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ATTRACTIVE POINT THEOREMS AND ERGODIC THEOREMS
FOR 2-GENERALIZED NONSPREADING MAPPINGS IN
BANACH SPACES

LAI-JIU LIN®, WATARU TAKAHASHI, AND ZENN-TSUN YU

ABSTRACT. In this paper, using Banach limits, we study attractive points and
fixed points of general nonlinear mappings in Banach spaces. Then we obtain
attractive point theorems and fixed point theorems for the nonlinear mappings
in Banach spaces. Using these results, we prove nonlinear ergodic theorems for
2-generalized nonspreading mappings in Banach spaces.

1. INTRODUCTION

Throughout this paper, we denote by N the set of positive integers and by R the
set of real numbers. Let E be a smooth Banach space and let J be the duality
mapping of E. The function ¢: F x E — R is defined by

¢z, y) = |lz]|* - 2(z, Jy) + [ly||*

for z,y € E. Let C be a nonempty subset of E. Let T" be a mapping of C' into
E. Then we denote by F(T') the set of fized points of T and by A(T) the set of
attractive points [20] of T, i.e.,

(i) F(T)={z€C:Tz=z};

(ii) A(T)={2€ E:¢(2,Tx) < ¢(z,2), Yo € C}.
We know from [20] that A(T') is closed and convex. This property is important. In

the case when E = H is a real Hilbert space, A(T) is the set of attractive points of
T in the sense of Takahashi and Takeuchi [31], i.e.,

A(T)={z€e H:|z—Tz| < ||z —z|, Yz € C}.

A mapping T : C — E is said to be nonexpansive if ||Tz — Ty| < ||z — y|| for
all x,y € C. We know that if C' is a bounded, closed and convex subset of a
Hilbert space H and T' : C — C' is nonexpansive, then F(T) is nonempty; see
[29]. Furthermore, from Baillon [2] we know the first nonlinear ergodic theorem
in a Hilbert space: Let C' be a bounded, closed and convex subset of H and let
T : C — C be nonexpansive. Then for any x € C,
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converges weakly to z € F(T'). Recently, Kocourek, Takahashi and Yao [14] defined
a broad class of generalized hybrid mappings containing the class of nonexpansive
mappings in a Hilbert space. A mapping T : C — H is called generalized hybrid
[14] if there exist «, 8 € R such that

ol Te = Tyl* + (1 = a)llz = Ty|* < BTz — y|* + (1 = )= — y||?

forall z,y € C. We call such a mapping an («, [3)-generalized hybrid mapping. Then
Kocourek, Takahashi and Yao [14] proved a fixed point theorem for such mappings in
a Hilbert space. Furthermore, they proved a nonlinear mean convergence theorem of
Baillon’s type [2] in a Hilbert space. Maruyam, Takahashi and Yao [24] also defined
a more broad class of nonlinear mappings called 2-generalized hybrid containing
the class of generalized hybrid mappings. Kocourek, Takahashi and Yao [15] and
Takahashi, Wong and Yao [32] extended the classes of generalized hybrid mappings
and of 2-generalized hybrid mappings in a Hilbert space to classes of nonlinear
mappings in a Banach space, respectively. Kocourek, Takahashi and Yao [15] and
Takahashi, Wong and Yao [32] called such classes in a Banach space the classes of
generalized nonspreading mappings and of 2-generalized nonspreading mappings,
respectively and then proved fixed point theorems and nonlinear ergodic theorems
in a Banach space. Very recently, Takahashi and Takeuchi [31] proved the following
fixed point and mean convergence theorem without convexity in a Hilbert space.

Theorem 1.1. Let H be a real Hilbert space and let C' be a mnonempty subset of
H. Let T be a generalized hybrid mapping from C' into itself. Let {v,} and {b,} be
sequences defined by

1 n—1
vo €C, wvpy1=Tvp, by = k=0 Uk

for alln € NU{0}. If {v,} is bounded, then the following hold:
(i) A(T) is nonempty, closed and convex;
(ii) {bn} converges weakly to ug € A(T), where ug = limy 00 Pa(r)vn and Pa(r)
is the metric projection of H onto A(T).

Such a theorem was also extended to Banach spaces by Lin and Takahashi [20]
in the case when the mappings are generalized nonspreading.

In this paper, using Banach limits, we study attractive points and fixed points of
general nonlinear mappings in Banach spaces. Then we obtain attractive point the-
orems and fixed point theorems for the nonlinear mappings in Banach spaces. Using
these results, we prove nonlinear ergodic theorems for 2-generalized nonspreading
mappings in Banach spaces.

2. PRELIMINARIES

Let E be a real Banach space and let E* be the dual space of E. For a sequence
{zn} of E and a point = € E, the weak convergence of {z,} to z and the strong
convergence of {z,} to = are denoted by x,, — z and z,, — x, respectively. A
Banach space E is said to satisfy Opial’s condition if {z,} is a sequence in E with
x, — z, then

limsup ||z, — z|| < limsup ||z, —y||, Yy € E, y # x.
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The duality mapping J from F into E* is defined by
Jr = {z* € E*: (z,2*) = ||z||* = ||z*||*}, Vz € E.

Let S(E) be the unit sphere centered at the origin of E. Then the space E is said
to be smooth if the limit

et tyl] e

t—0 t
exists for all z,y € S(E). It is also said to be uniformly smooth if the limit exists
uniformly in z,y € S(F). A Banach space E is said to be strictly convez if || “5|| <
1 whenever z,y € S(F) and x # y. It is said to be uniformly convez if for each
e € (0,2], there exists § > 0 such that |[23%|| < 1 — ¢ whenever z,y € S(E) and
||z — y|| > e. Furthermore, we know from [28] that

(i) if E is smooth, then J is single-valued;

) if E is reflexive, then J is onto;

ii) if F is strictly convex, then J is one-to-one;
) if E is strictly convex, then J is strictly monotone;
)

each bounded subset of E.

