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PARAMETRIC DISCRETE OPTIMAL CONTROL PROBLEM
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Professor Pham Huu Sach on the occasion of his 70th birthday

ABSTRACT. This paper studies the lower semicontinuity and the Aubin prop-
erty of the solution map to a parametric dynamic programming problem with
linear constraints and convex cost functions. By establishing abstract results
on continuous properties of the solution map to a parametric programming and
a parametric variational inequality, we obtain the lower semicontinuity and the
Aubin property of the solution map to a parametric discrete optimal control
problem.

1. INTRODUCTION

A wide variety of problems in discrete optimal control can be posed in the fol-
lowing form.

Determine a pair (z,u) of a path z = (xg,21,...,2x5) € R™ X R™ X -+ x R™
and a control vector u = (ug, u1,...,uny—1) € R" X R"™ x --- x R™ which minimizes
the cost

N-1
k=0

and which satisfies the state equation

(1.2) Tpr1 = Akxg + Brug +wp  (E=0,1,...,N —1),
the constraints

(1.3) ap <up < pr (k=0,1,...,N —1),

and the initial condition

(1.4) xg=c€eR™.

Here

k indexes the discrete time,
xy, is the state of the system which summarizes past information that is relevant
for future optimization,
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uy, is the control variable to be selected at time k with the knowledge of the state
L,

Uk, w are random parameters (also called disturbance or noise) which belong to
R*® and R™ respectively, p = (1o, b1, -« UN—-1),

N is the horizon or number times control is applied,

ay and S are given vectors in R",

A € M(m,m) and By, € M(m,n) are given matrices, M(m,n) denotes the set
of m X n matrices.

A classical example of problem (1.1)-(1.4) is the inventory control problem, where
x, plays a stock available at the beginning of the kth period, ug plays a stock
order at the beginning of the kth period and wj is the demand during the kth
period with given probability distribution, and where the cost function has the
form Z]kvz_olcuk + h(z) + up — wy) together with state equation xgy1 = xp + up — wi
(see [3] for details). For more information on discrete optimal control problem we
refer the readers to [1], [4], [5], [6], [8], [14] and references are given therein.

Put X = RNV 7 = RN 7 = X x U, M = RN* and W = RN™. For each
(1, w) € M x W, we denote by S(u,w) the solution set of problem (1.1)-(1.4) corre-
sponding parameters = (ug, i1, .., pun—1) € M and w = (wp, w1, ..., wy-1) € W.
Thus

S:MxW — 2%

is a set-valued map which is called the solution map to the problem (1.1)-(1.4).

The study of the continuity of the solution map to the problem (1.1)-(1.4) are
of importance in analysis and optimization. Such problems were studied by [9]
and [19] some years ago. In particular, when hj are strongly convex and of class
C?, Malanowski [9] showed that the solution map is single and differentiable in
parameters. However, when the cost functions hjp are not strongly convex, the
situation becomes more complicated. In this cases the solution map is not single
in general. The aim of this paper is to deal with the situation, where the solution
map is a set-valued map. Namely, we shall derive some new sufficient conditions
under which the solution map to(1.1)-(1.4) has the Aubin property or the lower
semicontinuity.

In order to obtain the result, we shall reduce the problem to a programming
problem or a parametric variational inequality and use tools of variational analysis
to establish some abstract results on the continuous properties of solution maps.
We then apply the obtained results to problem(1.1)-(1.4).

Let us assume that ' : E{ = FEs is a multifunction between finite dimensional
Fuclidean spaces, we denote by domF' and gphF' the effective domain and the graph
of F respectively, where

domF :={z € E1|F(z) # 0}

and the graph
gphF = {(z,v) € E1 X Ex]v € F(2)}.

One says that F' have the Aubin property around (zg,vg) € gphF if there exist
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neighborhoods Uy of zy, Vj of vy and a constant [ > 0 such that
FNVy C F(2) +1||2' - 2||Bg, 7,z ¢€ Uy,

where Bp, stands for the closed unit ball in Ep. A multifunction F' is said to be
lower semicontinuous at zg € Ey if for any open set V' in Ey satisfying F'(z9) NV # ()
there exists a neighborhood U; of zy such that F'(z) NV # () for all z € U;.

