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A NEW ITERATIVE PROCESS FOR A FINITE FAMILY OF
GENERALIZED ASYMPTOTICALLY QUASI-NONEXPANSIVE
MAPPINGS IN CONVEX METRIC SPACES

WITHUN PHUENGRATTANA AND SUTHEP SUANTAT"

ABSTRACT. In this paper, we introduce a new iterative process for approximat-
ing a common fixed point of a finite family of generalized asymptotically quasi-
nonexpansive mappings in a convex metric space. A necessary and sufficient con-
dition for strong convergence of the propose iterative process is established. We
give characterization of a uniformly convex metric space with continuous convex
structure and by using this characterization, we also prove convergence results of
the propose iterative process in a uniformly convex metric space with continuous
convex structure. Moreover, we apply our main results to obtain strong conver-
gence theorems in hyperbolic spaces and CAT(0) spaces. Our results generalize
and refine many known results in the current literature.

1. INTRODUCTION

In 1970, Takahashi [20] introduced the concept of convexity in a metric space
and the properties of the space. The convex metric space is a more general space
and each normed linear space is a special example of a convex metric space. Then
since many authors discussed the existence of the fixed point and the convergence
of the iterative processes for nonexpansive mappings, quasi-nonexpansive mappings
and their generalized mappings in convex metric spaces, (see [1, 4, 6, 7, 9, 10, 11,
15, 18, 19, 20, 21, 22]).

Definition 1.1 ([20]). Let (X, d) be a metric space. A mapping W : X x X x[0,1] —
X is said to be a convex structure on X if for each x,y,z € X and A € [0, 1],

d(z,W (z,y,A\) < M (z,z) + (1 =N d(z,y).

A metric space (X,d) together with a convex structure W is called a convex
metric space which will be denoted by (X,d,W). A nonempty subset C of X is
said to be convez if W (z,y,\) € C for all z,y € C and X € [0, 1]. Clearly, a normed
space and each of its convex subsets are convex metric space, but the converse does
not hold. In 1996, Shimizu and Takahashi [19] introduced the concept of uniform
convexity in convex metric spaces and studies the properties of these spaces.
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Definition 1.2 ([19]). A convex metric space (X,d, W) is said to be uniformly
convex if for any € > 0, there exists d. € (0, 1] such that for all > 0 and z,y,z € X
with d(z,z) < r, d(z,y) < r and d(z,y) > re imply that

d<z,W <my;)> <(-6)r

Obviously, uniformly convex Banach spaces are uniformly convex metric spaces.

In 2010, Kettapun et al. [8] introduced the iterative process to approximate a
common fixed point of a finite family of asymptotically quasi-nonexpansive map-
pings in Banach spaces. Yatakoat and Suantai [24] extended the results of Ket-
tapun et al. to a finite family of generalized asymptotically quasi-nonexpansive
mappings. Later on, Khan and Ahmed [10] introduced the iterative process in
convex metric spaces for finding a common fixed point of a finite family of asymp-
totically quasi-nonexpansive mappings. Recently, Khan et al. [11] given some suf-
ficient and necessary conditions for a general iteration scheme of a finite family of
asymptotically quasi-nonexpansive mappings in convex metric spaces and CAT(0)
spaces. Many authors has studied the specific space of a convex metric space, that
is, the class of hyperbolic spaces, which contain the class of CAT(0) spaces, see
[2, 5, 11, 12, 13, 14, 16].

Motivated by above results, we introduce a new iterative process for finding a
common fixed point in a convex metric space as follows: Let C be a convex subset

of a convex metric space (X, d, W). Suppose that an) € [0,1] for all n € N and all
1=1,2,...,N. Let {Tz}f\il be a finite family of self-mappings of C. For z; € C,
let {x,} be the sequence defined by

( y7(1()) = Tn,

yD = W (Tlnyan (0) a(l)),

n rIn N

y =w (Tf? y D ylh, 0153)) ,

n rJIn N

(1.1) y =w (T:?y(z) @ a(3)) :

y7(1N71) — W (T}&,ly(N’Q) (N=2) a(Nq)) ’

n rIn

Tni1=W (T}\?yéN_l), yN=b, a%N)) ,

for all n € N.

