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PRIMAL-DUAL INTERIOR POINT METHOD BASED ON A
NEW BARRIER FUNCTION

GYEONG-MI CHO

ABSTRACT. In this paper, we introduce a new barrier function. Using the bar-
rier function we propose a new search direction for primal-dual interior point
method(IPM) for solving linear optimization(LO). We show that the new large-
update method has O(n°/® log(n/e)) iteration bound which improves the iter-
ation bound with a factor n*/® when compare with the method based on the
classical logarithmic barrier function. For small-update methods the iteration
bound is O(y/nlog 2) which is currently the best known bound.

1. INTRODUCTION

In this paper we propose a new primal-dual IPM for the following standard LO
problem

(1.1) min{c’z : Az = b, = > 0},
where A € R™*" with rank(A) = m, ¢, z € R", b € R™, and its dual problem
(1.2) max{b’y: ATy +s=c, s >0},

where y € R™ and s € R™.

Since Karmarkar’s paper ([12]) in 1984, the interior point methods(IPMs) have
shown their efficiency in solving large-scale linear programming problems with
a wide variety of successful applications. It is generally agreed that the itera-
tion complexity of the algorithm is an appropriate measure for its efficiency and
we regard polynomial-time algorithm as a sign that the problem has been solved
satisfactorily.([8]) Most of polynomial-time interior point algorithms for LO are
based on the logarithmic barrier function([3, 10, 11, 18]). Peng et al.([14, 15]) pro-
posed new variants of IPMs based on self-regular barrier functions and proved the
new large-update IPMs have polynomial iteration bounds. Each barrier function
is defined by a univariate rational function which is called a kernel function. Roos
et al.([4, 5, 6, 7, 8, 9]) proposed new primal-dual IPMs for LO problems based on
exponential barrier functions and proved the polynomial complexity of the algo-
rithm. Recently, Amini et al.([1, 2]) proposed the primal-dual IPM based on the
generalized version of the barrier function in [5].

Motivated by their works, we introduce a new rational barrier function and pro-
pose a new primal-dual IPM for LO based on this barrier function. Since the barrier
function in this paper does not belong to the family of self-regular functions, a large
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part of the analysis is different from the ones in [14, 15]. And we analyze the com-
plexity for large-update and small-update methods based on three conditions on
the kernel function which is defined in [5]. The complexity bounds obtained by

the algorithm are O(ng log 2) and O(y/n log 2), for large-update methods and for
small-update methods, respectively.

The paper is organized as follows. In Section 2 we recall the generic IPM and
the motivation of the new algorithm. In Section 3 we define a new barrier function
and give its properties which are essential for complexity analysis. In Section 4 we
derive the complexity result for the algorithm.

We use the following notations throughout the paper. R} and R}, denote the
set of n-dimensional nonnegative vectors and positive vectors, respectively. For
x,s € R™, T,:n and xs denote the smallest component of the vector x and the com-
ponentwise product of the vectors x and s, respectively. e denotes the n-dimensional
vector of ones. For a € R, |a| :=max{m € Z | m <a} and [a]| :=min{n € Z | n >
a}. For f(t), g(t) : Ryy — Ry, f(t) = O(g(t)) if f(t) < c19(t) for some positive
constant ¢; and f(t) = O(g(t)) if cag(t) < f(t) < c39(t) for some positive constants
co and cs.

2. PRELIMINARIES

In this section we recall the basic concepts and the generic IPM. Without loss of
generality, we assume that both (1.1) and (1.2) satisfy the interior-point condition
(IPC)([16]), i.e., there exists (2,4, s°) such that

Az’ =b, >0, AT+ =¢, s° > 0.

By the duality theorem (Theorem II.2 in [16]), finding an optimal solution of (1.1)
and (1.2) is equivalent to solving the following system:

Axr=0b, z=>0,
(2.1) ATy+s=c¢, s>0,
zs = 0.

The basic idea of primal-dual IPMs is to replace the third equation in (2.1) by
the parameterized equation xs = pe with p > 0. Now we consider the following
system:

Ax=0b, x>0,
(2.2) ATy+s=c¢, s>0,
xs = pe.