A Banach space E is said to have Kadec-Klee property if a sequence {z,} of E
satisfying that x,, — z and ||z,|| — [|z||, then z, — x. It is known that if E
uniformly convex, then E has the Kadec-Klee property. Let E be a smooth Banach
space and let J be the duality mapping on FE. Throughout this paper, define the
function ¢ : E x E — R by

o(z,y) = ||z]|* — 2(z, Jy) + ||yl|®, Vz,y € E.

Observe that, in a Hilbert space H, ¢(x,y) = ||x—y||? for all z,y € H. Furthermore,
we know that for each z,y, z,w € F,

(2.1) (2l = [lwl)? < (@, y) < (|| + |lyl)?;

(2.2) o(x,y) = ¢(z,2) + ¢(z,y) + 2(x — 2, Jz — Jy);
(2.3) 20z —y,Jz = Jw) = ¢(z,w) + ¢(y, 2) — ¢z, 2) — Py, w).
If F is additionally assumed to be strictly convex, then

(2.4) ¢(z,y) =0 if and only if = =1y.

If E is a smooth, strictly convex and reflexive Banach space, then for z,y € E and
AMeERwith0< A< 1,

(2.5) $a, T ATy + (1= N)J2)) < Az, y) + (1= N)e(z, 2).
Let ¢4 : E* X E* — R be the function defined by

Ou (2™, ") = [la*|[? = 20Ty 2™ + ||y*I?, Vot yt € BT
We have that
(2.6) o(z,y) = o (Jy, Jz) quadvz,y € E.
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Lemma 2.1 (Xu [35]). Let E be a uniformly convex Banach space and let r > 0.
Then there exists a strictly increasing, continuous, and convex function g : [0, 2r] —
[0, 00) such that ¢g(0) = 0 and

llaz + (1 = a)yl[* < allz[|* + (1 = a)lly[[* = a(1 = a)g(||z - y|)
for all x,y € B, and a € [0,1] , where B, :={z € E : ||z]| < r}.

Lemma 2.2 (Kamimura and Takahashi [13]). Let E be a uniformly convex Banach
space and let » > 0. Then there exists a strictly increasing, continuous, and convex
function g : [0, 2r] — [0, 00) such that ¢g(0) = 0 and

g(llz —yll) < ¢(z,y)
for all z,y € B,, where B, :={z € E : ||z|]| <r}.

Let E be a smooth Banach space and let C' be a nonempty subset of E. A
mapping T : C — FE is called generalized nonexpansive [7) if F(T) # () and

¢(Tx,y) < é(z,y)

for all z € C' and y € F(T). Let D be a nonempty subset of a Banach space E. A
mapping R : E — D is said to be sunny if

R(Rx +t(x — Rz)) = Rz

for all z € F and ¢t > 0. A mapping R : E — D is said to be a retraction or
a projection if Rx = x for all x € D. A nonempty subset D of a smooth Banach
space F is said to be a generalized nonexpansive retract (resp. sunny generalized
nonexpansive retract) of E if there exists a generalized nonexpansive retraction
(resp. sunny generalized nonexpansive retraction) R from E onto D; see [6, 8, 7]
for more details. The following results are in Ibaraki and Takahashi [7].

Lemma 2.3 (Ibaraki and Takahashi [7]). Let C be a nonempty closed sunny general-
ized nonexpansive retract of a smooth and strictly convex Banach space E. Then the
sunny generalized nonexpansive retraction from E onto C is uniquely determined.

Lemma 2.4 (Ibaraki and Takahashi [7]). Let C' be a nonempty closed subset of a
smooth and strictly conver Banach space E such that there exists a sunny generalized

nonexpansive retraction R from E onto C' and let (x,z) € ExC. Then the following
hold:

(i) z = Rx if and only if (x — 2z, Jy — Jz) <0 for all y € C}
(i) 6(Rz, ) + 6(z, Rx) < 6(z, 2).
In 2007, Kohsaka and Takahashi [16] proved the following results:

Lemma 2.5 (Kohsaka and Takahashi [16]). Let E be a smooth, strictly convex
and reflexive Banach space and let C' be a nonempty closed subset of E. Then the
following are equivalent:

(a) C is a sunny generalized nonexpansive retract of E;
(b) C is a generalized nonexpansive retract of E;
(c) JC is closed and conves.
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Lemma 2.6 (Kohsaka and Takahashi [16]). Let E be a smooth, strictly convex and
reflexive Banach space and let C' be a nonempty closed sunny generalized nonexpan-
sive retract of E. Let R be the sunny generalized nonexpansive retraction from E
onto C and let (x,z) € E x C. Then the following are equivalent:

(i) z = Rx;
(ii) ¢(z,z) = mingeco(z,y).

Very recently, Inthakon, Dhompongsa and Takahashi [12] obtained the following
result concerning the set of fixed points of a generalized nonexpansive mapping in
a Banach space; see also Ibaraki and Takahashi [10].

Lemma 2.7 (Inthakon, Dhompongsa and Takahashi [12]). Let E be a smooth,
strictly convexr and reflexive Banach space and let C' be a closed subset of E such
that J(C) is closed and convex. Let T be a generalized nonexpansive mapping from
C into itself. Then, F(T) is closed and JF(T') is closed and convez.

The following is a direct consequence of Lemmas 2.5 and 2.7.

Lemma 2.8 (Inthakon, Dhompongsa and Takahashi [12]). Let E be a smooth,
strictly convex and reflexive Banach space and let C be a closed subset of E such
that J(C) is closed and convex. Let T be a generalized nonexpansive mapping from
C into itself. Then, F(T) is a sunny generalized nonexpansive retract of E.