The purpose of this paper is to establish strong convergence of the iterative pro-
cess (1.1) for a finite family of generalized asymptotically quasi-nonexpansive map-
ping in a convex metric space. Moreover, we give characterization of a uniformly
convex metric space with continuous convex structure and prove a convergence the-
orem of the iterative process (1.1) under some suitable control conditions. Finally,

we apply our results to obtain strong convergence theorems in hyperbolic spaces
and CAT(0) spaces.
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2. PRELIMINARIES

Let C be a nonempty subset of a metric space (X, d). T : C — C be a mapping.
The fixed point set of T" is denote by F' (T) = {x € C': x = Tx}. A mapping T is
called:

(i) nonexpansive if d(Tx,Ty) < d(z,y) for all x,y € C;

(i) quasi-nonexpansive if F(T) # 0 and d(Tx,p) < d(z,p) for all z € C and
p € F(T);

(iii) asymptotically nonexpansive if there exists a sequence {k,} C [1,00) such
that lim,, 00 kp = 1 and d (T"z, T™y) < knd (z,y) for all z,y € C and n €
N;

(iv) asymptotically quasi-nonexpansive if F(T) # () and there exists a sequence
{kn} C [1,00) such that lim,, oo kn, = 1 and d (T"z,p) < kpd (x,p) for all
xeCpe F(T)and n € N;

(v) generalized asymptotically nonexpansive if there exists two sequences {k, } C
[1,00) and {s,} C [0,00) such that lim, o kp = 1, lim, 00 s, = 0 and
d(T"z, T"y) < kpd (x,y) + s, for all z,y € C and n € N;

(vi) generalized asymptotically quasi-nonexpansive if F(T) # () and there exists
two sequences {k,} C [1,00) and {s,} C [0,00) such that lim, ok, =
1, im, 008, = 0 and d(T"x,p) < kpd(z,p) + sy forallz € C)p €
F(T) and n € N;

(vii) uniformly L-Lipschitzian if there exists constant L > 0 such that
d(T"z, T"y) < Ld (z,y) for all z,y € C and n € N.

From the above definitions, it is clear that:

(i) a nonexpansive mapping is asymptotically nonexpansive;

(ii) a quasi-nonexpansive mapping is asymptotically quasi-nonexpansive;

(iii) an asymptotically quasi-nonexpansive mapping is generalized asymptotically
quasi-nonexpansive;

(iv) if F(T) # 0, then a nonexpansive mapping is quasi-nonexpansive, an asymp-
totically nonexpansive mapping is asymptotically quasi-nonexpansive and a gen-
eralized asymptotically nonexpansive mapping is generalized asymptotically quasi-
nonexpansive.

Remark 2.1. If T is a generalized asymptotically quasi-nonexpansive mapping, it
is know that F(T) is not necessarily closed, see [17].

We state the following conditions in metric spaces:

Condition (A): Let C be a subset of a metric space (X, d). A finite family of self-
mappings {T;}Y | of C is said to have Condition (A) if there exists a nondecreasing
function f : [0,00) — [0,00) with f(0) = 0 and f(r) > 0 for all » > 0 such
that d(x,Tyz) > f(d(z,F)) for some i, 1 < ¢ < N and for all z € C, where
d(z, F) = inf{d(z,p) : p € F = L, F (T)}.

Semi-compact: Let C be a subset of a metric space (X, d). A mapping T is semi-
compact if for a sequence {x,} in C' with lim,_,~ d(zy,T2z,) = 0, there exists a
subsequence {x,,} of {x,} such that x,, - p € C.

The following results are needed for proving our results.
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Lemma 2.2 ([23]). Let {an}, {bn}, {cn} be sequences of nonnegative real numbers
satisfy:

an+1 = (1+0by)ap +cn, VneN
where Y 7 1 by, < 00 and Y o7 ¢, < 00. Then

(1) limy—yo0 ap, exists;
(i) If liminf, ,~ a, = 0, then lim,_,~ a, = 0.

Definition 2.3 ([17]). Let {z,} be a sequence in a metric space (X, d) and F' be a
subset of X. We say that {z,} is of

(i) monotone type (I) with respect to F if there exist sequences {r,} and {s,}
of nonnegative real numbers suth that > > r, < 0o, > .°°; s, < oo and
d(xni1,p) < (14 ry)d(xp,p) + s, for all n € N and p € F

(ii) monotone type (II) with respect to F if for each p € F there exist sequences
{rn} and {s,} of nonnegative real numbers suth that > 2 r, < oo,
Yony sp <00 and d(xp41,p) < (14 75)d(zn, p) + sy, for all n € N.

