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(b) It is clear that Cα(X) = C1−α(X) for every α ∈ [0, 1].
(c) Cα(X) = 1 for α ∈ (0, 1) if and only if X is a Hilbert space.

Proof. (a) and (b) are obvious.
Proof of (c).
Suppose that Cα(X) = 1 for α ∈ (0, 1), then for x, y ∈ X, ∥αx + (1 − α)y∥2 +

α(1 − α)∥x− y∥2 ≤ α∥x∥2 + (1 − α)∥y∥2. Let u = αx + (1 − α)y and v = αx− αy.
Then we have ∥αu+ (1−α)v∥2 +α(1−α)∥u− v∥2 ≤ α∥u∥2 + (1−α)∥v∥2; that is,

α2∥x∥2 + α(1 − α)∥y∥2 ≤ α∥αx + (1 − α)y∥2 + α2(1 − α)∥x− y∥2,

hence by lemma 1.1 X is a Hilbert space.
If X is a Hilbert space, by lemma 1.1 is clear that Cα(X) = 1. �

The following lemma will be useful for calculating Cα(X∗).

Lemma 1.6. Let X be a Banach space and α ∈ (0, 1). Let Z = X × X equipped
with the norm ∥(x, y)∥2Z = α∥x∥2X + (1 − α)∥y∥2X , and in X∗ ×X∗ consider

(1.1) ∥(f, g)∥2 =
∥f∥2X∗

α
+

∥g∥2X∗

1 − α
.

Then ∥ · ∥ defines the dual norm of Z.

Proof. Using Lagrange multipliers it is easy to see that the function F : R2 → R
given by F (u, v) = (au+ bv)2 subject to the condition αu2 + (1−α)v2 = 1, attains
its maximum at a point (u0, v0) and

(1.2) F (u0, v0) =
a2

α
+

b2

1 − α
.

Let X be a Banach space, α ∈ (0, 1), Z = X × X as in the hypothesis and
f, g ∈ X∗. By definition

∥(f, g)∥Z∗ = sup
{
|f(x) + g(y)| : α∥x∥2X + (1 − α)∥y∥2X = 1

}
.

Let x, y ∈ X be such that α∥x∥2X + (1 − α)∥y∥2X = 1. By (1.2):

|f(x) + g(x)|2 ≤ (∥f∥X∗∥x∥X + ∥g∥X∗∥y∥X)2 ≤
∥f∥2X∗

α
+

∥g∥2X∗

1 − α
,

hence ∥(f, g)∥Z∗ ≤ ∥(f, g)∥.
Let ε > 0 and x0, y0 ∈ SX be such that f(x0) = (1 − ε)∥f∥X∗ and g(y0) =

(1 − ε)∥g∥X∗ and let

x = x0

√(
1 − α

α

)
∥f∥2X∗

(1 − α)∥f∥2X∗ + α∥g∥2X∗
= Ax0,

y = y0

√(
α

1 − α

)
∥g∥2X∗

(1 − α)∥f∥2X∗ + α∥g∥2X∗
= By0.
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Then

|f(x) + g(y)|2 =
∣∣∣A(1 − ε)∥f∥ + B(1 − ε)∥g∥

∣∣∣2
=

(1 − ε)2

(1 − α)∥f∥2 + α∥g∥2

∣∣∣∣∣
√

1 − α

α
∥f∥2 +

√
α

1 − α
∥g∥2

∣∣∣∣∣
2

=
(1 − ε)2

α(1 − α)((1 − α)∥f∥2 + α∥g∥2)
[
(1 − α)2∥f∥4 + 2α(1 − α)∥f∥2∥g∥2 + α2∥g∥4

]
=

(1 − ε)2

α(1 − α)

[
(1 − α)∥f∥2 + α∥g∥2

]
= (1 − ε)2

[
∥f∥2

α
+

∥g∥2

1 − α

]
,

which proves the equality. �

Proposition 1.7. For every Banach space X and α ∈ [0, 1], Cα(X) = Cα(X∗).

The proof is similar to Kato’s and Takahashi’s, when they showed that CNJ(X) =
CNJ(X∗) [10].

Proof. Let X be a Banach space. If α = 0 or α = 1, the equality holds trivially.
Suppose that α ∈ (0, 1). Let Z = X ×X as in the previous lemma.

Define the linear operator L : Z → Z as L(x, y) = (αx + (1 − α)y, αx − αy) for
any (x, y) ∈ Z. Let (x, y) ∈ Z, then

∥L(x, y)∥2Z ≤ ∥L∥2∥(x, y)∥2Z = ∥L∥2(α∥x∥2X + (1 − α)∥y∥2X)

and this happens if and only if

α(∥αx + (1 − α)y∥2X + α(1 − α)∥x− y∥2X)

α∥x∥2X + (1 − α)∥y∥2X
≤ ∥L∥2.