Let I°° be the Banach space of bounded sequences with supremum norm. Let

u be an element of (I°°)* (the dual space of [°°). Then, we denote by u(f) the
value of p at f = (21,29, x3,...) € [°°. Sometimes, we denote by pu,(z,) the value
w(f). A linear functional p on [*° is called a mean if u(e) = ||p|| = 1, where
e=(1,1,1,...). A mean p is called a Banach limit on I*° if pp(zp+1) = pn(xn).
We know that there exists a Banach limit on [*°. If 4 is a Banach limit on [*°, then
for f = (ml,xg,xg, .. ) €[>,

liminf 2, < pp(x,) < limsup z,.

n—00 n—o0
In particular, if f = (z1,22,23,...) € [*® and z,, — a € R, then we have u(f) =
tn(zy) = a. For the proof of existence of a Banach limit and its other elementary
properties, see [28].

3. ATTRACTIVE POINT THEOREMS

Let E be a smooth Banach space and let C be a nonempty subset of E. Let T
be a mapping from C into E. We denote by A(T) the set of attractive points [20]
of T, that is, A(T) = {u € E: ¢(u,Tz) < ¢(u,x), Vo € C}. We know the following
lemma.

Lemma 3.1 (Lin and Takahashi [20]). Let E be a smooth Banach space and let C
be a nonempty subset of E. Let T" be a mapping from C into E. Then, A(T) is a
closed and convex subset of F.

Using the technique developed by Takahashi [26], we prove the following attrac-
tive point theorem for mappings in a Banach space.
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Theorem 3.2. Let E be a smooth and reflerive Banach space with the duality
mapping J and let C be a nonempty subset of E. Let T be a mapping of C' into E.
Let {z,,} be a bounded sequence of E and let pv be a mean on [°°. Suppose that

for ally € C. Then, A(T) is nonempty. In particular, if E is strictly convez, T is
a mapping of C into itself, {x,} is a bounded sequence of C' and C is closed and
convez, then F(T') is nonempty.

Proof. Using a mean p and a bounded sequence {x, }, we define a function g : E* —
R as follows:

g(x*) = pplxy, x*), Vo*e B
Since p is linear, g is also linear. Furthermore, putting K = sup,,cy ||zn|/, we have
l9(z")| = |pn (n, )]

< lullsup [(25, 2")|
neN

< |lpll sup [lzn |2
neN
= sup ||zn |[|z”]|
neN
= K|z

for all x* € E*. Then g is a linear and continuous real-valued function on E*. Since
E is reflexive, there exists a unique element z of E such that

9(&") = prn(@n, 2%) = (z,27)
for all z* € E*. Such an element z is in D = c¢o{x, : n € N}, where ¢oA is the

closure of the convex hull of A. In fact, if z ¢ D, then there exists y* € E* by the
separation theorem [28] such that

(2,9%) < inf (y,4").
yeD
Since {z,} C D and p is a mean, we have
) < inf (y,y") < inf (2,,y") < Y = (2,97).
(z,y") < infly,y") < 1nf {zn,y") < pn (20, 57) = (2,97)

This is a contradiction. Then we have z € D. From (2.2) we have that for y € C
and n € N,

(2, y) = ¢(xn, Ty) + ¢(Ty, y) + 2(xn — Ty, JTy — Jy).
Thus we have that for y € C,
n®(Xn, Y) = pin@(Tn, TY) + pind(Ty, y) + 2un{xn — Ty, JTy — Jy)
= n®(xn, Ty) + ¢(Ty,y) + 2(z = Ty, JTy — Jy).

Since, by assumption, pund(zn, Ty) < pnd(x,,y) for all y € C, we have

fn®(Tn, Y) < nd(Tn,y) + Ty, y) + 2(z — Ty, JTy — Jy).
This implies that
(3.1) 0<o(Ty,y) +2(z — Ty, JTy — Jy)
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for all y € C. Then we have from (2.3) that

0 < o(Ty,y) + ¢(2,9) + 6(Ty, Ty) — ¢(2,Ty) — ¢(Ty,y)
= qb(z,y) - ¢(27Ty)

This implies that ¢(z, Ty) < ¢(z,y) for all y € C. Therefore z € A(T).

In particular, if E is strictly convex, T is a mapping of C' into itself, {z,} is a
bounded sequence of C' and C'is closed and convex, then we have from D = ¢o{z,, :
n € N} C C that z is an element of C. Putting y = z in (3.1), we have that

0< Tz, 2)+2(z—Tz,JTz— Jz).
Then we have from (2.3) that
0< p(Tz,2)+d(2,2) +d(T2,Tz) — p(2,Tz) — ¢(Tz, 2).
Thus we have 0 < —¢(z,Tz) and hence 0 = ¢(z,T'2). Since E is strictly convex, we
have Tz = z. This completes the proof. O

Let E be a refrexive Banach space. Then for a bounded sequence {z,} in E and
a mean g on [*°; as in the proof of Theorem 3.2, there exists a unique element z of
E such that

fin(Tn, %) = (z,27)

for all z* € E*; see also [26] and [4]. We call such a point z the mean vector [21]
of {x,} for p. Let E be a smooth Banach space, let C' be a nonempty subset of
E and let J be the duality mapping from E into E*. A mapping T : C — F is
called 2-generalized nonspreading [32] if there exist ai,aq, 51, B2,71,72,01,02 € R
such that

o1 d(T?2,Ty) + az¢(Tx, Ty) + (1 = a1 — a2)¢(x, Ty)

(3.2) +7{d(Ty, T%x) — 6(Ty. 2)} + 2{6(Ty. Tx) — 6(Ty, )}
< B1o(T?x,y) + fad(Tx,y) + (1= B1 — B2)b(x, y)
+0{o(y, T%x) — d(y,x) } + 52{6(y, Tx) — d(y,2) }

for all z,y € C. Observe that if F(T) # (), then ¢(u, Ty) < ¢(u,y) for all u € F(T)
and y € C. Thus we have F(T') C A(T). Furthermore, if oy = 0,51 = 0,71 = 0 and
91 =0, from (3.2) we obtain the following:

agp(Tz,Ty) + (1 — ag)d(x, Ty) + 72(s(Ty, Tx) — ¢(Ty, )