Theorem 2.4 ([17, Theorem 2.4]). Let (X, d) be a complete metric space, F' be a
subset of X and {z,} be a sequence in X. Then one has the following assertions.

(i) If {z,,} is of monotone type (I) with respect to F', then lim, o d(xy, F')
exists.

(i) If {z,,} is of monotone type (I) with respect to F and lim inf,,_,~ d(z, F') =
0, then z,, — p for some p € X satisfying d(p, F') = 0. In particular, if F is
closed, then p € F.

(iii) If {z,} is of monotone type (II) with respect to F', then lim,_,~ d(zy,p)
exists for all p € F.

Lemma 2.5 ([1, 20]). Let (X,d, W) be a convex metric space. For each x,y € X
and X € [0,1],

d(z,W(z,y,A)) = (1= Nd(z,y) and d(y,W(z,y,A)) = Ad(z,y).

Lemma 2.6 ([9, 18]). Let (X,d, W) be a uniformly convexr metric space with a
continuous convex structure W : X x X x [0,1] — X. Then for arbitrary positive
number ¢ and r, there exists n. € (0, 1] such that

d(z,W(xz,y,A)) < (1 —=2min{\, 1 — A}n.)r
forallz,y,z € X, d(z,x) <7, d(z,y) <7, dx,y) >re and X € [0,1].

By using Lemma 2.6, we get the characterization of a uniformly convex metric
space as follows.

Lemma 2.7. Let (X,d,W) be a convexr metric space with continuous convez
structure. Then (X,d,W) is uniformly convex if and only if for each © € X
and r > 0, if {t,} is a sequence in [a,b] with 0 < a < b < 1 and {xn}, {yn}
are sequences in X with limsup,,_,. d(z,,x) < r, limsup,,_, . d(yn,x) < r and
limy, o0 d (W (Zpy Yny tn) , ) = 7 imply limy, 00 d (2, yn) = 0.



GENERALIZED ASYMPTOTICALLY QUASI-NONEXPANSIVE MAPPINGS 127

Proof. (=) : Let r > 0. Suppose that lim, o d(zy,y,) # 0. Then there are
subsequences, denoted by {x,} and {y,} such that inf, d (z,,y,) > 0. Then there
is an € € (0, 1] such that

d(Tn,yn) > e(r+1) >0, Vn e N.

Since there exists 7. € (0,1] and 0 < 2a(1 —b) < 1, we have 0 < 1 — 2a(1 — b)n. <
1. We can also choose R € (r,r + 1) such that (1 —2a(1 —b)n.) R < r. Since
limsup,, oo d (Tn,z) < 7, limsup, o d (yn,z) < r and r < R, there are futher
subsequences again denoted by {z,} and {y,} such that d(z,,z) < R, d(yn,z) <
R, d(xn,yn) > eR, ¥n € N. Then by Lemma 2.6, we have

d(W (2n,Yn;tn),x) < (1 —=2min{tn, 1 —tn}n:) R

< (1-=2t,(1 —tn)n:) R

< (I1-2a(l=bn)R<r

for all n € N. Taking n — oo, we obtain lim, oo d (W (n, Yn, tn), ) < r, which
contradiction to the hypothesis.

(<) : Suppose that the condition holds. We will show that X is uniformly convex.
To show this, suppose not. Then, there exist ¢ > 0, r > 0 and z € X such that
each n € N, there are z,,y, € X such that d(x,,2) <7, d(yn,2) <7, d(Tn,Yn) >
re and d (2, W (n,yn, 3)) > (1= 1) r. It follows that limsup,_,. d(zn,z) < 7,
limsup,, oo d(Yn, 2z) < r and lim,, o d (z, w (l‘n, Yn, %)) = r. By the assumption,
we have lim, o d(2n,yn) = 0, which is a contradiction with d(x,,yn) > re # 0.
Hence, we have X is uniformly convex. O

3. MAIN RESULTS

In this section, we prove strong convergence theorems of the proposed iteration
method in convex metric spaces. We first note that if {Tz}f\; , is a finite fam-
ily of generalized asymptotically quasi-nonexpansive self-mappings of C' with F' =
ﬂé\; F (T;) is nonempty, where C' is a nonempty convex subset of a convex metric
space (X, d, W). Then, for p € F, we have d (T'z,p) < k:,(f)d (w,p)%—sg) forallz € C
and all i = 1,2,..., N, where {kﬁf)} C [1,00), {sg)} C [0, 00) with lim,_eo B =1
and lim,,_eo sg) = 0. Put &, = maxlSiSN{kg)} and s, = maxlSiSN{sg)}. It is
clear that lim,, .o ky, = 1, lim, ,o s, = 0 and

d (T, p) < knd (2, p) + sn
forallz e C,pe F,i=1,2,...,N and all n € N.