If the TPC holds, then the system (2.2) has a unique solution for each p > 0([13]).
We denote this solution as (x(u),y(u), s(p)) and call 2(u) the p-center of (1.1) and
(y(w), s(p)) the p-center of (1.2). The set of p-centers (u > 0) is the central path of
(1.1) and (1.2) ([17]). The limit of the central path (as p goes to zero) exists and
since the limit point satisfies (2.1), it naturally yields optimal solutions for (1.1) and
(1.2) ([16]). Primal-dual IPMs follow the central path approximately and approach
the solution of (1.1) and (1.2) as p goes to zero.
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For given (z,y, s) := (22,9, s°) by applying Newton method to the system (2.2)
we have the following Newton system

AAz =0,
(2.3) ATAy + As =0,
sAx + zAs = ue — xs.

Since A has full row rank, the system (2.3) has a unique solution (Az, Ay, As) which
is called the search direction ([16]). By taking a step along the search direction
(Az, Ay, As), one constructs a new positive (z4,y4,s+) with

T4 =2+ alzx, yy =y + aly, sy =s+ als,

for some « > 0.
For the motivation of the new algorithm we define the following scaled vectors
for z, s € R} :

A A
(2.4) vi= ﬁ, dy = H, ds := ves
Vo T s

Using (2.4), we can rewrite the system (2.3) as follows:
Ad, =0,

(2.5) ATAy +ds =0,
dy +ds =v7t — v,

where A := %AV_IX, V := diag(v), and X := diag(z). Note that the right side of
the third equation in (2.5) equals the negative gradient of the logarithmic barrier
function ¥;(v), i.e.

(2.6) dy +ds = =V (v),

where . AT
U (v) := v;) = C —log v; | .
()= St Z;( ——r
We call 1; the kernel function of the logarithmic barrier function ¥;(v). In this
paper we replace ¥;(v) with a new barrier function ¥(v) which is defined in section
3 and assume that 7 > 1.

The generic interior point algorithm works as follows. Assume that we are given a
strictly feasible point (x,y, s) which is in a 7—neighborhood of the given u—center.
Then we decrease y to p4 = (1—0)p, for some fixed 6 € (0, 1) and then we solve the
Newton system (2.3) to obtain the unique search direction. The positivity condition
of a new iterate is ensured with the right choice of the step size a which is defined
by some line search rule. This procedure is repeated until we find a new iterate
(+,Y+,s4+) that is in a 7—neighborhood of the p —center and then we let p := p4
and (z,y,s) := (r4+,Y+,S+). Then p is again reduced by the factor 1 — 6 and we
solve the Newton system targeting at the new p-center, and so on. This process
is repeated until p is small enough, say until nu < ¢.
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Primal-Dual Algorithm for LO

Input:

a threshold parameter 7 > 0;

an accuracy parameter £ > 0;

a fixed barrier update parameter 6, 0 < 6 < 1;

(2°,59) and p° := 1 such that ¥;(20,s° u°) < 7.
begin

=20 5:=5% p.:=pud

while nu > € do

begin
p= (1= 0)u;
while ¥;(v) > 7 do
begin

Solve the system (2.3) for Az, Ay, As,
Determine a step size a;

T =1z + al;
s:= s+ aAs;
y =y + aAy;
vi= %;
end
end

end

If 0 is a constant independent of the dimension of the problem n, e.g. 6 =
then we call the algorithm a large-update method. If # depends on n, e.g. § = -
then the algorithm is called a small-update method.

N[

)

)

B

3. THE NEW BARRIER FUNCTION

In this section we define a new barrier function and give its properties. We
call ¢ : R4y — Ry a kernel function if ¢ is twice differentiable and satisfies the
following conditions:

Y1) = (1) =0,
(3.1) P"(t) >0, t >0,
Jm () = lim 4(t) = co.
Now we define a new kernel function 1 (t) as follows:
2
(3.2) W(t) == 8t2 — 10t + 5 1> 0.
Then we have the following:

(3.3) Y(t) =16t — 10 — 6t~ 4, " (t) = 16 + 24t7°>, " (t) = —120t75.
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From (3.3), 9(t) is clearly a kernel function and

(3.4) P'(t) > 16, t > 0.