Taking the supremum over x, y ∈ X we obtain αCα(X) ≤ ∥L∥2.
Now take ε > 0 and x, y ∈ X such that ∥L(x, y)∥2Z/∥(x, y)∥2Z > ∥L∥2 − ε. Then

∥L∥2 − ε <
α(∥αx + (1 − α)y∥2X + α(1 − α)∥x− y∥2X)

α∥x∥2X + (1 − α)∥y∥2X
≤ αCα(X).

Hence ∥L∥2 = αCα(X) = ∥Lt∥2 where Lt is the transpose of L, given by
Lt(f, g) = (αf + αg, (1 − α)f − αg) for every f, g ∈ X∗. Thus

∥Lt(f, g)∥2Z∗

∥(f, g)∥2Z∗
≤ ∥L∥2 = αCα(X).

By (1.1) we have:

1

α

∥Lt(f, g)∥2Z∗

∥(f, g)∥2Z∗
=

1

α

∥αf+αg∥2
X∗

α +
∥(1−α)f−αg∥2

X∗
1−α

∥f∥2
X∗
α +

∥g∥2
X∗

1−α

=
α(1 − α)∥f + g∥2X∗ + ∥(1 − α)f − αg∥2X∗

(1 − α)∥f∥2X∗ + α∥g∥2X∗
≤ Cα(X).
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Observe that

Cα(X∗) = sup

{
∥αf + (1 − α)g∥2X∗ + α(1 − α)∥f − g∥2X∗

α∥f∥2X∗ + (1 − α)∥g∥2X∗
: f, g ∈ X∗

}
= sup

{
∥(1 − α)f − αg∥2X∗ + α(1 − α)∥f + g∥2X∗

(1 − α)∥f∥2X∗ + α∥g∥2X∗
: f, g ∈ X∗

}
,

hence

Cα(X∗) ≤ Cα(X).

For the other inequality, let us take (f, g) ∈ Z∗ such that

∥Lt(f, g)∥2Z∗

∥(f, g)∥2Z∗
> ∥Lt∥2 − εα = αCα(X) − εα,

that is

Cα(X) − ε <
α(1 − α)∥f + g∥2X∗ + ∥(1 − α)f − αg∥2X∗

(1 − α)∥f∥2X∗ + α∥g∥2X∗
≤ Cα(X∗),

and we conclude Cα(X) ≤ Cα(X∗). �

In order to be able to calculate the value of Cα(X) we will introduce the following
function, which is similar to a function defined by Yang and Wang [12]:

η(α, t) = sup
{
∥αx + (1 − α)ty∥2 + α(1 − α)∥x− ty∥2 : x, y ∈ SX

}
.

It follows immediately that η(α, t) = φ(1 − α, t). We now list some useful prop-
erties of η:

Lemma 1.8. (a) For every α ∈ [0, 1], η(α, 0) = α.
(b) If we take y = x ∈ SX , we obtain η(α, t) ≥ α+ (1−α)t2 ≥ α for any α ∈ [0, 1]

and any t ∈ [0, 1]. In particular for every α, η(α, 1) ≥ 1.
(c) By the triangle inequality, we have η(α, t) ≤ (α+(1−α)t)2+α(1−α)(1+t)2 =

α + (1 − α)t2 + 4α(1 − α)t for any α ∈ [0, 1] and any t ∈ [0, 1]. In particular
η(α, 1) ≤ 1 + 4α(1 − α) ≤ 2.

Moreover the function η is continuous and convex.

Proposition 1.9. Let X be a Banach space and α ∈ [0, 1]. Let us consider η(α, t)
as a function of the variable t. Then η is a continuous function on [0, 1) and is
convex and nondecreasing on [0, 1].

Proof. Let 0 ≤ t1 < t2 ≤ 1 and β ∈ [0, 1]. Since x = βx + (1 − β)x and considering
that h(x) = x2 is a convex function, for any x, y ∈ SX

∥αx + (1 − α)(βt1 + (1 − β)t2)y∥2 + α(1 − α)∥x− (βt1 + (1 − β)t2)y∥2

≤ (β∥αx + (1 − α)t1y∥ + (1 − β)∥αx + (1 − α)t2y∥)2

+ α(1 − α) (β∥x− t1y∥ + (1 − β)∥x− t2y∥)2

≤β∥αx + (1 − α)t1y∥2 + (1 − β)∥αx + (1 − α)t2y∥2

+ α(1 − α)
(
β∥x− t1y∥2 + (1 − β)∥x− t2y∥2

)
≤βη(α, t1) + (1 − β)η(α, t2).
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Thus, η is a convex function on [0, 1] and is continuous on (0, 1). By lemma 1.8 (c),
η(α, 0) = α and

0 ≤ η(α, t) − η(α, 0) ≤ (1 − α)t2 + 4α(1 − α)t.

We conclude lim
t→0

(η(α, t) − η(α, 0)) = 0.

