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THE MODIFIED MANN ITERATION METHODS FOR AN
ASYMPTOTICALLY STRICT PSEUDO-CONTRACTIVE FAMILY
IN HILBERT SPACES

KUI-YEON KIM AND TAE-HWA KIM*

ABSTRACT. In this paper, we first propose a modified Mann’s iteration method
for an asymptotically strict pseudo-contractive family of self-mappings defined
on a closed convex subset in a Hilbert space. Next we study the weak and strong
convergence of modified Mann’s iteration method for such an asymptotically
strict pseudo-contractive family. And some applications for the parallel algorithm
and the cyclic algorithm relating to our main results are added, which extend and
improve the corresponding ones due to Lopez Acedo and Xu [Nonlinear Analysis
TMA, 67 (2007), 2258-2271] for a finite family of strict pseudo-contractions.

1. INTRODUCTION

Let C' be a nonempty closed convex subset of a real Hilbert space H. Let T :
C — C be a mapping. We use Fiz(T) to denote the set of fixed points of T'; that
is, Fiz(T) = {x € C : Tx = z}. Recall that T': C — C is said to be a strict
pseudo-contraction [1] if there exists a constant 0 < k < 1 such that

(1.1) 1Tz = Tyll* < llo = yllI* + Kll(] = T)a = (I = T)y|*

for all x,y € C. For such a case, T is said to be a k-strict pseudo-contraction. A
0-strict pseudo-contraction 7T is nonexpansive; that is, 7" is nonexpansive if

[Tz =Tyl < [lz -yl

for all z,y € C.

Recall also that T" : ' — C is said to be an asymptotically strict pseudo-
contraction [18] if there exist a constant x € [0,1) and a sequence {v,} of non-
negative real numbers with lim, .., 7, = 0 such that

(12) T =T y)? < L+ y)llz =yl + 6l =Tz — (I =Ty

for all z,y € C and n > 1; see also [7] or [16]. When (1.2) holds, T is afterward said
to be an asymptotically k-strict pseudo-contraction (with respect to the sequence
{7} in case a distinction is needed). Note that if x = 0, then T" is asymptotically
nonexpansive [4], that is,

[Tz = T"y|| < knllz -yl
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for all z,y € C and n > 1, where k,, :=y/1+ v, — 1. It is also known [17] that
the class of k-strict pseudo-contractions and the class of asymptotically x-strict
pseudo-contractions are independent.

Iterative methods are often used to solve the fixed point equation Tz = x. The
most well-known method is perhaps the Picard successive iteration method when
T is a contraction. Picard’s method generates a sequence {x,} successively as
Ty = Tx,_1 for n > 2 with x; := x arbitrary, and this sequence converges in norm
to the unique fixed point of 7. However, if T is not a contraction (for instance, if
T is nonexpansive), then Picard’s successive iteration fails, in general, to converge.
Instead, Mann’s iteration method [11] prevails, which, an averaged process in nature,
generates a sequence {x,} recursively by

(1.3) Tnt1 =y + (1 — ap)Txy, n >0,

where the initial guess zp € C' is arbitrarily chosen and the sequence {a;,}5, lies
in the interval [0, 1].

The Mann’s algorithm for nonexpansive mappings has been extensively investi-
gated; see [1, 5, 9, 19, 25, 26, 27, 28] and the references therein. One of the well
known results is proven by Reich [19] for a nonexpansive mapping 7' : C — C,
which asserts the weak convergence of the sequence {z,} generated by (1.3) in a
uniformly convex Banach space with a Frechet differentiable norm under the con-
trol condition ) 7 | ay, (1 — ) = co. However iterative methods for strict pseudo-
contractions are far less developed though Browder and Petryshyn [1] initiated their
work in 1967. Recently, Marino and Xu [12] developed and extended Reich’s re-
sult to strict pseudo-contractions in the Hilbert space setting. More precisely, they
proved the weak convergence of the Mann’s iteration process (1.3) for a s-strict
pseudo-contraction T : C' — C. Subsequently, an analogue of this result was inves-
tigated for the class of asymptotically x-strict pseudo-contractions by Kim and Xu
[7] with the following modified Mann’s algorithm:

(1.4) Tptl = ATy + (1 — apn)T" 2y, n >0,

where the initial guess zo € C' is arbitrarily chosen and the sequence {a,}72 lies
in the interval [0, 1]; see also [6, 8, 20, 21, 24] and the references therein for conver-
gence of the modified Mann iteration process (1.4) for asymptotically nonexpansive
mappings.