In order to prove our main results, the following lemmas are needed.

Lemma 3.1. Let (X,d, W) be a convex metric space and C be a nonempty convex
subset of X. Let {Tz}fi 1 be a finite family of generalized asymptotically quasi-
nonexpansive self-mappings of C with sequences {ky} C [1,00) and {s,} C [0,00).
Suppose F' = ﬂfvzl F (T;) is nonempty. Let x1 € C and the sequence {x,} be defined
by (1.1). Then, we heve the following:

(1) d(yq(f),p) < knd(yg_l),p) +58,Vi=1,2,..., N—1,Vne N and Vp € F;
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(ii) d(yﬁf),p) < Kid(xp,p) + sn Z;.:l Kl vi=1,2,...,N—1,Vn €N and

Vp e F; ' '
(i) d(znr1,p) < Kod(ys )\p) + s X0 kA Wi=1,2,... ,N—1 VneN
and Vp € F.

Proof. (i) : For i =1,2,...,N — 1, we have

o (8.5) = (W (T 4.l2) 0

aWd (Tn (i— 1)7p> + (1 —ag)) d(yfj‘”m)
ol (k d( (0 p) +sa) + (1—ald) d (45, p)
( >/<;d( (- 1),p)+sn~

Since 0 < lka” +ani < 1foralli=1,2,...,N — 1, we obtain d(y,(f),p) <
k d(yﬁf 1) p) + Sn-
(73) : By (i), we have
d (yff),p> < knd (yﬁlo),p) + 5n
1

= k,d (xnap) + Sn Z k%_ly

J=1

| /\

IN

and so

d (yff),p) < knd <y£1),p) + 5n
1

<k, knd(xmp) +3nzk72_1 + sp,
j=1

1
= kad (n,p) + sn [ kn D KT +1
j=1

= k2d (xn,p +sn2k -1,

Assume that d(y (m), p) < kpd(zn,p) + sn )iy ki for some m, 1 <m < N — 2.
By (i), we have

d (yr(zm“),p) < knd (yém)7p> + 5n

<k | KA (2n,p) + 50 Y kL] + sn
j=1
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=k d (@, p) + 50 |k Y K41
j=1
m+41
= k" d (2, p) + sn Z kL
j=1

By induction, we obtain d(yr(f),p) < kid(zn,p)+sn 23'21 kLl foralli=1,2,...,N—
1.

(7it) : By (1.1) and (i), we have
d(zps1,p) =d <W <Tn (N-1) n (N)> ,p)
< aMd (TRy N~ )7p) ( —aM)d (y Y, p)

<al (k d< (N_l),p> —i—sn) - (l—agN)>d<y7(1N—1)7p)
(1 — oY agN)) k,d <y7(lN—1)’p> b,
1
(N-1) i—1
<k < ) + s JZ::l Kl
<k, (knd <y,(lN_2),p> + sn> + Sn, 21: ki1

j=1

=12 (D, p) + s >k

IA

i (N—i) : i—1
<kd (yn ,p) +sn;kfl

forallt=1,2,...,N — 1. O

Lemma 3.2. Let (X,d, W) be a convex metric space and C be a nonempty convex
subset of X. Let {TZ}Z]\L1 be a finite family of generalized asymptotically quasi-
nonexpansive self-mappings of C with sequences {k,} C [1,00) and {s,} C [0,00)
such that S°° | (k, —1) < oo and 3.2, s, < 0o. Suppose F = (N, F(T;) is
nonempty. Let x1 € C' and the sequence {x,} be defined by (1.1). Then, we have
the following:

(i) There exist two sequences {8, } and {e,} C [0,00) such that Y ;" &, < o0
and Y 07 1 en < 00 and d(zpy1,p) < (1+6n)d(zp,p) + € for allp € F
and n € N;

(ii) limy oo d ($n,p) exists, for allp € F.
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Proof. (i) : By Lemma 3.1(ii)-(ii

i), we have
A (@ns1,9) < bnd (50, p) + 50

N-1
<k | kTt (@ p) +sn ) kLT | +sn
7=1

N—-1
= kN d (zn,p) + 50 | kn D K141
7=1

N
k d(xn,p —i—ank%l

N
= (14 (kn = 1) d (@0, p) + 50 D K
j=1
= (1 +0p) d (xmp) + €n,
where 6, = Z;VZI < JJV >(k:n —1)7 and g, = s, ZN kit Since S2°° (kn — 1) <
oo and Y 7 s, < 00, it follows that > >, 9, < oo and >, &, < co. Hence, we
obtain the desired result.