Since η is a convex function on [0, 1], in order to prove that η is nondecreasing, it
is enough to show that η(α, t) ≥ η(α, 0) for every t ∈ [0, 1], and this is true, because
η(α, 0) = α and η(α, t) ≥ α for every t ∈ [0, 1], by lemma 1.8 (b). �

We have the following lemma:

Lemma 1.10. Let X be a Banach space and α ∈ (0, 12 ]. Then

sup
t∈[0,1]

η(1 − α, t)

αt2 + (1 − α)
≤ sup

t∈[0,1]

η(α, t)

α + (1 − α)t2
.

Proof. Let X be a Banach space and w, z ∈ SX , t ∈ [0, 1]. Note that α
1−α ≤ 1.

Then

∥αtz + (1 − α)w∥2 + α(1 − α)∥tz − w∥2

(1 − α) + αt2

=

∥∥∥αw + (1 − α) αt
1−α(−z)

∥∥∥2 + α(1 − α)
∥∥∥w − αt

1−α(−z)
∥∥∥2

α + (1 − α)
(

αt
1−α

)2
≤

η(α, αt
1−α)

α + (1 − α)
(

αt
1−α

)2 ≤ sup
s∈[0,1]

η(α, s)

α + (1 − α)s2
.

Taking the supremum over z, w ∈ SX and then the supremum over t ∈ [0, 1], we
have the desired inequality. �

Now we can state the following characterization of Cα(X):

Lemma 1.11. Let X be a Banach space and α ∈ (0, 12 ]. Then

Cα(X) = sup
t∈[0,1]

η(α, t)

α + (1 − α)t2
.

Proof. Let X be a Banach space and α ∈ (0, 12 ].
Let x, y ∈ SX and t ∈ [0, 1]. By definition of Cα(X)

sup
t∈[0,1]

η(α, t)

α + (1 − α)t2
= sup

t∈[0,1]

{
∥αx + (1 − α)ty∥2 + α(1 − α)∥x− ty∥2

α + (1 − α)t2

}
≤ Cα(X).
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Let x, y ∈ X and suppose first that ∥x∥ ≥ ∥y∥ > 0, then

∥αx + (1 − α)y∥2 + α(1 − α)∥x− y∥2

α∥x∥2 + (1 − α)∥y∥2

=

∥∥∥α x
∥x∥ + (1 − α) ∥y∥∥x∥

y
∥y∥

∥∥∥2 + α(1 − α)
∥∥∥ x
∥x∥ − ∥y∥

∥x∥
y

∥y∥

∥∥∥2
α + (1 − α)

(
∥y∥
∥x∥

)2
≤

η(α, ∥y∥∥x∥)

α + (1 − α)
(
∥y∥
∥x∥

)2 ≤ sup
t∈[0,1]

η(α, t)

α + (1 − α)t2
.

Now suppose that ∥y∥ ≥ ∥x∥ > 0; by lemma 1.10

∥αx + (1 − α)y∥2 + α(1 − α)∥x− y∥2

α∥x∥2 + (1 − α)∥y∥2

=

∥∥∥α∥x∥
∥y∥

x
∥x∥ + (1 − α) y

∥y∥

∥∥∥2 + α(1 − α)
∥∥∥∥x∥
∥y∥

x
∥x∥ − y

∥y∥

∥∥∥2
α
(
∥x∥
∥y∥

)2
+ (1 − α)

≤
η(1 − α, ∥x∥∥y∥ )

α
(
∥x∥
∥y∥

)2
+ (1 − α)

≤ sup
t∈[0,1]

η(1 − α, t)

αt2 + (1 − α)
≤ sup

t∈[0,1]

η(α, t)

α + (1 − α)t2
.

Note that if x = 0 or y = 0, then the same inequality holds, because for t = 0 we

have η(α,0)
α = 1. Taking the supremum over x, y ∈ X,

Cα(X) ≤ sup
t∈[0,1]

η(α, t)

α + (1 − α)t2
.

�
Corollary 1.12. Let X be a Banach space and α ∈ [0, 1]. Then 1 ≤ Cα(X) ≤
1 + 2

√
α(1 − α).

Proof. For α = 0 or α = 1 we have equality. Let us consider α ∈ (0, 1/2]. Using
lemma 1.8 and remark 1.4:
(1.3)

1 ≤ η(α, t)

α + (1 − α)t2
≤ (α + (1 − α)t)2 + α(1 − α)(1 + t)2

α + (1 − α)t2
= f(t) ≤ 1 + 2

√
α(1 − α).

By the previous lemma and by lemma 1.5 (b), we conclude that for α ∈ (0, 1),

1 ≤ Cα(X) ≤ 1 + 2
√

α(1 − α). �
The lower bound for Cα(X) is attained by Hilbert spaces. The upper bound is

also attained by Banach spaces which are not uniformly nonsquare, as we will see
in proposition 1.16.