< Bap(T,y) + (1 = B2)o(,y) + 62(0(y, Tw) — ¢(y, )

for all z,y € C. That is, T is a generalized nonspreading mapping [15] in a Banach
space. If E is a Hilbert space, then we have ¢(z,y) = ||z — y||? for all 2,y € E.
Thus from (3.2), we obtain the following;:

ar [|[T? =Ty || +az | Te = Ty [I” +(1 — a1 — ag) | = = Ty |*
+n(ITy = T%))* = | Ty — 2l*) + v2(ITy - Tz|® - | Ty — z||*)

< BT e =yl + B | To =y |2 +(1 =B = Ba) [z —y |°

+81(lly = T2 — lly — 2l*) + d2(lly — T|* — lly — =[|*)
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for all z,y € C. This implies that
(1) | T?z =Ty |?
+ (a2 +7) | Tz =Ty |* +[1 = (1 +71) — (a2 +72)] [| & — Ty ||?
< (B1+0)|T%z — y|
+(Bat62) [ T —y P +[1— (Br+61) — (Ba+ )] |z —y |?

for all z,y € C. That is, T is a 2-generalized hybrid mappings [24] in a Hilbert
space. Now, we prove an attractive point theorem for 2-generalized nonspreading
mappings in a Banach space.

Theorem 3.3. Let F be a smooth and reflexive Banach space and let C' be a
nonempty subset of E. Let T be a 2-generalized nonspreading mapping of C into
itself. Then the following are equivalent:

(1) A(T) # 0;
(2) {T™vg} is bounded for some vy € C.

Additionally, if F is strictly convex and C' is closed and convex, then the following
are equivalent:

(1) F(T) # 0;
(2) {T"wvp} is bounded for some vy € C.

Proof. If A(T) # 0, then ¢(u,Tz) < ¢(u,z) for all u € A(T) and z € C. So,
¢(u, T"z) < ¢(u,z) for all n € N and x € C and hence {T"z} is bounded. We
show the reverse. Since T': C — C is a 2-generalized nonspreading, there exist
a1, a9, 81, B2, 71, ¥2, 01, 02 € R such that

a19(T%x, Ty) + asd(Tx, Ty) + (1 — a1 — ag)p(z, Ty)

(3.3) +71(6(Ty, T?z) — (Ty, ) + 72(d(Ty, Tx) — (Ty, x))
< Bro(T?2,y) + Bad(Tm,y) + (1 — B1 — B2)o(z,y)
+61(8(y, T?x) — d(y, x)) + 24y, Tx) — $(y, z))
for all x,y € C. Replacing x by T" vy in the inequality (3.3), we have that
a10(T" 00, Ty) + c2p(T" g, Ty) + (1 — ay — a2)d(T"vo, Ty)
+71(¢(Ty, T v0) — ¢(Ty, T"v0)) + Y2($(Ty, T 1vg) — ¢(Ty, T"v0))
< B1d(T™ 2 vg, y) + Bod(T" v, y) + (1 — 1 — B2)d(T" v, y)
+01(8(y, T"?v0) — ¢(y, T"v0)) + a(d(y, T vo) — By, T"vp)).-

Since {T"wvp} is bounded, we can apply a Banach limit g to both sides of the
inequality. We have that

tn@(T"v0, Ty) < pnd(T"vo, y)
for all y € C'. Therefore we have Theorem 3.3 from Theorem 3.2. O
Using Theorem 3.3, we have following attractive point theorem for generalized

nonspreading mappings in a Banach space which was proved by Lin and Takahashi
[20].



ATTRACTIVE POINT THEOREMS AND ERGODIC THEOREMS 9

Theorem 3.4. Let E be a smooth and reflexive Banach space. Let C' be a nonempty
subset of E/ and let T' be a generalized nonspreading mapping of C into itselt. Then,
the following are equivalent:

(a) A(T) # 0;

(b) {T™z} is bounded for some x € C.
Additionally, if E is strictly convex and C' is closed and convex, then the following
are equivalent:

(a) FI(T) # 0;

(b) {T"x} is bounded for some z € C.

Proof. Putting ay = 1 =71 = 01 = 0 in (3.1), we obtain that
(34)  2p(Tz, Ty) + (1 — a2)¢(x, Ty) + y2{d(Ty, Tx) — ¢(Ty,x)}
< Bag(Tx,y) + (1 — Ba)o(z,y) + S2{d(y, Tx) — by, )}

for all z,y € C. Such a mapping is a generalized nonspreading mapping. So, we
have the desired result from Theorem 3.3. O

4. SKEW-ATTRACTIVE POINT THEOREM

Let E be a smooth Banach space and let C' be a nonempty subset of E. Let T
be a mapping from C into E. We denote by B(T') the set of skew-attractive points
[20] of T, ie., B(T) ={z € E: ¢(Tx,z) < ¢(z,z), Vz € C}. The following lemma
was by Lin and Takahashi [20].

Lemma 4.1 (Lin and Takahashi[20]). Let E be a smooth Banach space and let C
be a nonempty subset of H. Let T' be a mapping from C into E. Then, B(T) is a
closed.

Let E be a smooth, strictly convex and reflexive Banach space and let C be a
nonempty subset of E. Let T be a mapping from C into E. Define a mapping T
as follows:

T*z* = JTJ 'z*, Va* € JC,
where J is the duality mapping on E and J~! is the duality mapping on E*. A
mapping T is called the duality mapping of T'; see [33] and [5]. If T is a mapping
of C' into itself, then 7™ is a mapping of JC into JC; see [33].

Lemma 4.2 (Lin and Takahashi [20]). Let E be a smooth, strictly convex and
reflexive Banach space and let C' be a nonempty subset of E. Let T be a mapping
from C into F and let T* be the duality mapping of 7. Then the following hold:

(1) JB(T) = A(T™);

(2) JA(T) = B(T™).
In particular, JB(T) is closed and convex.