It is known that the Mann iteration method (1.3) is in general not strongly con-
vergent [3] for either nonexpansive mappings or strict pseudo-contractions. In 2003,
a method (called hybrid method) to modify the Mann iteration method (1.3) so
that strong convergence is guaranteed has been proposed by Nakajo and Takahashi
[15] for a single nonexpansive mapping 7" with Fiz(T) # 0 in a Hilbert space H:

xg € C chosen arbitrarily,
Yn = QpTn + (1 - O‘n)Txnv

(1.5) Cn={2€C:|lyn — 2| < |lzn — 2]},
Qn={2€C: {(xy—z,x0— ) > 0},
Tnt1 = Po,nQ, 20, 120,

where Pg denotes the metric projection from H onto a nonempty closed convex
subset K of H. They proved that if the sequence {a,}5°, is bounded above from
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one, then the sequence {z,} generated by (1.5) converges strongly to Ppi,(7)To-
This result has been extended to the class of asymptotically nonexpansive mappings
by Kim and Xu [6], and subsequently to the one of k-strict pseudo-contractions by
Marino and Xu [13] as follows.

Theorem MX (see Theorem 4.1 of [13]) Let C be a closed convex subset of a Hilbert
space H. Let T : C'— C be a k-strict pseudo-contraction for some 0 < k < 1 and
assume that the fixed point set Fix(T) of T' is nonempty. Let {xy,} be the sequence
generated by the following hybrid algorithm:

xg € C chosen arbitrarily,
Yn = Qpdn + (1 - an)Txna
(1.6) § Cp={2€C:llyn — 2|? < llan — 2| + (1 — an)(k — an) [z — T},
Qn=12€C:{(xry,—z20—2y) >0},
Tn+1 = Peo,ng,.T0, n>0.

Assume that the control sequence {a,}02  is chosen so that oy, < 1 for all n > 0.
Then {xn} converges strongly to Ppiz)To-

Quite recently, Kim and Xu [7] gave an analogue of Theorem MX for the class of
asymptotically k-strict pseudo-contractions.

Theorem KX (see Theorem 4.1 of [7]) Let C be a closed convex subset of a
Hilbert space H and let T : C' — C be an asymptotically k-strict pseudo-contraction
for some 0 < k < 1. Assume that the fized point set Fixz(T) of T is nonempty and
bounded. Let {x,} be the sequence generated by the following hybrid algorithm:

(9 € C chosen arbitrarily,

Yn = ATy + (1 — ap)T"xy,

Cn={2€C:lyn—2[* < lzn — 2> + (1 — o) (ks — o)
[z — T™n|* + 65},

Qn={z€C:(xy—2,20— 1) >0},

Tn+1 = Pe,n@.r0, n >0

(1.7)

where
O, = AN2(1 — ap)yn — 0 as n— oo, A, =sup{||z, — 2||* : 2 € Fiz(T)} < cc.

Assume that the control sequence {a,}° is chosen so that limsup,, . a, < 1.
Then {zn} converges strongly to Ppiz)To-

From now on, motivated by definition of (1.2), we say that a family & = {S,, :
C — C, n > 0} of self-mappings of C' is asymptotically k-strict pseudo-contractive
on C if there exist a constant x € [0,1) and a sequence {v,}52, of nonnegative real
numbers with lim,, . v, = 0 such that

(18) ISz = Suyll* < (1 +yw)llz =yl + £ll(1 = Sn)z — (I = Sp)yll?

for all z,y € C and all integers n > 0. When (1.8) holds, & is often said to be
an asymptotically k-strict pseudo-contractive family. Especially, when x = 0 in
(1.8), the family S is said to be asymptotically nonexpansive. Notice also that the
asymptotically strict pseudo-contractive family & = {S,, : C — C, n > 0} obviously
includes the class of strict pseudo-contractions and the class of asymptotically strict
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pseudo-contractions, simply by taking S, := T (or T™), n > 0, for a strict pseudo-
contraction (or asymptotically strict pseudo-contraction) T': C' — C, respectively.

