyn, —t,|| — 0, it is known that t,,, — u and y,; — w.
Let
T Vf(w)+ Nev, ifved,
v =
0, ifvegC,
where Nov = {w € H; : (v—y,w) > 0, Vy € C}. Then, T is maximal monotone
and 0 € T if and only if v € VI(C, V f); see [24] for more details. Let (v,w) € G(T).
Then, we have
w e Tv=Vf(v)+ Ncv
and hence,
w— Vf(v) € Now.
So, we have
(v—y,w—=Vf(v)) >0, VyeC.
On the other hand, from
tn = Po(xn — MV fa, (yn)) and v € C,

we have
(xn - )\nvfozn (yn) —tp,tp — U> >0,

and hence,

t, — T

o V() 2 0.

(v —ty,

Therefore, from
w—Vf(v) € Nov and t,; € C,

we have
(vt w) > (0= tn;, VI(0))
> (v = tu;, VI(©)) = (0 = by 57 4 V fo (31,)
— (0= tn;, V(0)) = (0 — njf”af"f‘+Vf<ynj>>—anj<v—tnj,ynj>
= {0ty V) - V() + (0 =ty V f(tny) = V()
(0= tn,, - nj"f>—anj< ~ ;1 Un,)
< (0 = by, VF(ty) = VFn,)) = (0= g 5 = iy (0 = oy ).
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So, we obtain
(v—u,w) >0, asj— oo.

Since T is maximal monotone, we have u € T~10, and hence, u € VI(C, Vf). Thus
it is clear that w € I'. This shows that w,,(z,) C Fix(S)N I.

Step 6. We show that {x,}, {y,} and {z,} converge strongly to the same point
q = Prix(s)nro-

Assume that {z,} does not converge strongly to g. Then there exists € > 0 and
a subsequence {x,,} C {x,} such that ||z,, —¢|| > ¢ for all i. Without loss of
generality we may assume that {z,,} converges weakly to some point u. By Step
5, u € Fix(S) N I'. Utilizing ¢ = Pyix(g)nr o, the weak lower semicontinuity of || - ||,
and relation (3.6) for p = ¢, we obtain

(3:8)  llg = @oll < lu = ol <liminf [z, — 2ol = lim [[z, — ol < lg — 0.
11— 00 n——aoo

This implies that ||¢ — zo|| = ||u — xo||. Hence u = ¢ since ¢ is the unique element
in Fix(S) N I" that minimizes the distance from zg. Also, relation (3.8) leads to
lim; o0 [|Tn, — xol| = ||g — xo||. Since {z,, — xo} converges weakly to ¢ — xo, this
shows that {z,, — zo} converges strongly to ¢ — xo, and hence {z,,} converges
strongly to ¢, a contradiction.

Therefore, {x,} converges strongly to q. It is easy to see that both {y,} and
{zn} converge strongly to the same point q. This completes the proof. O

Corollary 3.2. Let S : C — C be a nonexpansive mapping such that Fix(S)N I’
is a nonempty bounded subset of C. Let {xn},{yn},{2n} be the sequences in C' gen-
erated by the following hybrid extragradient iterative algorithm with regularization:

( xo = x € C chosen arbitrarily,

Yn = Po(Tn — MV fa, (72)),

zn = (1 = v)zn + S Po(Tn — AV fa, (Un)),

Crn={2€C |z, — zH2 < |lzn — 2”2 + 2anAnki(k + [[ynll) }
Qn=4{2€C:{(xy—z,x0— ) > 0},

ZTnt1 = Po,ng,To

for all n > 0, where suppcpixs)nr Ipll < K for some k > 0, and the following
conditions hold for three sequences {an} C (0,00), {An} C (0, ||Al||2) and {y} C
[0,1]:

(i) {A\n} C [a,b] for some a,b € (0, Hj“Q),'

(if) limy,— o0 crn = 0;
(iii) liminf,, o yn > 0.