Let E be a smooth Banach space and let J be the duality mapping from E

into E*. Let C be a nonempty subset of E. A mapping T : C — FE is called 2-

skew-generalized nonspreading [32] if there exist oy, ag, 51, 82,71, 2,01, 92 € R such
that

a10(Ty, T?z) + avd(Ty, Tx) + (1 — o1 — a2)p(Ty, x)
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(4.1) +(o(T%x, Ty) — ¢(2,Ty)) + v2(3(Tx, Ty) — ¢(x, Ty))
< B1d(y, T?x) + Bog(y, Tx) + (1 — B1 — B2)d(y, x)

+61($(T%x, y) — B(z,y)) + 02(d(Tz,y) — (z,y))
for all x,y € C.

Theorem 4.3. Let E be a smooth, strictly convex and reflexive Banach space and
let C' be a nonempty subset of . Let T be a 2-skew-generalized nonspreading
mapping of C' into itself. Then the following are equivalent:

(1) B(T) # 0;

(2) {T™wvp} is bounded for some vy € C.
Additionally, if C is closed and JC is closed and convex, then the following are
equivalent:

(1) F(T) # 0;

(2) {T™vp} is bounded for some vy € C.
Proof. It B(T) # (), then ¢(Ty,u) < ¢(y,u) for all u € B(T) and y € C. So,
d(T"y,u) < ¢(y,u) for all n € N and y € C and then {T"y} is bounded for all
y € C. We show the reverse. As in the proof of Theorem 4.3 in [20], we obtain that

1O (T2, T y*) + andu (T z*, T*y*) + (1 — a1 — ao)du (2, T*y*)

< Bi6u (T2, ")+ Babu (T2, 7) + (1= By = )0, )

+ 51(¢*(y*,T*2x*) — 0u(y",27)) + 02(u (y", T72") — du(y™, 27))

for all z*,y* € JC. This implies that T™ is a 2-generalized nonspreading mapping
of JC into itself. Since ||T"x| = ||JT"z| = ||(JTJ Y)"Jz| = |(T*)*Jz|. Thus
if {T™x} is bounded for some = € C, then {(T*)"Jx} is bounded. By Theorem
3.3, we obtain that A(T™) is nonempty. From Lemma 4.2, we also know that
A(T*) = JB(T). Therefore B(T) is nonempty. Additionally, assume that C' is
closed and JC is closed and convex. If {T"z} is bounded for some z € C, then
{(T*)"z} is bounded. By Theorem 3.3, we obtain that F'(7™) is nonempty. Hence
F(T) is nonempty. It is obvious that if F'(T) # 0, then {T"u} = {u} for u € F(T),
that is, {T™vp} is bounded for some vy € C. This completes the proof. O

Using Theorem 4.3, we have the following attractive point theorem for skew-
generalized nonspreading mappings in a Banach space which was proved by Lin
and Takahashi [20].

Theorem 4.4. Let E be a smooth, strictly convex and reflexive Banach space.
Let C' be a nonempty subset of E and let T be a skew-generalized nonspreading
mapping of C' into itselt. Then, the following are equivalent:

(a) B(T) # 0;

(b) {T™z} is bounded for some x € C.
Additionally, if C is closed and JC is closed and convex, then the following are
equivalent:

(a) F(T) #0;
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(b) {T™z} is bounded for some x € C.
Proof. Putting a; = 81 =y = d1 = 0 in (4.1), we obtain that
(42)  0d(Ty,Tx) + (1 — a2)¢(Ty, Tx) + y2{¢(Tx, Ty) — ¢(z, Ty) }
< B2o(y, Tw) + (1 = B2)d(y, ) + 62{d(Tw,y) — ¢(w,y)}

for all z,y € C. Such a mapping is a skew-generalized nonspreading mapping. So,
we have the desired result from Theorem 4.3. O

5. NONLINEAR ERGODIC THEOREMS

In the section, we prove a nonlinear ergodic theorem of Baillon’s type [2] with-
out convexity for 2-generalized nonspreading mappings in a Banach space. Before
proving it, we need the following four lemmas.

Lemma 5.1. Let E be a smooth, strictly conver and reflexive Banach space with
the duality mapping J and let D be a nonempty, closed and convexr subset of E.
Let {x,} be a bounded sequence in D and let p be a mean on 1*°. If g: D — R is
defined by

g(z) = Mn¢5(96n7 2)7 VzeD,
then the mean vector zy of {x,} for p is a unique minimizer in D such that
g(z0) = min{g(z) : z € D}.

Proof. For a bounded sequence {z,} C D and a mean p on [*°, we know that a
function g : D — R defined by

9(2) = pnd(zn,2), Yz €D

is well-defined. We also know from the proof of Theorem 3.2 that there exists the
mean vector zg of {x,} for u, that is, there exists zg € ¢o{x, : n € N} such that

un<$N7y*> = <207y*>7 vy* € E*.

Since D is closed and convex and {z,} C D, we have zyp € D. Furthermore we have
from (2.2) and (2.3) that for any z € D,

9(2) = 9(20) = pn@(Zn, 2) — pind(xn, 20)
= ttn (¢(xn, 2) — d(an, 20))
= un(gb(xn, 2) — ¢(xn, 2) — &z, 20) — 2(xp — 2, J2 — Jz()))
= un( —¢(z,20) — 2(xp — 2, J2 — Jz()))
= —p(z,20) — 2(20 — 2z, Jz — J2p)
—¢(2,20) — ¢(20, 20) — (2, 2) + ¢(20, 2) + ¢(2, 20)
= ¢(z0,2).
Then we have that
(5.1) 9(2) = g(20) + #(20,2), Vze€D.

This implies that zp € D is a minimizer in D such that g(zp) = min{g(z) : z €
D}. Furthermore, if u € D satisfies g(u) = ¢(z0), then we have from (5.1) that
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¢(z0,u) = 0. Since FE is strictly convex, we have that zp = u and hence zj is a
unique minimizer in D such that

9(z0) = min{g(z) : z € D}.
This completes the proof. O

Using Lemma 5.1, we obtain the following result.