In this paper, we define the barrier function ¥(v) = > ", ¥(v;), where 9(t) is

defined in (3.2) and replace the function ¥;(v) in (2.6) with the function ¥(v) as

follows:

(3.5) dy +ds = —=VU(v).

Note that d, and ds are orthogonal because the vector d, belongs to null space and

ds to the row space of the matrix A. Since d, and ds are orthogonal, we have
dy=ds=0 & VI(v) =0 v=e & Y(v)=0 & z=u1z(u), s=s(u).

We use ¥(v) as the proximity function. Also, we define the norm-based proximity
measure 6(v) as follows:

(36) 5(0) = 3 IV() | = gllde + ]|

Consequently, in this paper we use the barrier function ¥ (v) as the proximity func-
tion to find a search direction and to measure the proximity between the current
iterate and the p-center. Hence the new search direction (Az, Ay, As) is obtained
by solving the following modified Newton system:

AAzx =0,
ATAy + As =0,
sAz + xAs = —pvV¥(v).

Lemma 3.1. For ¢(t) we have
(i) ¥(t) is exponentially convex, t > 0,
(13) Y"(t) is monotonically decreasing, t > 0,
(iid) " (t) — ¢'(t) > 0, t > 0.
Proof. For (i), by Lemma 2.1.2 in [15], it suffices to show that the function ()
satisfies ty" (t) + ¢'(t) > 0 for t > 0. Using (3.3), we have
tp" () + ' (t) = 32t — 10 + 182,
Let g(t) = 32t — 10 + 18t~%. Then ¢/(t) = 32 — 72t7° and ¢"(t) = 360t =6 > 0, ¢ > 0.
Letting ¢'(t) = 0, we have t = (%)% Since ¢(t) is strictly convex and has a global

minimum g((%)%) > 37. Hence we have the result.

For (ii), from (3.3), ¢"(t) < 0.
For (iii), using (3.3), we have t”(t) — ' (t) = 10 + 30t~* > 0. This completes the
proof. O

Lemma 3.2. For 1(t) we have
(1) 8t —1)* < ¥(t) < 5@'(1)% t>0,
(i) ¥(t) < 20(t—1)2, t > 1.

Proof. For (i), using the first condition of (3.1) and (3.4), we have

//w" dCd§>16//dgd§_8t—1).
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which proves the first inequality. The second inequality is obtained as follows:

:/t/5¢’/(§)dgd§</ / W (€)Y (C)dCde

= [ evea= / Y(Od(E) = o5 (8 (1)
For (ii), using Taylor’s Theorem, (1) = =0,4¢" <0, and ¢ (1) = 40, we
have

P(0) = (1) + 4 (1)t - 1) + gw”m(t ~1? 4 (@) - 1)
= S0 (-1 + 59" (€~ 1)

< ¥~ 12 =200t 17,
for some &, 1 < ¢ < t. This completes the proof. O
Lemma 3.3 (Lemma 2.4 in [5]). If ¢(t) satisfies Lemma 3.1 (ii) and (iii), then
Y (t) satisfies
WY (BE) = BY ()" (B > 0, t> 1, > 1.
Let o : [0,00) — [1,00) be the inverse function of ¥ (¢) for ¢ > 1 and p : [0,00) —

(0,1], the inverse function of —71# (t) for t € (0,1]. Then we have the following
lemma.

Lemma 3.4. For i(t) we have
(1) VE+1<o(s) <1+./5, 5s>0,
(i) p(z) > (35)7, 2 2 0.
Proof. For (i), let s = 9(t), t > 1, i.e. o(s) =t, t > 1. By the definition of ¥(t),
s = 8t — 10t + %. This implies that
2
8t2:s—|—10t—t—3 > 5+ 8

because 10t — % is monotone increasing with respect to ¢t and ¢ > 1. Hence we have

tzg(s)Zﬂ%—i—l, s> 0.

Using Lemma 3.2 (i), we have s = 9(¢) > 8(t — 1)?, ¢t > 0. Then we have

tzg(s)gl—i—\/g, s> 0.

For (i), let = = —%4¢'(t), t € (0,1]. Then by the definition of p, p(z) = ¢, t € (0,1]
and 2z = —1'(t). So we have 2z = —16t 4+ 10 + 6t~*. Since 0 < t < 1,

6t~% =22+ 16t — 10 < 22 + 6.