(73) : By (i) and Lemma 2.2(i), we obtain that lim,, . d (2, p) exists. O

Theorem 3.3. Let (X,d, W) be a complete convex metric space and C' be a nonempty
closed conver subset of X . Let {Tl}fil be a finite family of generalized asymptotically

quasi-nonezrpansive self-mappings of C with sequences {k,} C [1,00) and {s,} C

[0,00) such that S°° (kn — 1) < 00 and Y°°, s, < co. Suppose F = (X, F (T})

is nonempty and closed. Let z1 € C and the sequence {x,} be defined by (1.1).

Then {x,} converges to a common fixed point of the family {Tz}f\i1 if and only if
liminf,, oo d (zp, F') =0, where d (z, F') = inf {d (z,p) : p € F'}.

Proof. The necessity is obvious and then we prove only the sufficiency. Suppose
that liminf, o d (2, F') = 0. By Lemma 3.2(i), we obtain that the sequence {x,}
is of monotone type (I) with respect to F. It follows by Theorem 2.4(ii), that {x,}
converges to a point p € F. Il

The following result is obtained direclty from Theorem 3.3. Clearly, the closedness

of ﬂl 1 F (T;) can be dropped if T; is asymptotically quasi-nonexpansive mappings
foralli=1,2,...,N.

Corollary 3.4. Let (X,d,W) be a complete convex metric space and C be a
nonempty closed conver subset of X. Let {Tz}f\il be a finite family of asymptotically
quasi-nonexrpansive self-mappings of C with a sequence {k,} C [1,00) such that
S (kn —1) < 00. Suppose F' = ﬂfilF(Tl) is nonempty. Let x1 € C and the
sequence {x,,} be defined by (1.1). Then {x,} converges to a common fixed point of
the family {Tz}i\; if and only if liminf,, . d (z,, F) = 0.
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Since any quasi-nonexpansive mapping is asymptotically quasi-nonexpansive, the
next corollary is obtained immediately from above corollary.

Corollary 3.5. Let (X,d,W) be a complete convex metric space and C be a
nonempty closed convexr subset of X. Let {Tl}f\il be a finite family of quasi-
nonexpansive self-mappings of C with F = ﬂfilF(TZ) is nonempty. Let x1 € C
and the sequence {x,} be defined by (1.1). Then {x,} converges to a common fized
point of the family {Tz}lj\i1 if and only if liminf, o d(x,, F) = 0.

Next, we prove a strong convergence theorem in a uniformly convex metric space.
The following lemma is very useful for our main result.

Lemma 3.6. Let (X,d, W) be a complete uniformly convex metric space with con-
tinuous convexr structure and C be a monempty closed convex subset of X. Let
{T,}Z]\i1 be a finite family of uniformly L-Lipschitzian and generalized asymptotically
quasi-nonezrpansive self-mappings of C with sequences {k,} C [1,00) and {s,} C
[0,00) such that 3°° | (kn — 1) < 00 and Y°° | s, < co. Suppose F = Y, F(T;)
is nonempty. Let x1 € C and the sequence {xy} be defined by (1.1) with {aq(f)} C
[a,b] for alli=1,2,...,N, where 0 < a < b < 1. Then lim, 00 d (zy, Tjz,) = 0
foralli=1,2,... N.

Proof. Let p € F. By Lemma 3.2(ii), we get lim,_,o d (z,, p) exists. Then there is
¢ > 0 such that

(3.1) lim d(z,,p) =c.

n—oo

By Lemma 3.1(ii), we get

(3.2) limsupd(yﬁf),p) <cfori=1,2,...,N — 1.
n—oo

Since d(]}”yg_l),p) < knd(ygi_m,p) + s, and (3.2), we obtain

(3.3) lim sup d (Ti”y,(f_l),p) <cfori=1,2,...,N.
n—oo

Since limy, 00 d (Zy41,p) = ¢, we have

(3.4) lim d (W (Tﬁ;yr(LNfl), y(N=1), aglN)> ,p) =c.

n—oo

By (3.2), (3.3), (3.4) and Lemma 2.7, we can conclude that
nh—>Holod (T]{”fygN_l), yle_l)> =0.
Assume that
nh_>ngod (Tjnygj_l),y,(g_l)) =0, for some j, 2 < j < N.