Lemma 5.2. Let E be a smooth, strictly convexr and reflexive Banach space with
the duality mapping J, let C' be a nonempty subset of E and let T be a mapping of
C' into itself. Suppose that A(T) = B(T) is nonempty. Then for any x € C, the
sequence {T"x} is bounded and the set
N co{T* "z : n € N} N A(T)
consists of one point zy, where zy is a unique minimizer of A(T) such that
lim ¢(T"z, 2p) = min{ lim ¢(T"z,z2): z € A(T)}.
n—oo

n—oo

Additionally, if C' is closed and convex, then the set
N @o{T** "z : n € N} N F(T)
consists of one point zg.
Proof. Since A(T) = B(T) is nonempty, we have that for any z € A(T) = B(T)

and x € C,
¢(Tn+1x7z) < qb(T”x,z) << ¢(.’B,Z), Vn € N.

Thus {T"z} is bounded. Let p be a Banach limit on [*°. From Lemma 5.1, a unique
minimizer zy € E such that

pnd(T"x, 29) = min{pp,d(T"z,y) : y € E}
is the mean vector zp € E of {T™z} for p, that is, a point zp € E such that
29 € co{T"x : n € N} and

pn(T"2,y*) = (20,y"), Vy" € L".

We also know from the proof of Theorem 3.2 that zp € A(T"). Furthermore, this
2o € A(T) satisfies that

pnd(T"x, z0) = min{p,¢(T"z,y) : y € A(T)}.
Let us show that zo € N, @o{T** "z : n € N}. If not, there exists some k € N such
that 2 ¢ co{T**"x : n € N}. By the separation theorem, there exists y; € E* such
that
(z0,y5) < inf {(z,45) : z € o{TF " . n N}
Using the property of the Banach limit u, we have that
(z0,y0) <inf {(z,y5): 2z € co{T" " n e N}}
< inf{(T*""z, %) : n € N}
< pn (T2, y5)
= pn(T"z, y8>
= <207 y8>
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This is a contradiction. Thus we have that zg € ﬂi‘;lﬁ{T‘”"az :n € N} Next we
show that N2 co{T**"z : n € N} N A(T) consists of one point zp. Assume that
z1 € N2 eo{T* "z : n € N} N A(T). Since 21 € A(T) = B(T), we have that

ST, 2) < ¢(T"x,21), VneN.

Then limy, o0 ¢(T"x, z1) exists. Furthermore, we know from the property of a
Banach limit p that

pnd(T"x, 21) = lim ¢(T"x, z1).
n—oo

In general, since lim, o ¢(T™z, 2) exists for every z € A(T), we define a function
g: A(T) — R as follows:

g(z) = lim ¢(T"z,2), Vze A(T).
n—o0
Since
d(20,21) = ¢(T"x, 21) — ¢(T"x, z9) — 2(T"x — 20, J20 — J21)
for every n € N, we have
(20, 21) + 2 li_)In (T"x — 29, Jz0 — J21)
= lim ¢(T"x,z) — lim ¢(T"x, zp)
n—oo n—oo
> 0.
Let € > 0. Then we have that

2 lim (T"z — 20, J20 — J2z1) > — (20, 21) — €.

n—oo

Hence there exists ng € N such that
2(T"x — zp, Jz0 — Jz1) > —P(20,21) — €
for every n € N with n > ng. Since 21 € N2, e0{T* "z : n € N}, we have
2(z1 — 20, J20 — Jz1) > —@(20,21) — €.
We have from (2.3) that
¢(z1,21) + ¢(20, 20) — ¢(21, 20) — P(20,21) = —p(20,21) — €

and hence ¢(z1,20) < €. Since € > 0 is arbitrary, we have ¢(z1,29) = 0. Since E is
strictly convex, we have zy = z1. Therefore

{20} = N2 @{T" "z : n € N} N A(T).
Additionally, if C is closed and convex, then we have that
20 € N2 @o{T* "z : n € N} N F(T).
Since N, @{T**"z : n € N} N A(T) consists of one point 2y, we have that
N co{T "z :n e N} N F(T) = {2}

This completes the proof. O
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Lemma 5.3. Let E be a smooth and reflexive Banach space and let C be a nonempty
subset of E. Let T be a 2-generalized nonspreading mapping of C into itself. Suppose
that {T"x} is bounded for some x € C. Define

1n—1
Shr = nkZ_OTk:v, Vn € N.

If a subsequence {Sy,x} of {Snx} converges weakly to a point u, then u € A(T).
Additionally, if E is strictly convex and C' is closed and convez, then u € F(T).

Proof. Let T be a 2-generalized nonspreading mapping of C' into itself. Then, there
exist oy, ag, 1, B2, 71,72, 01,02 € R such that

a10(T%2,Ty) + (T2, Ty) + (1 — a1 — az)d(x, Ty)
(5.2) +71{d(Ty, T?2) — (Ty, 2)} + 12{d(Ty, Tz) — $(Ty, 2)}
< B1o(T?z,y) + Bod(T2,y) + (1 — B1 — B2) (2, y)
+0{d(y, T?2) — d(y, 2)} + 0o{d(y, T2) — $(y, 2)}

for all z,y € C. Let {T™x} be a bounded sequence. Replacing z by Tz in (5.2),
we have that for any y € C and k € NU {0},