Hence we have 5

z4+3

Ll

plz) =t > (—)%, 2> 0.
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Using Lemma 3.3, we have the following lemma. The reader can refer to Theorem
3.2 in [5] for the proof.

Lemma 3.5. Let p : [0,00) — [1,00) be the inverse function of ¥(t), t > 1. Then
we have

v
U(Bv) < nyp <BQ <7(;})>) ,veER,,, B>1.
In the following theorem we obtain an estimate for the effect of a p-update on the
value of U(v).

Theorem 3.6. Let 0 <0 <1 and vy = veRY, . If¥(v) <7, then

v
V1-6’

U(vy) < % <\/ﬁ9+\/§>2.

U(v) 9( n )

) > 1, we have

Proof. Since \/7 > 1 and Q( > 1. Using Lemma 3.5
with = Lemma 3.2 (i7), Lemma 3.4 (i), and \If(v) , we have

1
V1-6’

o (g (2

2 2
< 20 Q<\PT(ZU)> 1 20 Q<\PT(ZU) —vi-d
=M\ vize ) T Vi—d
14+ /&= —V1-—
< 20n | — B
Vv1—260
2 2
0+ /g, 20 \/’
<20n | —=L8n | = 6 + ,
=20 ( Vi ) % (i3
where the last inequality holds from 1 — /1 -6 = H{,ﬁ <0,0 <60 <1 This
completes the proof. O

Denote

(3.7) Wy = 1_9<\F0+\/>>2.

Then ¥y is an upper bound for ¥(v) during the process of the algorithm.

Remark 3.7. For large-update method with 7 = O(n) and 6 = ©(1), ¥y = O(n)

and for small-update method with 7 = O(1) and 6 = @(ﬁ), Ty = O(1).

4. COMPLEXITY RESULTS

In this section we compute a step size and the decrease of the proximity function
during an inner iteration and give the complexity results of the algorithm. For fixed



618 GYEONG-MI CHO

1, if we take a step size o, then we have new iterates x4 = r+ alAx, s; = s+ aAs.
Using (2.4), we have

Az dy T
zy=zleta— | =zleta— | =—(v+ad,)

x v v

As ds s
sp=sleta—|=sleta—)=—(v+ady).

s v v

Vg = ki V(v + ady) (v + ady).
w

and

Thus we have

Define for o > 0,

fl@) = ¥(vy) = ¥(v).
Then f(«) is the difference of proximities between a new iterate and a current
iterate for fixed p. By Lemma 3.1 (i), we have

V(o) =¥/ (v+ad)(v+ads) ) < %(\I/(v + ady) + U(v + ady)).
Hence we have f(a) < fi(«), where
(4.1) Fila) = %(W(Hadz) (0 + ady)) — T(v).

Obviously, we have
f(0) = f1(0) =
By taking the derivative of fi(«) with respect to «, we have
1 n

= (W (i + alda]i)dali + ¥ (vi + alds]i)[d)s),

file) = 5
i=1

where [d,]; and [ds

[ denote the i-th components of the vectors d, and dg, respec-
tively. Using (3.5)

Ji
and (3.6), we have

42 fl0) = 5W(U)T(dm +dy) = —%W(U)TW(U) — —25(u)2.

Differentiating fi(a) with respect to «, we have

(4.3) () = % D@ (i + alde])de]f + ¢ (vi + alds)s)[dy]7)-
i=1

Since f{(a) > 0, f1(«) is strictly convex in « unless d, = ds = 0.
Lemma 4.1. Let 6(v) be as defined in (3.6). Then we have

d(v) > 24/2¥(v).
Proof. Using Lemma 3.2 (i) and (3.6), we have

L a2 = L _ &)
ZM < 3 W) = VRO = =

Hence we have §(v) > 21/2¥(v). O
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Remark 4.2. Throughout the paper we assume that 7 > 1. Using Lemma 4.1 and
the assumption ¥(v) > 7, we have

(4.4) 5(v) > 21/20(v) > 2v/2.

For notational convenience we denote 0 := d(v), and ¥ := ¥(v).