By Lemma 3.1(iii) and lim,,—,o d(zp+1,p) = ¢, we have

¢ <liminfd (yv(lj*l),p) for 2 < j < N.

n—o0

By (3.2), we get lim, 00 d(yflj_l),p) =cfor 2 < j < N. It follows that
(3.5) lim d (W (7}”_1%(3_2),y,(f_”,ag_l)) p) = lim d (yﬁf_”,p> =c.

n—oo
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Using (3.2), (3.3), (3.5) and Lemma 2.7, we can conclude that
Jim d (T2 ) =

Therefore, we obtain by induction that

(3.6) lim d (:r;”y,gi*),yg*l)) —0fori=1,2,...,N.

By (1.1) and Lemma 2.5, we get
a (v, 5570) = a (W (T, 08 0l ), i)
e (e 1)

fori=1,2,..., N — 1. It follows by (3.6) that

: (1) (=1 = | = -
(3.7) Jin;od(yn,yn >—0forz—1,2,...,N 1.
From
fori=1,2,..., N — 1. This implies by (3.7) that

; (1)) — P — _
(3.8) nh_}rrolod(:nn,yn)—()forz—l,Q,...,N 1.
For 1 <i < N, we have
A (@n, T) < d (20,9570 ) +d (350 D) +d (T80, T, )
< d (w0, pi ™) +d (450, TG0 ) + Ld (57, 20)

By (3.6) and (3.8), we get
(3.9) lim d(zy,T'x,) =0fori=1,2,...,N.

n—00

Using (1.1), we have
d ($n+1u xn) =d (W <T]7\Lfy7(1N_1)7 yﬁLN_l)v CV%N)> uSUn)
!

By (3.6) and (3.8), we have

(3.10) nli_)rgod(:z:nﬂ,:nn) =0.
For 1 <i < N, we have

d(xp, Tyzn) < d(zp, Tns1) + d (Tpt1, Ti”“xnﬂ)

+d (TP g, T ) + d (T 2, Tizy)
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< d(zn, Tpt1) + d (Tng1, T 2ng1) + Ld (Tpg1, 20) + Ld (T2, 20)
= (1+ L)d(zp,xnt1) +d (Tf“xnﬂ, xn+1) + Ld (T]'xn, ) -
By (3.9) and (3.10), we obtain lim, o d (2, Tjz,) =0 for all i = 1,2,...,N. O

Theorem 3.7. Let (X,d, W) be a complete uniformly convex metric space with
continuous convex structure and C be a nonempty closed convexr subset of X. Let
{T,}fil be a finite family of uniformly L-Lipschitzian and generalized asymptot-
ically quasi-nonexpansive self-mappings of C with sequences {k,} C [l,00) and
{sn} C [0,00) such that Y .2, (kn—1) < 0o and > o2 sn < oco. Suppose that
F = ﬂf\ilF(Tl) is nonempty. Let x1 € C and the sequence {x,} be defined by
(1.1) with {aﬁf)} C [a,b] for alli=1,2,...,N, where 0 < a < b < 1. If one of the
following is satisfied:

(i) {Tl}fil satisfies Condition (A),

(ii) one member of the family {Tl}f\il s semi-compact,
then {xn} converges to a common fized point of the family {Tz}f\il

Proof. By Lemma 3.6, limy,,_,o d (2, Tjzy) =0 for alli =1,2,..., N.
(7) : By the Condition (A), there exists a nondecreasing function f : [0,00) —
[0,00) with f(0) =0 and f(r) > 0 for all r € (0, 00) such that

Jm f (@ (e, F)) < lim d (@, Tizn) =0,

for some i, 1 < i < N. It follows that lim, o d (z,, F)) = 0. By Theorem 3.3, we
can conclude that {z,} converges to a point p € F.

(7i) : Without loss of generality, we assume that 77 is semi-compact. Then there
exists a subsequence {xnj} of {x,} such that Tn; — p € C. Hence, for each
1=1,2,..., N, we have

d(p, ) d(p, xnj) + d(xn] ) Tzl‘nj) + d(Tsz‘nJ ) Tlp)

<
< (14 L)d(p, xp;) + d(wn,, Tin,) = 0.