James introduced in [8] the concept of uniform nonsquare spaces:

Definition 1.13. A Banach space X is uniformly nonsquare if there is ε ∈ (0, 1)
such that for any x, y ∈ SX , min {∥x + y∥, ∥x− y∥} ≤ 2(1 − ε).
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It is known that Hilbert spaces are uniformly nonsquare, but the space ℓ1 is not
uniformly nonsquare.

Lemma 1.14. Let X be a Banach space and α ∈ (0, 1). X is uniformly non-
square if and only if there is δ ∈ (0, 1) such that for any x, y ∈ SX ,
min {∥αx + (1 − α)y∥, ∥x− y∥/2} ≤ (1 − δ).

Proof. Suppose that X is uniformly nonsquare and let ε as in the definition 1.13. Let
us take x, y ∈ SX , then ∥x−y∥ ≤ 2(1−ε) or ∥x+y∥ ≤ 2(1−ε). If ∥x−y∥ ≤ 2(1−ε),
we have nothing to prove. Suppose that ∥x + y∥ ≤ 2(1 − ε); if α ∈ (0, 1/2], then

∥αx + (1 − α)y∥ = α
∥∥∥x + y +

1 − 2α

α
y
∥∥∥ ≤ α∥x + y∥ + α

1 − 2α

α
≤ 2α(1 − ε) + 1 − 2α = 1 − 2αε.

Similarly, if α ∈ [1/2, 1), we have that ∥αx + (1 − α)y∥ ≤ 1 − 2(1 − α)ε.
Suppose that there is δ ∈ (0, 1) such that min {∥αx + (1 − α)y∥, ∥x− y∥/2} ≤

(1 − δ) for any x, y ∈ SX . Let us take x, y ∈ SX . Suppose that ∥x− y∥ > 2(1 − δ)
then ∥αx + (1 − α)y∥ ≤ 1 − δ and ∥αy + (1 − α)x∥ ≤ 1 − δ. From this

∥x + y∥ = ∥αx + (1 − α)y + αy + (1 − α)x∥
≤ ∥αx + (1 − α)y∥ + ∥αy + (1 − α)x∥ ≤ 2(1 − δ).

Hence X is uniformly nonsquare. �

Proposition 1.15. Let X be a Banach space and α ∈ (0, 1), then the following
statements are equivalent:

(1) X is not uniformly nonsquare.
(2) η(α, t) = (α + (1 − α)t)2 + α(1 − α)(1 + t)2 for every t ∈ [0, 1].
(3) η(α, t0) = (α + (1 − α)t0)

2 + α(1 − α)(1 + t0)
2 for some t0 ∈ (0, 1].

Proof. (1) ⇒ (2) If X is not uniformly nonsquare, by lemma 1.14 there are sequences
{xn}, {yn} ⊂ SX such that lim

n→∞
∥αxn + (1 − α)yn∥ = 1 and lim

n→∞
∥xn − yn∥ = 2.

Let t ∈ [0, 1]; note that:

α + (1 − α)t ≥∥αxn + (1 − α)tyn∥ = ∥αxn + (1 − α)yn + (1 − α)(t− 1)yn∥
≥∥αxn + (1 − α)yn∥ − (1 − α)(1 − t).

Hence lim
n→∞

∥αxn + (1 − α)tyn∥ = α + (1 − α)t. On the other hand

1 + t ≥ ∥xn − tyn∥ = ∥xn − yn + (1 − t)yn∥ ≥ ∥xn − yn∥ − (1 − t).

From this lim
n→∞

∥xn− tyn∥ = 1 + t. Since η(α, t) ≤ (α+ (1−α)t)2 +α(1−α)(1 + t)2,

η(α, t) ≥ lim
n→∞

(
∥αxn + (1 − α)tyn∥2 + α(1 − α)∥xn − tyn∥2

)
=(α + (1 − α)t)2 + α(1 − α)(1 + t)2 ≥ η(α, t).

We conclude that for every t ∈ [0, 1], η(α, t) = (α + (1 − α)t)2 + α(1 − α)(1 + t)2.
(2) ⇒ (3) Is obvious.
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(3) ⇒ (1) Suppose that η(α, t0) = (α + (1 − α)t0)
2 + α(1 − α)(1 + t0)

2 for some
t0 ∈ (0, 1] and that X is uniformly nonsquare, then there is 0 < δ < 1 as in lemma
1.14. Let x, y ∈ SX , suppose first that ∥x− y∥ ≤ 2(1 − δ), then

∥αx + (1 − α)t0y∥2 + α(1 − α)∥x− t0y∥2 ≤(α + (1 − α)t0)
2

+ α(1 − α)∥t0x− t0y + (1 − t0)x∥2

≤(α + (1 − α)t0)
2

+ α(1 − α)(t0∥x− y∥ + (1 − t0))
2

≤(α + (1 − α)t0)
2

+ α(1 − α)(2t0(1 − δ) + (1 − t0))
2

=η(α, t0) − 4α(1 − α)δt0(1 + (1 − δ)t0).