a1 (T 22, Ty) + aod(T* ', Ty) + (1 — a1 — ag)$(T*x, Ty)
+ 7 {@(Ty, T*22) — ¢(Ty, T*2)} + 9o {d(Ty, T* ' z) — (Ty, T*x)}
< Big(TH 2w, y) + Bod(TH i, y) + (1 — B — Ba) (T, y)
(5.3) +01{(y, T"x) — ¢y, T"2)} + 62{(y, T" ') — By, T"x)}
= BT %z, Ty) + (Ty,y) + 2(T" 2w — Ty, JTy — Jy)}
+ Bo{d(T" ', Ty) + ¢(Ty, y) + 2T a — Ty, JTy — Jy)}
+ (1= B1 = B){o(T 2, Ty) + ¢(Ty,y) + 2(T"x — Ty, JTy — Jy)}
+01{o(y, TFx) — d(y, T"2)} + 62{d(y, T"'x) — ¢y, TFx)}.
This implies that
0 < (81— a){¢(T"x, Ty) — ¢(T"z, Ty)}
+ (B2 — ax){(T* 2, Ty) — §(T"2, Ty)} + &(Ty, y)
+ 2B T 20 + BT + (1= By — Bo) T x — Ty, JTy — Jy)
—{6(Ty, T*z) — ¢(Ty, T*2)} — 2 {d(Ty, T 'x) — (Ty, T )}
(5.4) +01{o(y, T"x) — ¢y, T"2)} + 62 {(y, T" ) — Py, T"x)}
= (B1 — ) {$(T"?a, Ty) — ¢(T"x, Ty)}
+ (B2 — ) { (T2, Ty) — ¢(T 2, Ty)} + (Ty, y)
+ 2T*x — Ty + B1(TF 22 — TFx) + Bo(TH o — T*x), JTy — Jy)
—1{o(Ty, Tk+233) — ¢(Ty, Tka:)} —y2{o(Ty, Tk+13:) — ¢(Ty, Tk:c)}
+0{p(y, T" ) — d(y, T"x)} + bo{d(y, T" ') — Py, T"x)}.
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Summing up these inequalities (5.4) with respect to k =0,1,...,n—1 and deviding
by n, we have that

0< %(ﬁl — o) {¢(T" e, Ty) + ¢(T"x, Ty) — $(Tx, Ty) — d(x, Ty)}

(B2~ ) {8(T", Ty) — 6(a, Ty)} + 9(Tyy)
+2(Spx — Ty, JTy — Jy)

(5.5) + %</)’1 (T e+ T'e — Ta — x) + Bo(T"z — 2), JTy — Jy)
= LTy, ) + 6(Ty, T"2) — §(Ty, Tx) — §(Ty, )}
- 2{o(1y, 12) - 9(Ty. )}
+ Mo, T ) + 605, T70) — 6y, T2) — 6y, 2))

+ %{(ﬁ(ya an) - ¢(y7$)}7

where S,z = %ZZ;& T*x. Since {S,,z} converges weakly to a point u, we obtain
that

(5.6) 0<¢(Ty,y) +2(u—Ty,JTy — Jy),

as n; — oo in (5.5). Using (2.3), we obtain
0<¢(Ty,y) +2(u—Ty, JTy — Jy)
(5.7) =¢(Ty,y) + d(u,y) + ¢(Ty, Ty) — d(u, Ty) — d(T'y,y)

= o(u,y) — o(u, Ty).
Hence ¢(u, Ty) < ¢(u,y) and then u € A(T). Additionally, assume that E is strictly
convex and C'is closed and convex. Since {S,,x} C C and {S,,z} converges weakly
to a point u, then u € C because C is weakly closed. Putting y = u in (5.6), we
obtain

0 < p(Tu,u) +2(u—Tu, JTu — Ju)

= —¢(u, Tu).
Hence ¢(u,Tu) = 0. Since F is strictly convex, we have u € F(T'). This completes
the proof. O

Lemma 5.4. Let E be a uniformly convex and smooth Banach space. Let C be a
nonempty subset of E and let T : C'— C be a mapping such that B(T) # 0. Then,
there erists a unique sunny generalized nonexpansive retraction R of E onto B(T).
Furthermore, for any x € C, lim,_oc RT"x exists in B(T).

Proof. We have from Lemmas 4.1 and 4.2 that B(T) is closed and JB(T) is closed
and convex. Then from Lemmas 2.5 and 2.3 , there exists a unique sunny generalized
nonexpansive retraction R of E onto B(T'). From Lemma 2.4, we know that

(5.9) 0<(v—Rv,JRv—Ju), YueB(T), veC.
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We have from (5.9) and (2.3) that
0 <2(v— Rv,JRv— Ju)

= ¢(v,u) + ¢(Rv, Rv) — ¢(v, Rv) — ¢(Rv,u)

= ¢(v,u) — ¢(v, Rv) — ¢(Rv, u).
Hence we have that
(5.10) ¢(Rv,u) < ¢(v,u) — ¢(v, Rv), Yue€ B(T), veC.
Since ¢(T'z,u) < ¢(z,u) for any u € B(T) and z € C, it follows that

o(T"z, RT"x) < ¢(T"x, RT™ )
< ¢(T" o, RT 12).

Hence the sequence ¢(T"x, RT"x) is nonincreasing. Putting v = RT"x and v =
T™z with n < m in (5.10), we have from Lemma 2.2 that

g(|RT™z — RT"x||) < ¢(RT™z, RT"x)
< Tz, RT"x) — (T x, RT™x)
< ¢(T"z, RT"x) — ¢(T™x, RT"x),

where ¢ is a strictly increasing, continuous and convex real-valued function with
g(0) = 0. From the properties of g, {RT"x} is a Cauchy sequence. Therefore
{RT"™z} converges strongly to a point ¢ € B(T'). This completes the proof. O

Using Lemmas 5.2, 5.3 and 5.4, we prove the following nonlinear ergodic theorem
for 2-generalized nonspreading mappings in a Banach space.

Theorem 5.5. Let E be a uniformly convex Banach space with a Fréchet differen-
tiable norm and let C be a nonempty subset of E. Let T : C — C be a 2-generalized
nonspreading mapping such that A(T) = B(T) # 0 and let Rpry be the sunny
generalized nonexpansive retraction of E onto B(T'). Then for any x € C,

1 n—1
Snx = - Z Tk
k=0
converges weakly to zo € A(T), where zp = lim;, o0 RpryT"x. Additionally, if C is

closed and convex, then {Spx} converges weakly to zo € F(T).