Let us recall some notions on variational analysis and generalized differentiation
that we shall use in this paper. The notions and facts of variational analysis and
generalized differentiation can be found in [11], [12] and [18].

Let F be a finite dimensional Euclidean space and € is a nonempty set in F.
Given a point Z € ) and € > 0, the set of e-normal is defined by

(1.5) ]TQ(E; Q) = {z* € E|limsupm < e}.

g PR

When € = 0, the set Ny(z;€) is called the Fréchet normal cone to € at z and
denoted by N(Z;€2). A vector z* € E is called a limiting normal to Q at Z if there
exist sequences € — 07, z;, — Z, and z; — z* such that 2z} € N, (Zx; Q) for all k.

The collection of such normals is called theAMordukhovich normal cone to Q) at z
and denoted by N(z;Q). It is obvious that N(z;Q) C N(z;). If Q is convex then

N(zQ) = N(zQ) = {z* € E|(z*,2 — %) <0,Vz € Q}.

Given a set valued map F : Fy == Es, the normal coderivative of F at (z,v) € gphF
is the multifunction D*F(z,v) : E5 — E; defined by

D*F(z,v)(v*) = {z" € By : (2", —v") € N((z,v); gphF)}.
We now return to problem (1.1)-(1.4). For each
w= (o, 1, .-y pn—1) € M and w = (wg, w1, ..., wy—_1) € W

we have
N

(1.6) Fla,u, ) = g, g, i),
k=0

(1.7)

K(w) = {(z,u) € Z|zp41 = Apzp+Bruptwg, vo = ¢,ap <ug < B, k=0,1,..., N-1}.
Then (1.1)-(1.4) can be formulated in a simpler form:
(1.8) min {f (z, u, )| (x, u) € K(w)} .

Throughout of this paper, we assume that Z = (7, %) is a solution of the problem
at (1, w), that is (¥,u) € S(m, w) and there exist convex neighborhoods of &, T and
u respectively,

N-1 N N-1
Mo= ] Mp, Xo=][X2 Ue=]]UY
k=0 k=0 k=0

such that one of the following conditions hold:
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(H1) For each fixed k € {0,1,...,N — 1} and A € M}, the functions hg(-,-,A) :
Xlg X Ul[c) — R and hy : X]Q, — R are convex.

(H2) For each fixed k € {0,1,...,N — 1}, the functions hy : X2 x U x M — R
and hy : XR, — R are continuous.

(H3) For each fixed k € {0,1,...,N — 1}, the functions hy : X2 x U? x MY — R
and hy : XR, — R are of class C? and the map

O’ f(z, 1)

XM —Z
oudz

is surjective.
Here, @ = (fg,fy,---,85-1),Z = (To,T1,...,ZN), & = (Uo,U1,...,un—1) and
MY, X,g, U ,g are convex neighborhoods of [, Tk, Uy respectively,

The rest of the paper consists of two sections. In Section 2, we establish some
sufficient conditions under which the solution map is lower semicontinuous. Section
3 is devoted to the Aubin property of the solution map.

2. LOWER SEMICONTINUITY OF THE SOLUTION MAP

In this section we shall give a result on the lower semicontinuity of the solution
map to problem (1.1)-(1.4). First of all, we notice that condition (3) can be rewritten
in the form

up < P and  —ug < —oy.
Define
Fwe ]
—wg
w1
- - —w
i) 1
1
WN_1
—WN_1
X
(2.1) z=| "N, bw)=| ¢ |,
Uug
" —c
1
Bo
. —Q
[un—1 B1
L —QON—-1]

and
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[(—Ay  Lnxm 0 0 0 0 —By 0 0 ... 0
Ay —Inxm 0 0 0 0 By 0 0 ... 0
0 —A Loysxm O 0 0 0 -B; 0 ... 0
0 Ay —ILnsm O 0 0 0 B, 0 ... 0
0 0 0 0 —An_1 Lnxm 0 0 0 —By_1
0 0 0 0 Av_1 —Luxm 0 0 0 By_1
c=|1, 0 0 0 0 0 0 0 0 . 0 ,
I 0 0 0 0 0 0 0 0 . 0
0 0 0 0 0 0 Loxn 0 0 . 0
0 0 0 0 0 0 —Isn 0 0 . 0
0 0 0 0 0 0 0 Loxn 0 . 0
0 0 0 0 0 0 0 —Ilysn O . 0
L O 0 0 0 0 0 0 0 0 I |

(2.2)

where I,,,x.n, and I,,x,, denote the m x m and n X n unit matrices, respectively. Then
we have

(2.3) Kw)={z€ X xU|Cz <b(w)}

and so problem (1.8) can be written in the form

(2.4) min {f(z,u)|z € K(w)}.