Now suppose that ∥αx + (1 − α)y∥ ≤ 1 − δ, in this case:

∥αx + (1 − α)t0y∥2 + α(1 − α)∥x− t0y∥2 ≤∥(1 − t0)αx + t0(αx + (1 − α)y)∥2

+ α(1 − α)(1 + t0)
2

≤((1 − t0)α + t0∥αx + (1 − α)y∥)2

+ α(1 − α)(1 + t0)
2

≤((1 − t0)α + t0(1 − δ))2

+ α(1 − α)(1 + t0)
2

=η(α, t0) − δt0((2 − δ)t0 + 2α(1 − t0)).

We conclude that η(α, t0) < η(α, t0), which is a contradiction. �
Proposition 1.16. Let X be a Banach space and α ∈ (0, 1). Then X is uniformly

nonsquare if and only if Cα(X) < 1 + 2
√

α(1 − α).

Proof. Since Cα(X) = C1−α(X) for every Banach space X, it is enough to prove it
for α ∈ (0, 1/2]. If X is not uniformly nonsquare, by proposition 1.15 and by lemma
1.11

Cα(X) = sup
t∈[0,1]

(α + (1 − α)t)2 + α(1 − α)

α + (1 − α)t2
= 1 + 2

√
α(1 − α).

Suppose now that Cα(X) = 1 + 2
√

α(1 − α). By lemma 1.11 there is a sequence
{tn} ⊂ [0, 1], which we assume converges to s ∈ [0, 1] such that

lim
n

η(α, tn)

α + (1 − α)t2n
= Cα(X) = 1 + 2

√
α(1 − α).

Case 1) s ∈ [0, 1).
By proposition 1.9 since η(α, s) is continuous on [0, 1):

lim
n

η(α, tn)

α + (1 − α)t2n
=

η(α, s)

α + (1 − α)s2
= 1 + 2

√
α(1 − α),

and by (1.3)

1 + 2
√

α(1 − α) =
η(α, s)

α + (1 − α)s2
≤ f(s) ≤ 1 + 2

√
α(1 − α).
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Thus f(s) = 1 + 2
√

α(1 − α) and by remark 1.4 s =
√

α
1−α .

Since s ∈ [0, 1), α ∈ (0, 12) and

η

(
α,

√
α

1 − α

)
=2α(1 + 2

√
α(1 − α))

=

(
α + (1 − α)

√
α

1 − α

)2

+ α(1 − α)

(
1 +

√
α

1 − α

)2

,

thus by proposition 1.15, X is not uniformly nonsquare.
Case 2) s = 1.
Again by (1.3), for any n ∈ N:

(1.4)
η(α, tn)

α + (1 − α)t2n
≤ f(tn),

and this implies

1 + 2
√

α(1 − α) = lim
n

η(α, tn)

α + (1 − α)t2n
≤ lim

n
f(tn) = f(1) = 1 + 4α(1 − α)

which cannot hold for α ∈ (0, 12), because 1 + 4α(1 − α) < 1 + 2
√

α(1 − α); hence

α = 1
2 . By the equality in (1.4) we get lim

n
η(12 , tn) = 2. Therefore, since η is

nondecreasing and by lemma 1.8 (c), η(12 , t) ≤ 2, we obtain η(12 , 1) = 2 and by
proposition 1.15 we conclude that X is not uniformly nonsquare. �

Now we are going to calculate the value of Cα(X) for some spaces.

Example 1.17. Let X = ℓ2 − ℓ1 be the space R2 with the norm ∥ · ∥2,1 defined by

∥(a, b)∥2,1 =

{
∥(a, b)∥2 if ab ≥ 0

∥(a, b)∥1 if ab ≤ 0.

Then Cα(X) = 1 +
√

α(1 − α).
In order to prove this, first note that the set of extreme points of the unit ball

is E(BX) =
{

(a, b) ∈ R2 : a2 + b2 = 1, ab ≥ 0
}

. Using Krein-Milman’s theorem, we

have that η(α, t) = sup{∥αx + (1 − α)ty∥2 + α(1 − α)∥x− ty∥2 : x, y ∈ E(BX)}.
Let a, b, c, d ≥ 0, be such that a2 + b2 = c2 + d2 = 1 and let t ∈ [0, 1]. First take

x = (a, b) and y = (c, d). It is clear that ∥αx + (1 − α)ty∥2,1 = ∥αx + (1 − α)ty∥2.
If ∥x− ty∥2,1 = ∥x− ty∥2, then we have

∥αx + (1 − α)ty∥22,1 + α(1 − α)∥x− ty∥22,1 = α + (1 − α)t2.

If ∥x− ty∥2,1 = ∥x− ty∥1, then

∥αx + (1 − α)ty∥22,1 + α(1 − α)∥x− ty∥22,1
=α + (1 − α)t2 + 2α(1 − α)((ad + cb)t− ab− t2cd)

≤α + (1 − α)t2 + 2α(1 − α)t

because ad + cb ≤ 1.
If we consider x = (a, b) and y = (−c,−d), we get the same inequality.
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Thus η(α, t) ≤ α + (1 − α)t2 + 2α(1 − α)t. For x = (1, 0), y = (0, 1), we get
equality.