Lemma 4.3. Let fi(a) be as defined in (4.1) and 6 be as defined in (3.6). Then we
have

(4.5) ") < 26%0" (Vymin — 2a6).

Proof. Since d, and ds are orthogonal, (3.5) and (3.6) imply that

(4.6) VIda|[? + [1ds]]? = [|dz + ds| = || = V|| = 26.
Hence, we have ||dz|| < 2§ and ||ds|| < 2J. Therefore, we have

(4.7) v; + aldgli = Umin — 200, v; + alds)i > Umin — 220, 1 <i<n.
Using (4.3), Lemma 3.1 (ii), (4.7) and (4.6), we have

n

V" (Vmin — 2a0) Z([algc]z2 + [ds]f) = 252w"(vmm — 2a0).

i=1

1(a) <

DN | =

This proves the lemma. O
Lemma 4.4. If the step size o satisfies the inequality
(4.8) — ' (Vmin — 2a8) + ' (Vmin) < 20,
then we have
fila) <0.
Proof. Since d(vpmn — 2¢d) = —24d(,

flla) = f(0)+ / (O
0
< 282428 / W (v — 206)dC
0

= —26%2-§ / V" (Vmin — 2C8)d(Vmin — 2C0)
0

= 9252 (Y (Vimin — 208) — ¥ (Vmin))

< —262425% =0,

where the first inequality holds by (4.2) and (4.5) and the second inequality holds
by the assumption. This proves the lemma. O

Lemma 4.5. Let p : [0,00) — (0,1] denote the inverse function of —¢'(t) for
€ (0,1] and § := 6(v) >0, v € R . Then, in the worst case, the largest step size
& satisfying (4.8) is given by

&= 5 (p(6) — p(20)).
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Proof. Given ¢, we want to find the largest possible « such that (4.8) holds. Since
¥ (t) is monotone decreasing for ¢ > 0, the derivative of the left side of (4.8) with
respect to vy, becomes

— " (Vmin — 2a8) + " (Vmin) < 0.

Hence, the left side of (4.8) is monotone decreasing in vp,. For fixed 4, if vy, is
smaller, then a will be smaller. Using (3.6), we have

1 1 1
6= §HV\I/(U)H > §‘¢/(Umm)| > _iwl(vmin)-
Equality holds if and only if vy, is the only coordinate in v that differs from 1 and
vmin < 1. Hence, the worst situation for the step size occurs when v,,;, satisfies
1
(4.9) —§¢’(vmm) = 4.

The derivative of the left side of (4.8) with respect to a equals 209" (vpin —26d) > 0
and hence the left side is increasing in a. So the largest possible value of « satisfying
(4.8) holds the following equality

1
(4.10) 59/ (Vmin — 200) = 26.
Due to the definition of p, (4.9) and (4.10) can be written as
Umin = P(5)7 VUmin — 2000 = p(2(5)
This implies
1 1

3 = — (Umin — p(20)) = —(p(8) — p(25)).

6= (tmin — p(29)) = 5=(p(9) ~ p(20)
This proves the lemma. O

Lemma 4.6. Let p and & be as defined in Lemma 4.5. Then we have for § > 0,

1
a> ——.
— P"(p(29))
Proof. By the definition of p, we have
i (p(6)) = 26,
If we differentiate the above equation with respect to 4, we have —¢"(p(8))p'(0) = 2.
Since 9" (t) > 0, for all t > 0, we have
2
411 p6) =——"— <0,
) R O)
Hence, p is monotonically decreasing with respect to §. Using Lemma 4.5 and
(4.11), we have

1 [ 1
4.12 & = / = - ——do
(.12) % 5 )5 )
By Lemma 3.1 (i1), 1" (p(0)) < 4" (p(26)) for o € [6,26], i.e. 9" (p(c)) is maximal
when o = 20. From (4.12),
20 20 1
da > —do

:5 w" 5 w" 20))  ¢"(p(20))’
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This proves the lemma. O
Define
1
4.13 o= ——.
(419 0 (p(25))

Then we have a < &.