Thus p € F. By continuity of z — d(x, F'), we obtain lim; o d ($nj , F) =d(p, F) =
0. It follows by Lemma 3.2(ii) that lim, . d (2, F') = 0. By Theorem 3.3, we can
conclude that {z,} converges to a point p € F. O

4. APPLICATIONS

In this section, we apply our main results to obtain strong convergence theorems
in both hyperbolic spaces and CAT(0) spaces.

Definition 4.1 ([12, 14, 16]). A hyperbolic space (X, d, W) is a metric space (X, d)
together with a convexity mapping W : X x X x [0,1] — X satisfying
(i) d(z W(z,y,A)) < Ad(z,2) + (1 = A)d(z,9);
( ) ( (:C ya)‘l) W(x?yv)‘Z)) |)‘1 )\2|d(£€,y),
(i) W (z,y,A) =W (y, 2,1 — A);
(i) 4 (2,2, 0), W (5,0, A)) < M () + (1= \)d (2, w).
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If a triple (X, d, W) satisfies (i)-(ii7), then we get the notion of space of hyperbolic
type in the sense of Goebel and Kirk [6]. It is easy to see that hyperbolic spaces
are covex metric spaces. Then, our results in the previous section are also true for
hyperbolic spaces as follows.

Theorem 4.2. Let (X,d, W) be a complete hyperbolic space and C' be a nonempty
closed conver subset of X . Let {Tz}i\;l be a finite family of generalized asymptotically
quasi-nonezrpansive self-mappings of C with sequences {k,} C [1,00) and {s,} C
[0,00) such that 3°° | (kn — 1) < 00 and Y.°° | s, < co. Suppose F = Y, F(T;)
is nonempty and closed. Let z1 € C and the sequence {x,} be defined by (1.1).
Then {x,} converges to a common fixed point of the family {Tl}f\il if and only if
liminf,, o d (zp, F') =0, where d (z, F') = inf {d (z,p) : p € F'}.

The following result is a useful property in uniformly convex hyperbolic spaces,
see [13]. It can be applied to a CAT(0) space as well.

Lemma 4.3 ([13, Lemma 2.9]). Let (X,d, W) be a uniformly conver hyperbolic
space with modulus of uniform convexity n such that n increases with r (for a
fizred €). Let x € X and suppose that {t,} is a sequence in [a,b] for some
a,b € (0,1) and {xn},{yn} are sequences in X such that limsup,, ,. d(xn,,x) <7,
limsup,, . d (Yn,z) < 7 and lim, oo d (W (2, Yn, tn),x) = r, where r > 0. Then

Using Lemma 4.3 and the same arguments as in the proof of Theorem 3.7, the
following result is obtained.

Theorem 4.4. Let (X,d, W) be a complete uniformly convex hyperbolic space with
modulus of uniform convexity n such that n increases with r (for a fixed €) and C' be
a nonempty closed convex subset of X. Let {Tz}f\;l be a finite family of uniformly
L-Lipschitzian and generalized asymptotically quasi-nonexpansive self-mappings of
C with sequences {k,} C [1,00) and {sp} C [0,00) such that > >, (k, —1) < o0
and 3°° | s, < co. Suppose that F = (| F (T}) is nonempty. Let z1 € C and the
sequence {x,} be defined by (1.1) with {ag)} C la,b] for alli=1,2,...,N, where
0<a<b<l. If one of the following is satisfied:

(1) {Tl}fil satisfies Condition (A),

(ii) one member of the family {Tz}fL is semi-compact,
then {x,} converges to a common fized point of the family {Tl}fil

Next, we apply our main results to CAT(0) spaces. We first recall CAT(0) spaces,
see more details in [2]. Let (X, d) be a metric space. A geodesic path joining x € X
toy € X is amap c from a closed interval [0,!] C R to X such that ¢(0) = z,c(l) =y,
and d(c(t1),c(t2)) = |t1 — ta| for all t1,ts € [0,1]. In particular, ¢ is an isometry and
d(xz,y) = l. The image « of ¢ is called a geodesic segment joining x and y. When it
is unique this geodesic is denoted by [z, y]. The space (X, d) is said to be a geodesic
metric space if every two points of X are joined by a geodesic, and X is said to be
uniquely geodesic if there is exactly one geodesic joining x and y for each =,y € X.
A subset Y of X is said to be convex if Y includes every geodesic segment joining
any two of its points.
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A geodesic triangle A(x1,x2,x3) in a geodesic metric space (X,d) consists of
three points x1,z9,z3 in X and a geodesic segment between each pair of vertices.
A comparison triangle for geodesic triangle A(x1,x9,z3) in (X,d) is a triangle
A(z1,72,23) = A(T1,T2,Z3) in the Euclidean plane E? such that dg2 (Z;,Z;) =
d(z;, ;) for 4,5 € {1,2,3}. A geodesic metric space is said to be a CAT(0) space if
all geodesic triangles satisfy the following comparison axiom:

Let A be a geodesic triangle in X and let A be a comparison triangle for A. Then
A is said to satisfy the CAT(0) inequality if for all x,y € A and all comparison
points z,5 € A, d(z,y) < dg2(, 7).

If x,y1,y2 are points in a CAT(0) space and if yg is the midpoint of the segment
[y1,y2], then the CAT(0) inequality implies

d(z, y0)? < %d(x, y1)? + %d(l‘,yz)Q - id(yl,yz)Q-
This is the (CN) inequality of Bruhat and Tits [3]. By using the (CN) inequality, it
is easy to see the CAT(0) spaces are uniformly convex. In fact [2], a geodesic metric
space is a CAT(0) space if and only if it satisfies the (CN) inequality. Moreover, if
X is CAT(0) space and x,y € X, then for any X € [0, 1], there exists a unique point
Az @ (1 — Ny € [z,y] such that

d(z, Az @ (1 — N)y) < Ad(z,2) + (1 — A)d(z,y),
for any 2z € X.
Remark 4.5. In view of the above inequality, CAT(0) spaces have convex structure

W(z,y,\) = Az & (1 — A\)y. Then, the iterative process (1.1) can be translated to
CAT(0) spaces as follows:

y{O

WD = o7y @ (1 ofl) 4,

n

W2 = oPT3y0 @ (1 o) yfd,

= Tn,

n

(4.1) u = aPTyyP o (1- o) y2,

YD = alDTR D g (1 D) 42,

puin = oD @ (1 af") ),

n

for all n € N.

In 2007, Leustean [14] proved that CAT(0) spaces are uniformly convex hyperbolic

spaces with modulus of uniform convexity 7 := %. Thus, Theorem 4.2 and 4.4 can
be applied to CAT(0) spaces as follows.

Theorem 4.6. Let X be a complete CAT(0) space and C' be a nonempty closed
conver subset of X. Let {TZ}Z]\; 1 be a finite family of generalized asymptotically
quasi-nonezpansive self-mappings of C with sequences {k,} C [1,00) and {s,} C
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[0,00) such that 0%, (ky — 1) < 00 and 2% | s, < co. Suppose F = (., F (T})
is nonempty and closed. Let x1 € C and the sequence {xy,} be defined by (4.1).
Then {x,} converges to a common fized point of the family {Tz}f\;l if and only if
liminf,, oo d (zp, F') =0, where d (z, F) = inf {d (z,p) : p € F'}.

Theorem 4.7. Let X be a complete CAT(0) space and C' be a nonempty closed
convex subset of X. Let {Tz}f\;l be a finite family of uniformly L-Lipschitzian and
generalized asymptotically quasi-nonexpansive self-mappings of C' with sequences
{kn} C [1,00) and {sp} C [0,00) such that > 7", (kn — 1) < o0 and Y7 | s, < 00.
Suppose that F = ﬂf\il F (T;) is nonempty. Let x1 € C and the sequence {x,} be

defined by (4.1) with {ag)} C [a,b] for alli=1,2,...,N, where 0 < a <b< 1. If
one of the following is satisfied:

(1) {Tz},f\;1 satisfies Condition (A),

(ii) one member of the family {Tl}f\il s semi-compact,
then {x,} converges to a common fized point of the family {Tl}f\il

Remark 4.8. The results in Section 3 and Section 4 hold true in a Banach space,
if we set W (z,y,\) = Az + (1 — \)y. Theorem 3.3 extends and generalizes Theorem
3.2 of Kettapun et al. [8] to a finite family of generalized asymptotically quasi-
nonexpansive mappings and to a convex metric space setting. Theorem 3.3 extends
and generalizes Theorem 3.2 of Yatakoat and Suantai [24] from a Banach space to
a convex metric space setting.
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