Let us put II = RZNV+Um+2Nn - p — Nf 5 1T and define a mapping K : I — 27 by
(2.5) Ki(b) ={z € Z|Cz < b},Vb € 11,

where C'is a matrix which is given by (2.2). Thus we have K (w) = K;(b(w)) for all
w € W, where b(w) is defined by (2.1). In the sequel, we denote by D; the effective
domain of K7 and D the effective domain of K. It is clear that

D ={we W|K(w) # 0} = {w € W|b(w) € D1}.
The following lemma plays an important role in our proofs.
Lemma 2.1. ([10, Theorem 2.2]) The set valued map K : 11 — 2% which is defined
by (2.5), is Lipschitz on Dy, i.e. there exists a constant I > 0, independent of b,
such that

Ki(b1) C Ki(b2) +||b1 — b2|| Bz

for all by,bs € D;.

From this lemma we get

Corollary 2.2. The set-valued map K : W — 2% which is defined by K(w) =
K1 (b(w)) for all w € W, is Lipschitz continuous on its effective domain D C W.

Proof. Notice that for all w,w’ € D we have ||b(w’) — b(w)|| = v2||w’ — w||. Hence
Lemma 2.1 implies that there exists a constant [ > 0 such that

K(w) = Ki(b(w)) € K1(b(w')) +Il|b(w) — b(w)|| Bz € K (w') + 1V2|lw — w'|| Bz

for all w,w’ € D. We obtain the desired conclusion. O
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Recall that a function ¢ : Z — R is strictly convex if for any 21,22 € Z with
21 # z9 and for all t € (0, 1), one has

p(tz1 + (1 —t)z2) < tp(z1) + (1 —t)p(22).

We are now ready to state the first result

Theorem 2.3. Suppose that Z = (z,u) is a solution of problem (1.1)-(1.4) cor-
responding to parameter (fi,w) € M x D and assumptions (Hy), (Hz2) are ful-
filled. Assume furthermore that the mappings hy(-,-,wy) are strictly convez for all
k=01,...,N—1.

Then there exist a neighborhood My C My of , a neighborhood Wy C W of w
and an open bounded neighborhood Q1 C Xo x Uy := Zy of (T,u) such that the
solution map

S: M x (WyND)— 29
which is defined by S‘(u, w) = S(p,w)NQ1, is nonempty valued and lower semicon-
tinuous at (11, W).

Proof. Notice that for each A € MY, hi(-, \) is convex, so f(-,u) is convex for each
fixed pu € My. Moreover, since hy(-, ;) is strictly convex, f(-, ) is strictly convex.
By Corollary 2.2, there exist positive constants k, ey and 3y such that

(2.6) K" N (z+eBz) C K(w) + k||w" —w| Bz, Vu',w € B(w, By) N D,
here B(w, fy) is a ball with centered w, radius fy.
We now choose positive constants s and ¢ such that
Z+ sByz C (z+ e€Bz) N Zo, kl|w — w|| < s
for all w € B(w, §) C B(w, fp). Hence (2.6) implies
(2.7) K(w')N(z+sBz) C K(w) + k|jw —w||Bz,Vw',w € B(w,§) N D.
For each € > 0 we define K, by
(2.8) K (w)=K(w)N (Z+ €eByz).
Choose a number  such that 0 < 8 < min{J, ;z}. According to [2, Lemma 2.3],
K(-) is Lipschitz continuous. Namely, we have
(2.9) K(w')N(z+sBz) C K(w)N(z+sBz) +5k||w' —w|| Bz, Yu',w € B(w, B)ND.
Putting w’ = w in (2.7), we see that for each w € B(w, B)ND, there exists z € K(w)

such that ||z — Z|| < kl|jw — w|| < s. Consequently, K(w) N B(z,s) # 0 for all
w € B(w, f)ND. Fixing any p € My and w € B(w, 8) N D we consider the problem

f(z,u) = min
(2.10) {ZGK@ODB@J%

where B(Z,s) is a closed ball with centered z, radius s. Since K(w) N B(Z,s)
is a compact set and f(-, ) is continuous, (2.10) has a solution z = z(p,w) €
K(w) N B(z,s). We claim that there exists a neighborhood M} C My of i and
a neighborhood W{j C W of w such that for all (u,w) € M{ x W{, there exists a
solution z(u,w) of (2.10) satisfying