Lemma 4.7. Let & be as defined in (4.13). If ¥(v) > 7 > 1, then we have

1
a > —=-
(4V2 + 32(3)1)d1
Proof. Using the definition of 1" (t), Lemma 3.4 (ii), and (4.4), we have
_ 1 1
(8% = =
P (p(26)) 16 4 24(p(26)) =
1 1
> 5 N N
16 +24 (Z£2)1 16 +16(5)7(6 + 5)7
1 1
2 1 .5 Z 5 1.5
16 +32(5) 101  4v/201 +32(3)161
- 1
(4v2 +32(4)7)81
O
Define
1
(4.14) a= —.
(4v2 +32(3)1)01

Then & < a. We will use & as the default step size.

Lemma 4.8 (Lemma 1.3.3 in [15]). Suppose that h(t) is a twice differentiable convex
function with

h(0) =0, B'(0) <0

and h(t) attains its (global) minimum at t* > 0 and h"(t) is increasing with respect
to t. Then for any t € [0,t*], we have

th'(0)
5
Lemma 4.9. If the step size a is such that o < &, then

f(a) < —ad®.

h(t) <

Proof. Let the univariate function h be such that
h(0) = f1(0) =0, &'(0) = £1(0) = =252, K" (@) = 20%¢" (Vmin — 205).

Then h(t) is twice differentiable, h(0) = 0, and h'(0) < 0. Since h”(«) > 0, h(t) is
strictly convex and hence has a global minimum at some «* > 0. From (4.5), we
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have f{'(a) < h”(«). As a result, we have f](a) < h/(a) and fi(a) < h(a). Taking
a < @, we have

W(a) = K(0)+ /0 ")

= —26%+26° / V" (Vmin — 266)dE
0

2 2 e

6/ d}/,(vmin - 255)d(vmzn - 65)

26 Jo

= —26%+ (U (Vimin) — Y (Vmin — 2ad))

< =262 4262 =0,

where the inequality follows from (4.8). Since A" (a) = —4863¢" (Vimin — 2a8) > 0,
R (c) is monotonically increasing in «. Thus, using Lemma 4.8, we have

—26% —

file) < h(a) < %ah’(o) = —ad?.

Since f(a) < fi(«), the lemma is proved. O
Theorem 4.10. Let & be as defined in (4.14) and ¥(v) > 1. Then
3 3
- 8sW(v)s

< ——
Proof. Using Lemma 4.9, (4.14), and Lemma 4.1 we have

3 3 3 3

f(@) < —ad? = _5—41 < _574 < _M_
4v2 +32(3)1 41 41

This completes the proof. O
Lemma 4.11 (Lemma 1.3.2 in [15]). Let to,t1,...,t;x be a sequence of positive

numbers such that

tk+1§tk—’yt,1€_’8, k=0,1,...,K —1,

- N B
where v >0 and 0 < B < 1. Then K < {%J
We define the value of ¥(v) after the u—update as ¥ and the subsequent values
in the same outer iteration are denoted as ¥, £k =1,2,.... Then we have
Uy < ¥y,

where W is defined in (3.7). Let K denote the total number of inner iterations per
outer iteration. Then we have

U 1>7, 0 U <.

Lemma 4.12. Let Uy be as defined in (3.7) and K the total number of inner
iterations in the outer iteration. Then we have

~ 5
K <3108,
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[es o)

Proof. Using Theorem 4.10 and Lemma 4.11 with ~ := % and 3 := %, we have
41 8\ 23 -1
ke () (5 < ok
This completes the proof. O

Theorem 4.13. Let a LO problem be given, Wq as defined in (3.7) and 7 > 1.
Then the total number of iterations to have an approrimate solution with nyu < € s

bounded by
31-53 n

Proof. If the central path parameter u has the initial value x° := 1 and is updated
by multiplying 1 — 6 with 0 < 6 < 1, then after at most

1is?
HOge

iterations we have nu < €([16]). For the total number of iterations, we multiply the
number of inner iterations by that of outer iterations. Hence the total number of

iterations is bounded by
31.3 n

This completes the proof. Il

Remark 4.14. By Remark 3.7, for large-update methods with 7 = O(n) and
6 = ©(1), the algorithm has (’)(n% log %) iteration complexity which improves the
complexity for large-update IPMs based on the classical logarithmic barrier function.
For small-update methods, we have O(y/n log ) iteration complexity which is the
best complexity result so far.
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