Proof. Let z € C. Since A(T) is nonempty, the sequence {T"x} is bounded. So,
{Snx} is bounded. We know from Theorem 5.2 that the set

N co{T* "z : n € N} N A(T)

consists of one point. To prove that {S,z} converges weakly to a point zy in A(T),
it is sufficient to show that if S,,,2 — v, then v € A(T) and

v e NE eo{T* "z :n e N}.
From Lemma 5.3, we have that v € A(T"). Next, we show that

v e N eo{T* "z :n e N}.
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Fix k € N. We have that for any n; € N with n; > k + 1,

1 n; — (k+1) 1 -
Sp.x = — Tx+---+TF ‘ : T 4. o),
i T ni(x—i— T4+ 1) + p ni—(k+1)( T4+ )
Thus from S,z — v, we have
1
m—(k+1)( )

and hence v € c{T**"z : n € N}. Since k € N is arbitrary, we have that v €
N2 co{T**"z : n € N}. Therefore {S,x} converges weakly to a point zg of A(T).
Additionally, assume that F is strictly convex and C' is closed and convex. Then
29 € C because C is weakly closed. From ¢(Tzp,20) < ¢(z0,20) = 0, we have
#(Tz0,20) = 0 and hence 29 € F(T'). Therefore {S,x} converges weakly to zy €
F(T).

We have from Lemma 5.4 that there exists the sunny generalized nonexpansive
retraction R = Rp() of E onto B(T) and {RT™z} converges strongly to a point
q € B(T). Rewriting the characterization of the retraction R, we have that

0< <Tka: — RT%z, JRT"*z — Ju> . Vue B(T)
and hence
<Tk:1: — RT*z, Ju — Jq> < <Tkac — RT*z, JRT"2 — Jq>

< ||T*x — RT"z|| - ||JRT*x — Jq||
< K| JRT"z — Jq|,

where K is an upper bound for ||T%2z — RT*z|. Summing up these inequalities for

k=0,1,...,n— 1 and deviding by n, we arrive to
ln—l Kn—l
Spz— =Y RT*z,Ju—Jg) < — JRT*z — J
(S0 S mrta ru ) < 25 ot - )

where S,x = % Zz;é T*zx. Letting n — oo and remembering that .J is continuous,
we get that

(20— ¢, Ju— Jq) < 0.

This holds for any u € B(T'). Putting u = zp, we have (zg — ¢, Jzp — Jq) < 0. Since
J is monotone, we have (zy — ¢, Jzo — Jq) = 0. Since E is strictly convex, we have
Zp = q. Thus 2o = limy, 00 Rp()T"z. U

Since a generalized nonspreading mapping is a 2-generalized nonspreading map-
ping, from Theorem 5.5 we can obtain the following nonlinear ergodic theorem
obtained by Lin and Takahashi [20] in a Banach space.

Theorem 5.6. Let E be a uniformly convex Banach space with a Fréchet differen-
tiable norm and let C be a nonempty subset of E. Let T : C — C be a generalized
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nonspreading mapping such that A(T) = B(T) # 0. Let R be the sunny generalized
nonexpansive retraction of E onto B(T). Then, for any x € C,

1 n—1
Snx = - kZOTkx

converges weakly to zo € A(T), where zyp = lim,_oo RT"x. Additionally, if C is
closed and convez, then {Spx} converges weakly to zo € F(T).

Furthermore, using Theorem 5.5, we have the nonlinear ergodic theorem obtained
by Lin and Takahashi [21] in a Hilbert space.

Theorem 5.7 (Lin and Takahashi [21]). Let H be a real Hilbert space and let C
be a nonempty subset of H. Let T" be a 2-generalized hybrid mapping from C' into
itself. Let {v,} and {b,} be sequences defined by

1 n
v1 € C, vpy1 =Top, by = n;%

for all n € N. If A(T) # 0 , then {b,} converges weakly to uyg € A(T), where
Uy = nh_)rglo Pyryvn.

Proof. Putting 71 = 72 = 0,81 = 62 = 0 and ¢(z,y) = ||z — y|? in (3.2), we obtain
that for any z,y € C,

ar|T?z~Tyl| + az|| Tz — Ty|* + (1 — a1 — az)l|lz — Ty||?
< Bill Tz — y||* + Bal|Ta — yl* + (1 = B1 = Ba) = — |-

So, a 2-generalized nonspreading mappings is a 2-generalized hybrid mappings in
the sense of Maruyama, Takahashi and Yao [24]. Furthermore, it is obvious that
A(T) = B(T). It follows from Lemma 3.1 that A(T) is nonempty, closed and convex.
Hence, there exists the metric projection of H onto A(T"). In a Hilbert, the metric
projection of H onto A(T) is equivalent to the sunny generalized nonexpansive
retraction of £ onto B(T'). So, we have the desired result from Theorem 5.5. [

As in the proof of Theorem 5.5, we have the nonlinear ergodic theorem obtained
by Takahashi, Wong and Yao [32].

Theorem 5.8. Let E be a uniformly convex Banach space with a Fréchet differ-
entiable norm and let C' be a nonempty closed convexr sunny generalized nonexpan-
sive retract of E. Let T : C — C be a 2-generalized nonspreading mapping with
F(T) # 0 such that ¢(Tx,u) < ¢(z,u) for allz € C and uw € F(T). Let R be the

sunny generalized nonexpansive retraction of E onto F(T). Then, for any x € C,

1 n—1
Spx = — F
'nT - ZT T
k=0
converges weakly to zy € F(T), where zo = lim,,_,oo RT"x.

Proof. Since there exists a sunny generalized nonexpansive retraction of E onto C,
we have from Lemma 2.5 that JC' is closed and convex. Since F is a smooth, strictly
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convex and reflexive and C' is closed and convex, we have from Lemma 5.2 that for
any x € C,

N e@o{T** "z : n € N} N F(T)

consists of one point zy, where zg is the mean vector of {T"x} for any Banach limit
w. Thus {S,z} converges weakly to zp € F(T). Furthermore, we know from Lemma
2.8 that there exists a sunny generalized nonexpansive retraction of E onto F(T').
Thus as in the proof of Lemma 5.4, we have that zg = lim,,_,oc RT"z. O
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