If 0 < α ≤ 1
2 , it can be proved that sup

t∈[0,1]
{ η(α,t)
α+(1−α)t2

} = 1 +
√

α(1 − α) = Cα(X).

Example 1.18. Let X = ℓ∞ − ℓ1 = (R2, ∥ · ∥∞,1), where:

∥x∥∞,1 =

{
∥x∥∞ if x1x2 ≥ 0,

∥x∥1 if x1x2 ≤ 0,

for x = (x1, x2) ∈ X. If 1 ≤ α ≤ 1
2 , then Cα(X) = 1 + −α+

√
4α−3α2

2 and the

maximum value is C 1
3
(X) = 4

3 .

Take α ∈ (0, 12 ]. We can see that E(BX) consists of 6 points. Using again Krein-
Milman’s theorem,

η(α, t) =

α + (1 − α)2t2 + 2α(1 − α) 0 ≤ t ≤
√

α
1−α ,

α(1 − α) + (1 − α)t2 + 2α(1 − α)
√

α
1−α ≤ t ≤ 1

thus

sup
t∈[0,1]

η(α, t) = 1 +
−α +

√
4α− 3α2

2
= Cα(X).

Example 1.19. Let us consider the ℓp spaces, for p ∈ [1, 2]. Take α ∈ (0, 1/2],
x0 = (0, 1, 0 . . . ), y0 = (1, 0, . . . ) and t ∈ [0, 1]. By definition:

Cα(ℓp) ≥
∥αx0 + (1 − α)ty0∥2p + α(1 − α)∥x0 − ty0∥2p

α∥x∥2p + (1 − α)∥ty0∥2

=
(αp + (1 − α)ptp)2/p + α(1 − α)(1 + tp)2/p

α + (1 − α)t2
= f(t),

and evaluating at t =
√

α
1−α we have

(1.5) Cα(ℓp) ≥ (αp/2 + (1 − α)p/2)2/p.

If we take p = 1 or p = 2, we have equality in (1.5) for every α ∈ (0, 1/2]. Note
also that

lim
p→1+

(αp/2 + (1 − α)p/2)2/p = 1 + 2
√
α(1 − α) = Cα(ℓ1).

If we take α = 1/2, then C1/2(ℓp) = CNJ(ℓp) ≥ 22/p−1, in fact, the equality was
proved by Clarkson (see [2]).

1.1. Some applications to fixed point theory. Applying some of the previous
results, we want to study the existence of fixed points for k-Lipschitzian rotative
mappings:

Definition 1.20. Let C ⊂ X be a subset of a Banach space X and T : C → C. We
say that T is a Lipschitzian mapping if there is k > 0 such that ∥Tx−Ty∥ ≤ k∥x−y∥
for any x, y ∈ C and we will write T ∈ L (k). If k0 is the minimum number such
that T ∈ L (k) we will write T ∈ L0(k0). If T ∈ L (1) we will say that T is
nonexpansive.
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Definition 1.21. Let T : C → C where C is a nonempty, closed and convex subset
of a Banach space X. We will say that T is an (a, n) rotative mapping if 0 ≤ a < n
and for any x ∈ C, ∥x− Tnx∥ ≤ a∥x− Tx∥. If T is an (a, n) rotative mapping for
some n ∈ N and some a < n, we will say that T is a rotative mapping. If a = 0, we
will say that T is an n-periodic mapping.

In 1981 K. Goebel and M. Koter, proved the following, see [4] and [5]:

Theorem 1.22. If C is a nonempty, closed and convex subset of a Banach space,
then any nonexpansive and rotative mapping T : C → C has a fixed point.

Let us define the following:

γXn (a) = inf{k : ∃C ⊂ X,T : C → C, (a, n) − rotative, T ∈ L0(k),Fix(T ) = ∅},

where C is a nonempty, closed and convex subset of a Banach space X. If a = 0,
we will write γXn instead of γXn (0).

In [3, pp.179-180] it was shown that for any 0 ≤ a < n, γXn (a) > 1. The exact
value of γXn (a) is unknown, even more, it is not known if is bounded.

The next lemma and its proof are similar to a result by J. Górnicki and K. Pupka
in [7].

Lemma 1.23. Let X be a Banach space and T : X → X a continuous function. If
there are 0 < A < 1, B > 0 and {un}∞n=0 ⊂ X such that for n ≥ 1

d(Tun, un) ≤ Ad(Tun−1, un−1)

and

d(un, un−1) ≤ B d(Tun−1, un−1),

then z = lim
n→∞

un is a fixed point of T .

Proposition 1.24. Let X be a Banach space. Then

γX2 ≥
√

5

C1/2(X)
.