(2.11) 2(p,w) ¢ 0B(Z, s),
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where 0B(Z, s) is the boundary of B(Z, s). o

Indeed, suppose that the assertion is false. Then we can find sequences (1, w?) —
(7, w) and 27 € 0B(z,s) N K(w’) such that
(2.12) F(u7) < f(z,07),¥2 € K(w) N B(Z, 5).

Since B(Z, s) is a compact set, we can assume that 2/ — 20, Substituting w' =
w’,w =W into (2.9), we see that, for each j, there exists y/ € K (w) N B(Z, s) such
that ' ' '

17 — | < 5kllw? — .
Since K (w) N B(z,s) is compact, without loss of generality we may assume that
v — ¢y’ € K(w) N B(z,s). From the above, we have 2/ — 3°. Consequently,
2=y’ e K(w)NB(z,s).

Putting w’f w,w = wl into (2.9), we see that for each j there exists a point
v e K(w) N B(z, s) such that v — Z.

Putting z = v? in (2.12) and letting j — oo we obtain

F(m) < [z 7).
Consequently, we have f(2°, 1) = f(Z, ). Since f(-, 1) is strictly convex and 2° # Z,
we obtain
_ z+2° 0 1, 1 _ o
FER) < F(5— 1) < 5f @) + 5 f(&00) = [z 1)
which is absurd. Our claim is proved.

We now choose a neighborhood M; x Wy C My x B(w, ) of (i, w) such that
(2.11) is valid and put Q; = B(Z,s). We shall show that M;, W; and Q; satisfy
the conclusion of the theorem. In fact, fix any (1, w) € My x (W1 N D) we consider
problem (2.10). By (2.11), it has a solution Z € intB(Zz,s). Fixing any z € K(w)
we see that for ¢t € (0,1) small enough, one has

fE ) S fE+Uz=2),p) <tf(zp) + 1A =1)f(2 ).
This implies that f(Z, 1) < f(z,1). Consequently, Z is also a solution of the problem
s mi
(2.13) f(z, 1) — min
z € K(w).
It follows that 2 € S(u,w) N B(Z,s) and so
S(p,w) # 0, ¥(u,w) € My x (W N D).

We obtain the first conclusion. It remains to show that S : My x (W, N D) —
2@1 is lower semicontinuous at (f,w). Suppose G is a open set in Q; such that
S(m, w)NG # 0. Note that G = Q1 NG1, where G is a open set in Z. Thus we have
S(m, w)NQ1NGy # . By uniqueness, we have Z € Gy := Q1N G1. Choose 5 € (0, )
and ¢ > 0 such that B(z,5) C Ga, k||lw —w|| <5 and B(w,0) N D C B(w, By) N D.
We then have

(2.14) K(w')N(z+3Byz) C K(w) + k||w' —w||Bz,Vu',w € B(w,d) N D.
Choosing 0 < 8 < min{4, %} and using [2, Lemma 2.3] again, we see that

(2.15) K(w')N(z+3Bz) C K(w)N(z+38Bz)+5k||w'—w| Bz, Yw',w € B(w, B)ND.
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By using similar arguments as the above, we can show that there exist a neighbor-
hood My x Wy C M; x Wy such that for all (u, w) € Ma x (WoN D), (2.10) has a
solution z(pu,w) satisfying
z(p,w) ¢ 0B(Z,5).

From this we can show that for each (u,w) € My x (W N D), problem (2.13) has a
solution 2 = 2(u, w) € B(z,5) C Go. Hence S(pu, w) N Ga = S(p,w) NG # () for all
(1, w) € My x (Wo N D). Consequently, S is lower semicontinuous at (7, ). The
proof of the theorem is complete. O

To illustrate the obtained result we give the following example.