Then the sequences {xn},{yn},{zn} are well-defined and converge strongly to the
same point ¢ = Pyiy(s)nrxo-

Proof. In Theorem 3.1, put 3, = 0 for all n > 0. Then iterative algorithm (3.1)
reduces to (3.9), and conditions (iii) and (iv) in Theorem 3.1 reduce to condition
(iii) in Corollary 3.2. Thus, by Theorem 3.1 we obtain the conclusion. O
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Remark 3.3. we remark that [28, Theorem 5.7] and [4, Theorem 3.1] are weak con-
vergence results for solving the SFP. Therefore, Theorem 3.1 as a strong convergence
result is quite interesting. This result represents the supplementation, improvement,
extension and development of the corresponding results in the very recent literature,
for example, [28, Theorem 5.7] and [4, Theorem 3.1] to a great extent.

We now propose a modified extragradient method with regularization and prove
that the sequences generated by the proposed method converge weakly to an element
of Fix(S)N I

Theorem 3.4. Let S : C — C be a nonexpansive mapping such that Fix(S)NI #
0. Let {xn} and {yn} be the sequences in C generated by the following modified
extragradient iterative algorithm with reqularization:

xg = x € C chosen arbitrarily,
(3.10) Yp = PC(«Tn - /\nvfan («Tn))a
Tny1 = (1= Bn — W) Tn + Buyn + 1S Po(xn — AV fa, (Yn))

for all n > 0, where the following conditions hold for four sequences {a,} C

(07 00)7 {)‘n} - (07 W) and {Bn}7 {’Vn} - [07 1]"

(i) {\n} C [a,b] for some a,b € (0, HI‘%\P)"

(i) oplgom < 0o;

(iii) Bn 4+ vn <1 for alln > 0;

(iv) 0 <liminf, oy <limsup,_ .. (Bn +7n) < 1.

Then, both the sequences {xy} and {y,} converge weakly to an element & € Fix(S)N
I.

Proof. First, as shown in the proof of Theorem 3.1, Po(I — AV f,) is (-averaged for
2

each \ € (0, ﬁ), where ( = w € (0,1). Tt is known that Po(I—AV f,)

is nonexpansive. Further, for {\,} C [a,b] with a,b € (0, W), Po(I — MV fa,)

is (p-averaged with (, = %H‘AHZ) € (0,1). It is known immediately that
Po(I — M,V fa,) is nonexpansive for all n > 0.
Next, we show that the sequence {z,} is bounded. Indeed, take a fixed p €
Fix(S)NI" arbitrarily. Then, we get Sp = p and Po(I—AV f)p = p for A € (0, W)
Utilizing Lemma 2.7, from (3.10) and inequalities (3.2), (3.3) and (3.4), we con-

clude that

201 — pl|?

= I(1 = Bn — Yn)Tn + BnYn + 1Sty _pH2

=(1—=Bn—)llzn — p“2 + Bullyn — p||2 + Yl Sty —pH2

—(1 = Bn = ) BallTn — ynH2 — (1= Bn =) WmllTn — SthQ — BnYnllyn — SthQ
< (1= Bn = m)llzn = plI* + Ballyn — I + it — pl?
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(3.11)

—(1 = Bn = V) Ballrn — ynH2 — (1= Bn— ) WnllTn — Sth2 — BrYnllyn — Sthz

< (1= Bn = )llzn = plI* + Bulllzn — plI* + 2Xnanllp||lyn — pll)

+mllln = plI? + 2Mnen[pllyn — pll + (N (n + [ A7)? = D20 — ynll?]

—(1 = Bn — ) Bullzn — ynH2 — (1= Bn =) Wnllon — Stn||2 — BnYnllyn — Stn”2

< (1= Bn = )llzn = plI* + (Ba + ) (120 = plI* + 2Xnanllpll |y — plI)

— (1 = A (an + [|AIP)*) |20 = ynll> = (1 = Br — v )20 — Sta?

< lzn = 2l + 22nanpllllyn — 2l

(1 = A (an + [|AIP)?) |20 = ynll* = (1 = Br — v )20 — Sta?

< |l@n = plI* + 2Xnan|plllyn —

< lan — sz + 2 nanlpl|([[2n — pll + Anan|lpll)

< lwn = plI* + an(WlIplIP + [l — pII?) + 2A% 02 p]?