Proof. Let X be a Banach space, C a nonempty, closed and convex subset of X and
α = 1/2. Let T : C → C be a k-Lipschitzian and 2-periodic mapping. For x ∈ C
let us define u(x) = αx+ (1−α)Tx, using the definition of Cα(X) we have that for
every u, v ∈ X, ∥αu+(1−α)v∥2 ≤ Cα(X)(α∥u∥2 +(1−α)∥v∥2)−α(1−α)∥u−v∥2.
Then we have:

∥x− Tu(x)∥ = ∥T 2x− Tu(x)∥ ≤ k∥u(x) − Tx∥ = αk∥x− Tx∥

and

∥Tx− Tu(x)∥ ≤ k∥u(x) − x∥ = (1 − α)k∥x− Tx∥.
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Hence

∥u(x) − Tu(x)∥2 =∥α(x− Tu(x) + (1 − α)(Tx− Tu(x)))∥2

≤Cα(X)
(
α∥x− Tu(x)∥2 + (1 − α)∥Tx− Tu(x)∥2

)
− α(1 − α)∥x− Tx∥2

≤
{
Cα(X)

[
α3 + (1 − α)3

]
k2 − α(1 − α)

}
∥x− Tx∥2

=

{
C 1

2
(X)

[
k2

4

]
− 1

4

}
∥x− Tx∥2.

If we set un = un(x) for n ∈ N and u0 = x, applying lemma 1.23, if C1/2(X)
[
k2/4

]
−1/4 < 1 or equivalently if k <

√
5

C1/2(X) , then Fix(T ) ̸= ∅. �

From the above, if we consider a Banach space X such that 1 ≤ C1/2(X) < 5
4 ,

then γX2 > 2, improving in this case the bound obtained by K. Goebel and E.
Z lotkiewicz [6] in 1971 who proved that for every Banach space X, γX2 ≥ 2.

Proposition 1.25. Let X be a Banach space and α = 0. 346. If 1 ≤ Cα(X) <
1. 1136 then γX3 > 1. 3821.

Proof. Let X be a Banach space, C a nonempty, closed and convex subset of X and
T : C → C, T ∈ L (k), T 3 = Id. For x ∈ C, define

x0 = x ∈ C,

x1 = αx0 + (1 − α)Tx0,

x2 = αx0 + (1 − α)Tx1.

By definition of Cα(X) we get

∥x2 − Tx2∥2 =∥α(x0 − Tx2) + (1 − α)(Tx1 − Tx2)∥2

≤Cα(X)
(
α∥x0 − Tx2∥2 + (1 − α)∥Tx1 − Tx2∥2

)
− α(1 − α)∥x0 − Tx1∥2

≤Cα(X)
(
αk2∥T 2x0 − x2∥2 + (1 − α)k2∥x1 − x2∥2

)
− α(1 − α)∥x0 − Tx1∥2

≤Cα(X)(αk2∥α(x0 − T 2x0) + (1 − α)(Tx1 − T 2x0)∥2

+ (1 − α)5k4∥x0 − Tx0∥2) − α(1 − α)∥x0 − Tx1∥2.
Also

∥α(x0−T 2x0) + (1 − α)(Tx1 − T 2x0)∥2

≤Cα(X)(α∥x0 − T 2x0∥2 + (1 − α)∥Tx1 − T 2x0∥2) − α(1 − α)∥x0 − Tx1∥2

≤Cα(X)(αk4∥Tx0 − x0∥2 + (1 − α)k2α2∥x0 − Tx0∥2) − α(1 − α)∥x0 − Tx1∥2,
hence

∥x2 − Tx2∥2 ≤α2k6Cα(X)2∥x0 − Tx0∥2 + α3(1 − α)k4Cα(X)2∥x0 − Tx0∥2

+ (1 − α)5k4Cα(X)∥x0 − Tx0∥2

− α(1 − α)[αk2Cα(X) + 1]∥x0 − Tx1∥2.
(1.6)
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Now, let us consider

∥x1 − Tx1∥2 =∥α(x0 − Tx1) + (1 − α)(Tx0 − Tx1)∥2

≤αCα(X)∥x0 − Tx1∥2 + (1 − α)3k2Cα(X)∥x0 − Tx0∥2

− α(1 − α)∥x0 − Tx0∥2.

Suppose that for some ε, ∥x1 − Tx1∥2 ≥ (1 − ε)∥x0 − Tx0∥2, then

−α∥x0 − Tx1∥2 ≤
−(1 − ε) + (1 − α)3k2Cα(X) − α(1 − α)

Cα(X)
∥x0 − Tx0∥2.

This together with inequality (1.6) gives:

∥x2 − Tx2∥2 ≤[α2k6Cα(X)2 + α3(1 − α)k4Cα(X)2 + (1 − α)5k4Cα(X)

+ α(1 − α)k2(−(1 − ε) + (1 − α)3k2Cα(X) − α(1 − α))

+
1 − α

Cα(X)
(−(1 − ε) + (1 − α)3k2Cα(X) − α(1 − α))]∥x0 − Tx0∥2.