Example 2.4. Let X = R3 U = R?>, M = R3 W = R%. We consider the minimum
problem with the cost function

1
(216)  floup) =) ok +ug + pd(exp(—ai) + exp(—uf))] + a3 + 4
k=0
with system equation
(2.17) Tkl =Tk +up +wg, k=0,1
(2.18) xo =1

and constraints
(219) —1 S Up, U1 § 1.

Suppose that My = B(0,1) C R® and Wy = B(0,1) C R? are neighborhoods of
7= (0,0,0) and w = (0,0) respectively. Let Z = (1, 2,1) and uw = (—2,—1). Then
the following assertion are fulfilled:

(a) assumptions of Theorem 2.3 are valid;

()T = (1,2, 1), u= (—2,—1%) is a solution of the problem corresponding to (%, W);
(c) there exist neighborhoods M; and W; of &7 and W respectively, and a neighbor-
hood @1 of (Z,w) such that the solution map

S: M x (WynD)— 29
is nonempty valued and lower semicontinuous at (7, ).

Solution. It is easy to see that f(x,u, ) is strongly convex. Besides, for all p €
B(0,1), f(x,u,pn) is convex. Hence assumptions of the theorem are fulfilled. It

remains to show that = = (1,%,1),u = (—2,-1) is a solution of the problem
corresponding to (@, w). Let us define
N-1
I(z,k) = e R Zk hj(j, uj, 115) + b (zn),
J:

where z is the state at stage k, v, = « and u; € [—1,1]. Then we have the Bellman
equation

I(x,k) = min[h(x,u, k) + I(z + u, k + 1)],

I(z,N) =minhy(zy) = 2% (N = 2).
uy



STABILITY FOR A DISCRETE OPTIMAL CONTROL PROBLEM 643

Hence we have

I(z,1) = uen[a_irllu[a:2 +u? + I(x +u,2)] = uen[l—illll}[xz +u? + (z+u)?).

It follows that

—5T if —2<xz<?2

(2.20) =4 -1 ifx>2
1 if v < -2
and
%x2 if —2<x<?2
(2.21) I(z,1) =222 —22+2 ifx>2

2024+ 2x 42 ifx<-—2.

Similarly, we get

I(z,0) = uerflj{ll][mz +u® 4+ I(z 4 u,1)].

We consider the following cases.
Case 1. =2 < x4+ u < 2. Then one has

. 3
I(z,1) = uer?—l?l][mQ +u? + 5(3}—}— u)?].

In this case we have
—3zr if —2<a<?
(2.22) m=49-1 ifi<xr<3

1 if —3<z<-3.
Case 2. x +u > 2. Then one has

I(z,1) = ug{l}{ll}[mQ +u? 4 2(x 4 u)? — 2(z +u) + 2).

In this case we have ug = —1 if x > 2.
Case 3. x +u < —2. Then one has

I(z,1) = uerflj?l}[w2 +u? +2(x +u)? +2(x +u) + 2.

In this case we also have wy = 1 if x < —3. In summary we get

3 : 5 5
—fr if —3 <z <3
(2.23) wm=<¢-1 ifz>2
1 if x < -3
Since xgp = 1 we obtain from (2.23) that g = —%EO = —% and so T, = Ty + ug =
1 —% = % Since 71 = %, we obtain from (2.20) that w; = —%fl = —%% = —%
and S0 To = Ty + U = % — % = % Thus we have shown that T = (1 %, %) and

u= (—%, —é) From this we have the f(Z,u, ) = %. Finally, assertion (c) follows

from the conclusion of Theorem 2.3.
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3. THE AUBIN PROPERTY OF THE SOLUTION MAP

In the previous section we have obtained a result on the lower semicontinuity
of the solution set to problem (1.1)-(1.4). In this section we continue to study
continuous properties of the solution map. Namely, we want to investigate the
Aubin property of the solution map of (1.1)-(1.4). Since the Lipschitz continuity is
stronger than the lower semicontinuity, assumptions (H1) and (H2) are not enough
to establish the property. For this we need assumption (H3) and tools of generalized
differentiation to deal with the problem.