= (1+ ag)llzn — plI? + an A3 [Ip[IP (1 + 200

= (14 an)l|zn — pl* + dn,
where 0, = apA2||p|?(1 + 2ay,). Since Y 02 jan, < 0o and {\,} C [a,b] for some
a,b € (0, ”A1”2), we derive Y >° /0, < oo. Therefore, by Lemma 2.8 we obtain that
(3.12) nlim |xn, — pl| exists for each p € Fix(S)N I,

—0

and the sequences {x,} and {y,} are bounded. From (3.11) we also obtain

(1 =0%(an + [[AIP)?) 20 — yall® + (1 = B — vu) w0 — Stall?

< (1= A (an + AP |20 = ynll® + (1 = Br — v ) llzn — Sta?

< Nzn = plI* = 2ns1 = 21> + 220 |pllllyn — pl-
Since 0 < liminf,_ o vy, < limsup,,_ o (Bn + ) < 1, we deduce from (3.12) and
an, — 0 that

(3.13) lim ||z, —yn| = lm |z, — St,||=0.
n—=aoo

n—aoo

Furthermore, we get

Yn — tnll Po(n — MV fa, (t0)) — Po(n — AV fa, (yn)) |l

IA

(Tn = AV fa, (2n)) = (T — AV fa, (yn)) |
= MV fa,(@n) = V fa, (yn) |
< Anlan + [AIP)|zn = yall-
This together with (3.13) implies that
(3.14) Ty — tal] = 0.
Note that

[tn = Stall < ltn = ynll + lyn = 2nll + [0 = Stall.
This together with (3.13) and (3.14) implies that

(3.15) lim |[t, — St,|| = 0.
n—ao0

Also, from
[Zn = tall < 120 = Yull + llyn — tall,
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we get

(3.16) nhjlw |xn — tn|| = 0.

Since Vf = A*(I — Pg)A is Lipschitz continuous, we have
(3.17) iV ()~ V()] = 0.

As {z,} is bounded, there is a subsequence {z,} of {z,} that converges weakly
to some Z. Thus wy(x,) # 0. Repeating the same argument as in Step 5 of the
proof of Theorem 3.1, we obtain that & € Fix(S) N I

Furthermore, let {z,,, } be another subsequence of {x,,} such that x,, — Z. Then,
z € Fix(S) N I'. Let us show that # = Z. Assume that & # Z. From the Opial
condition [20], we have

lim ||z, — 2| =liminf||z,, — 2| < liminf||z,, — Z||
n——aoo 11— 00 71— 00
= lim ||z, — Z| = liminf||z,, — Z|
n—» 00 j—ro0
< liminf||z,;, — 2| = lim |z, — Z].
j—r00 —00

This is a contraction. Thus, we have & = Z. This implies
xn, =T €Fix(S)NTI.

Further, from ||z, — yn|| — 0, it follows that y, — Z. This shows that both
sequences {z,} and {y,} converge weakly to & € Fix(S) N I". This completes the
proof. O

Corollary 3.5. Let S : C — C be a nonexpansive mapping such that Fix(S)NI" #
0. Let {x,} and {y,} be the sequences in C generated by the following extragradient
iterative algorithm with reqularization:

xg = x € C chosen arbitrarily,
(3.18) Yn = PC($n - )\nvfan (xn))7
Tpt1 = (1 =)o + Y SPo(Tn — AV fa, (Yn))
for all n > 0, where the following conditions hold for three sequences {c,} C
(0,5), {An} € (0. ) and {3} © [0, 1]:
(i) {\n} C [a,b] for some a,b € (0, HAlHQ);

)
(i) Do an < 00;
(iii) 0 < liminf, o yn < limsup,,_ oo Vn < 1.

Then, both the sequences {x,} and {y,} converge weakly to an element & € Fix(S)N
I.

Proof. In Theorem 3.4, put 8, = 0 for all n > 0. Then iterative algorithm (3.10)
reduces to (3.18), and conditions (iii) and (iv) in Theorem 3.4 reduce to condition
(iii) in Corollary 3.5. Thus, by Theorem 3.4 we obtain the conclusion. O

Remark 3.6. Compared with [4, Theorem 3.1], Corollary 3.5 essentially coincides
with it. Thus, Theorem 3.4 essentially includes [4, Theorem 3.1] as a special case.
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