Let y0 = x. Suppose we have y0, . . . , ym. Let y0m = ym and yim = αym + (1 −
α)Tyi−1

m , for i = 1, 2.
If ∥y1m − Ty1m∥2 < (1 − ε)∥ym − Tym∥2, we take ym+1 = y1m; if ∥y1m − Ty1m∥2 ≥

(1 − ε)∥ym − Tym∥2, let ym+1 = y2m.
Thus, by lemma 1.23, {ym} converges to a fixed point of T , provided that

α2k6Cα(X)2 + α3(1 − α)k4Cα(X)2 + (1 − α)5k4Cα(X) − α(1 − α)k2

+α(1 − α)4k4Cα(X) − α2(1 − α)2k2 − 1 − α

Cα(X)
+ (1 − α)4k2 − α(1 − α)2

Cα(X)
< 1.

(1.7)

For Cα(X) = 1 the best solution with this method is for α = 0.346. Taking this α
and if X is such that 1 ≤ Cα(X) < 1. 1136, the last inequality holds for k < k0(X),
where k0(X) > 1. 3821, that is, for these spaces X, γX3 ≥ k0(X) > 1. 3821 which
improves in this case the bound given by J. Górnicki and K. Pupka ([7]) for general
Banach spaces. �

Instead of using Cα(X) one could also work with the following constant:
Let X be a Banach space and α ∈ (0, 1). We define

Dα(X) =

sup

{
∥αx + (1 − α)y∥2 + ∥αx− (1 − α)y∥2 + α(1 − α)∥x− y∥2 + α(1 − α)∥x + y∥2

2(α∥x∥2 + (1 − α)∥y∥2)

}
where the supremum is taken over x, y ∈ X no both zero.

Dα(X) has the following properties which are obtained similarly to those of
Cα(X).

(1) For α ∈ (0, 1), D1−α(X) = Dα(X) ≤ Cα(X).
(2) D1/2(X) = CNJ(X).

(3) 1 ≤ Dα(X) ≤ 1 + 2
√

α(1 − α).
(4) If H is a Hilbert space, then Dα(H) = 1.

(5) X is uniformly nonsquare if and only if Dα(X) < 1 + 2
√

α(1 − α).
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Let α ∈ (0, 1) and t ∈ [0, 1]. We define

φ(α, t) =
1

2
sup

x,y∈SX

{
∥αx + (1 − α)ty∥2 + ∥αx− (1 − α)ty∥2

+α(1 − α)(∥x− ty∥2 + ∥x + ty∥2)
}
.

Proposition 1.26. Let α ∈ (0, 1). The function φ(α, t) of the variable t is contin-
uous on [0, 1) and is convex and nondecreasing on [0, 1].

Corollary 1.27. Let X be a Banach space and α ∈ (0, 1/2]. Then

Dα(X) = sup
t∈[0,1]

φ(α, t)

α + (1 − α)t2
.

The problem of this constant is that we don’t know if Dα(X) = Dα(X∗) or if
there is a Banach space X which is not a Hilbert space with Dα(X) = 1. However
in this case we were able to calculate Dα(ℓp) for p ≥ 2.

Example 1.28. Let p ≥ 2 and α ∈ (0, 1/2]. Then

Dα(ℓp) =

((√
1 − α +

√
α
)p

+
(√

1 − α−
√
α
)p

2

)2/p

.

Proof. We will use Clarkson’s inequality (see [1]): for p ≥ 2 and x, y ∈ ℓp

∥x + y∥p + ∥x− y∥p ≤ (∥x∥ + ∥y∥)p + |(∥x∥ − ∥y∥)|p.

Using this inequality and the definition of φ(α, t) we have that for α ∈ (0, 1/2], t ∈
[0, 1] and x, y ∈ ℓp with ∥x∥ = ∥y∥ = 1:

1

2

(
∥αx + (1 − α)yt∥2 + ∥αx− (1 − α)yt∥2 + α(1 − α)(∥x− yt∥2 + ∥x + yt∥2)

)
≤21−2/p

2
((α + (1 − α)t)p + |α− (1 − α)t|p + α(1 − α)((1 − t)p + (1 + t)p)) = h(t).

Hence, φ(α, t) ≤ h(t). If one take x = (1/21/p, 1/21/p, 0, . . . ) and y = (1/21/p,−1/21/p,
0, . . . ) we have the equality, thus φ(α, t) = h(t) and

Dα(ℓp) = sup
t∈[0,1]

φ(α, t)

α + (1 − α)t2
= sup

t∈[0,1]

h(t)

α + (1 − α)t2
.

The maximum is attained at t0 =
√

α
1−α , and h(t0) =

(
(
√
1−α+

√
α)

p
+(

√
1−α−

√
α)

p

2

)2/p

.

�
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