Note that, for each fixed couple (u,w), (2.4) is a convex programming problem
under linear constraints. Since f is convex and differentiable in z, we see that z is
a solution of the problem if and only if

0 € fl(z, 1) + N(z: K (w)),
where N(z; K(w)) is the normal cone to K (w) at z in the sense of convex analysis.
Putting ¢(z, i) = f3(z, p) we get
(3.1) 0. 6(2, ) + N(z K(w))

which is called a parametric variational inequality.
Recall that given a set Q C Z, the set

Q" :={z" € Z|(z",2) <0,Vz € Q}
is called the polar cone of Q. Let Q C Z and Z € Q). The tangent cone to €2 at Z
which denoted by T'(z;2) and defined by
Tz =Nz ={veZ: (z5v) <0,V z" € NZQ)}.
From now on, we shall write b instead of b(w). For each (u,b) € M x II we now
consider the problem of finding z = z(u, b) which satisfies the equation
(32) 0 € ¢(u,2) + N(z; Ki1(b)).

Let us denote by Si(u,b) the solution set of (3.2) corresponding to (u,b) € M x II.
It is clear that S(u,w) = S1(u, b(w)) for all (u,w) € M x D, where S(u,w) is the
solution set of (3.1), which is also the solution map of problem (1.1)-(1.4).

Notice that C' = (c¢ij)pxgq, Where p = 2(N +1)m +2Nn and ¢ = (N +1)m + Nn.
Put

T=1{0,1,...p} =Ty UTy,

where
To=A{1,2,...2(N+1)m},T1 = {2(N+1)m+1,2(N+1)m+2,...,2(N+1)m+2Nn}.

Let us denote by C; the i — th row of matrix C. For a fixed element z € K;(b), the
set of active indices at z is given by

(33) I(Z,b) = {Z eT:Ciz= (b)z},

where (b); is the i-th component of b. Here vector b consists of 2(N + 1)m + 2Nn
components, and vector z consists of (N + 1)m + Nn components. For convenience
we assume that

Bi = (b2(N+1)m+2in+17 b2(N+1)m+2in+27 <oty b2(N+1)m+2in+n)7
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—oy = (bQ(N+1)m+(2i+1)n+17 62(N+1)m+(2i+1)n+27 e 62(N+1)m+(2i+1)n+n)a
i=0,1,..,N — 1.

Here by, are fixed for all k = 2(N + 1)m + 1, ...,2(N 4 1)m + 2Nn. Thus we have

b(w) = [wo, —wo, W1, —W1, eeoy WN—1, —WN—1, C, —C, B]T,

where l; = (82(N+1)m+1, B2(N+1)m+2a ceey BZ(N—&—l)m—&-QNn)- Since CZE = Bz for all ¢ € T(),

we get

(3.4) I(z,b) = Ty UT\(z,b),

where

Tl(f, b) = {l S T1|CZ‘§ = (b)l}
For every subset I C T, we put I = T\I and let C; (resp.,C7) be the matrix
composed by the rows C;,i € I , of C (resp., the rows C;,i € I).

The following proposition gives formulas of the normal cone and tangent cone to
a convex polyhedron (2.5). Its proof can be found in [16, Lemma 3.1].

Proposition 3.1 (Cf. [16, Lemma 3.1]). Let K;(b) be defined by (2.5), z € K1(b)
and 1(z,b) be defined by (3.3). Then one has the following representations:

(4)
(3.5) N(z;Ki(b)) ={y € Z:y € pos{C] :i€I(2,b)}},
where
pos{C’iT RS I(z,b)} = { Z )\iCZ»T,)\i > 0};
1€1(z,b)
(i7)

(3.6) T(zKi(b) ={veZ:Civ<0,Viecl(zb)}.

Let us define a mapping F» : Z x II — 2% by
F5(z,b) = N(z; K1(b))

and assume that (2o is the graph of F,. The following lemmas give formulas com-
puting the prenormal cone to {25 at a given point.

Lemma 3.2 (20, Lemma 4.1]). If (z*,b*,v*) € N((z,b,v); Q) then

(3.7) (2%, 0*) € (T(z; K1(b)) No)" x (T(z; K1(b)) Not),
(3.8) 2= —Cl}

and

(3.9) bt =0,

where I = I(z,b) and v+ = {z € Z|(v,z) = 0}.

Recall that, a set @ is called a closed face of a cone H if and only if there exists
v € H* such that Q = {z € H|(v,z) = 0}. We now give an upper estimate for the
Mordukhovich normal cone to €y at a given point.
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Theorem 3.3. Suppose that (Z,b,7) € Qa and (2*,b*,v*) € N((E, b, E);Qg). Then
there exists an index set I' C I(z,b) := Ty U T1(2,b) and a closed face Q of the
polyhedral convex cone T(F 1; K1(b)) N such that

(3.10) (2*,0") € Q" x Q,
(3.11) 7€ pos{Cl :iecI},
(3.12) 2 = —CLb}
and

(3.13) ;=

where

F], — {Z = (Z‘,U)’C[’Z = b]/’CTIZ < bT’}
with ' =Ty (z,b) \ I'.

Proof. The proof of the theorem is based on Lemma 3.2 and uses similar arguments
as in the proof of [20, Theorem 4.3]. O

From the above theorem we obtain

Theorem 3.4. Suppose that (Z,b,7) € Qo andv* € Z. If (2%,b%) € D*Fa(z, b,v)(v*)
then there must exist an index set I' C 1(z,b) and a closed face Q of the polyhedral
convex cone T(F 13 K1(b)) NTh such that conditions (3.11)-(3.13) and condition
(3.14) (", —v") e Q" x Q

are satisfied.

The following theorem is a main result on the Aubin property of the solution
map to problem (1.1)-(1.4).

Theorem 3.5. Suppose that Z = (Z,u) is a solution of the problem (1.1)-(1.4)
corresponding to parameter (f1,w), assumptions (H1) and (H3) are satisfied. If for
any (2*,b*) € RWHm+Nn o RINmA2NR - 6ne has (2% %) = (0,0) whenever

O*f(z, 1
(3.15) ((J(;(;’M)Tz*, ") e Q" xQ,
(3.16) (822(;’“))%* =-Cluv,
and
(3.17) bt =0

for an index I' C I1(Z,b) = ToUTi(Z,b) and a closed face Q of the polyhedral convex
cone T(F ; K(@))N (V. f(Z, 1)), then the solution map M x D > (p,w) + S(p, w)
has the Aubin property around (fi,w,Zz) € gph S.

Proof. For the proof we need the following lemmas:
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Lemma 3.6 ([13, Corollary 4.4]). Let X, Y be finite dimensional Euclidean spaces,
@1 : X — Y be strictly differentiable at T € X and ®9: X =Y be a multifunction
with closed graph. Then for any § € ¢1(T) + ®2(T) and y* € Y one has

D*(¢1 + @2)(7,7)(y") = (Vo1 (@) y" + D @a(T,7 — 61(T))(v")-

Lemma 3.7 ([7, Theorem 3.6]). Let X,Y and Z be finite-dimensional Euclidean
spaces, F': X XY == Z be a multifunction and G be an implicit multifunction which
is defined by F', that is,

G(y) = {a: € X|0 e F(a:,y)}

and (zo,y0) € X XY be a pair such that xo € G(yo). Assume that the following
conditions hold:
(a) graph of F is locally closed around wy = (x0,Y0,0z);

(b) the constraint qualification

(3.18) KerD*F(wp) = {0},

(c)

(3.19) UZ{y* € Y|(0,y") € D*F(wo)(z*)} = {0}.

Then the implicit multifunction G has the Aubin property at (yo, o), that is, there
exist neighborhoods U of xg, V' of yo and a constant I > 0 such that

G(/)NU C Gy) + Iy —yl|Bx,Vy,y' € V.
Recall that P = M x II = RNS x RZN+1)m+2Nn 16t us define mappings
$p1:ZXxP—=Z y:ZxP—=2?2and F:Zx P — 27

by

¢1(2, 11,0) = ¢z, 1) = V= f(z, 1)

Pa(z, 1, b) = Fa(z,b) = N(z; K1(D))

F(z,p1,b) = ¢1(2, i1, b) + Pa(2, 1, b).
Then we have

S(u,b) ={z € Z|0 € F(z,u,b)}.

We first claim that F' and ®o has a closed graph. In fact, take any sequence

(2K, ok, bk, ;) € gphF and assume that (zy, fuk, br, 25) — (2,1, b, 2*) as k — co. We
have to show that (z, u,b, 2*) € gphF. Since (2, pix, bi, 2,) € gphF, we have

2 € O(2k, ) + N (23 K1 (b))-
Hence we have
(P(zhs ) — 275, 2 — 25) 2 0,V2" € K1(by).
Fix any 2’ € K;(b). By Lemma 2.1, K; is Lipschitz continuous with Lipschitz

constant [. Hence for each k, there exists 2}, € K (by) such that |2 —2)/|| < ]|b—bg]|.
This implies that z; — 2”. Since

(D(2hs b)) — 255 2 — 21) = 0
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and letting k — oo, we get

(P(z,p) — 2%, 2" — z) > 0.

As 2" € K;(b) is arbitrary, we obtain that (z, u, b, 2*) € gphF. Hence F' has a closed
graph. Similarly, we can show that ®5 has a closed graph.

By changing order of components and using Lemma 3.6, we see that for all
z* € Z = RWNHDm+N® gne has

D*F(%,7,b,02)(2") = Vé1(Z, 75, 0)T (2*) + D*®9(Z, 71, b, — 1 (Z, i, b))

= (Vo0(z.10)"2", Vuo(z.0)" 2%, 0n) + D*®2(2, 11, b, —61(Z, 71, b)) (=)
(320) = [(Vo0(z.m)" =", 0n) + D" (2, b, (2, 1) (2*)] x {V,o(z. )" (")}
We now show that the implication
(3.21) 0€ D*F(z,71,b,07)(z*) = 2* =0

is valid, where O, 0z are zero elements in spaces Il and Z, respectively. Indeed,
from (3.20) and condition 0 € D*F(z, 1, b, 02)(2*), we get

(3.22) Vo (zm)" () = 0.
Since

0*f(z. 1)

Vuo(z,n) = ——"">:ZxM—Z
M¢(Z7 N) 8#82 X

is surjective, [11, Lemma 1.18] implies that the adjoint mapping

>f(z,m)

= —\T ) T.

is injective. Hence we obtain from (3.22) that z* = 0. Consequently, (3.21) is
justified.

It remains to check the condition
(3.23) U {(p*,b") € P*|(0,u*,b") € D*F(y)(z")} = {0} with 5 = (Z, 1, b, 0z).
z*eZ

In fact, assume that (u*, %) € P satisfying (0, u*,0*) € D*F(y)(z*) for some z* € Z.
By (3.20) we have

(3.24) w=Vu0(zm" (")
and
(3.25) (0,b) € (V2¢(z, )" (), 0n) + D*Fa(z,b, —¢(Z,10)) (7).

The latter is equivalent to
(=V:0(zm)" (z%),b) € D*Fo(2,b, —6(z, 1)) (=)

By Theorem 3.4, there exists an index I’ C I(2,b) = Tp U Ty (%, b) and a closed face
@ of the polyhedral convex cone

T(F 1 K1 (0) N (Vo f (Z0) " =T(F p; KW)) N (V2 f(Z,10)*
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such that

(=V.0(zm)" (%), —2%) € Q* xQ
(3.26) ~V.0(zm)" (") = —Cf,

b;, =0

This is equivalent to

(<82§fﬁ> (—2%), — )e@*x@
(L f(z ) (—2%) = —CF
Lb;,_o.

By assumptions of the theorem, it follows that —z* = 0. Substituting z* = 0 into
(3.24) we have p* = 0. Thus condition (3.23) is valid. Hence Lemma 3.7 is appli-
cable. By Lemma 3.7, the map M x IT 5 (u,b) — Si(u,b) has the Aubin property

t (@, b,,u), that is, there exist positive constants d,d2,! and a neighborhood
V € X x U of (%,u) such that

(3.27) S1(p', b)Y NV C Si(p, b) + U(Jlp" = pll + (16" = b)) B

for all u, i’ € B(f, 1) and b, b’ € B(b,82) N Dy.
Notice that for b = b(w), b = b(w) one has ||b(w) — b(w')|| = V2||w — w’| and

S(p,w) = S1(u, b(w)). Hence for all p, 1’ € B(f, %) and w,w’ € B(w \5[) ND we
obtain from (3.27) that

S w') NV C S(p,w) + IV2(||1 — pl| + o' —wl])B
The proof of Theorem 3.5 is complete. U
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