In this paper we first propose either the following modified Mann iteration method
for an asymptotically k-strict pseudo-contractive family & = {S, : C' — C, n > 0}:

(1.9) Tpt1l = QnZn + (1 — ap)Spxn, n >0,

where the initial guess x¢ € C' is arbitrarily chosen, or the following hybrid iteration
method

xg € C chosen arbitrarily,

Yn = QpTy + (1 - an)SnfEnv

Cp={2€C:|lyn —2|I> < [lon — 2P + (1 — o) [0y
+(k — an) |7 — SnmnHz]}»

Qn=1{2€C:(xry—2z,x0— ) >0},

Tn+1 = Po,n@.ro, n 20,

(1.10)

where
O = Y - sup{||lzn — 2||*: 2 € F:= N Fiz(S,)},
and the sequence {ay, }22, lies in the interval [0, 1].

Motivated and inspired by the research works in [12], [7] and [10], we next study
the weak convergence of the above algorithm (1.9) and strong convergence of the
hybrid algorithm (1.10), respectively, for such an asymptotically strict pseudo-
contractive family & = {S,, : C — C, n > 0}. Also, some applications for the
parallel algorithm (4.3) and the cyclic algorithm (4.16) relating to our main results
are added, which extend and improve the corresponding ones due to Lopez Acedo
and Xu [10] for a finite family {7;}Y ;' of w;-strict pseudo-contractions.

2. PRELIMINARIES

Let H be a real Hilbert space with the duality product (-,-). When {z,} is a
sequence in H, we denote the strong convergence of {z,} to z € H by z,, — = and
the weak convergence by z, — x. We also denote the weak w-limit set of {x,} by

ww(Tn) = {z: JzH; — T}

We now need some facts and tools in a real Hilbert space H which are listed as
lemmas below (see [14] for necessary proofs of Lemmas 2.2 and 2.5).

Lemma 2.1. Let H be a real Hilbert space. There hold the following identities
(which will be used in the various places in the proofs of the results of this paper).

() llz —yl* = =l = lyl* - 2(z — y,9), a,y€ H.
(ii) For all \; € [0,1] with Zi]i_ol Xi =1, and z,y € H, the following equality
holds:

N-1 N-1 N—-1
(2.1) 1D Nl =7 Nillll® = Y dadgllas — 5%
i=0 i=0 1<j
In particular, for n = 2 we have

(22) itz + Q= t)yl* =tz + 1 = Oyll* —tQ — )]z —yl?, t€0,1].
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Lemma 2.2 ([14]). Let H be a real Hilbert space. Given a nonempty closed convex

subset C C H and points x,y,z € H. Given also a real number a € R. The set
{veC:ly—vl2 < o — vl + (z.v) +a}

is convex (and closed).

Recall that given a nonempty closed convex subset K of a real Hilbert space H,
the nearest point projection Px from H onto K assigns to each z € H its nearest
point denoted Pxx in K from z to K; that is, Pxx is the unique point in K with
the property

|z — Prz| <|lz—yll, yekK.
Lemma 2.3. Let K be a nonempty closed convex subset of real Hilbert space H.
Given x € H and z € K. Then z = Pxx if and only if there holds the relation:
(x—2y—2)<0, yekK.
Lemma 2.4 ([10]). Let K be a nonempty closed convexr subset of H. Let {xy} be
a bounded sequence in H. Assume

(i) The weak w-limit set wy,(x,) C K.
(ii) For each z € K, limy,_yo0 ||xn, — 2| ewists.

Then {x,} is weakly convergent to a point in K.
Lemma 2.5 ([14]). Let K be a nonempty closed conver subset of H. Let {xy} be
a sequence in H and xog € H. Let ¢ = Prxo. If {zy} is such that wy(x,) C K and
satisfies the condition
(2.3) [2n — 2ol < llg — xoll, n=1.
Then x, — q.

We also need the following lemmas.

Lemma 2.6 ([23]). Assume {a,} is a sequence of nonnegative real numbers satis-
fying the property

ant1 < (1+9n)an, n > no
for some positive integer ng, where {y,} is a sequence of nonnegative real numbers
such that Y07 | yn < 00. Then limy o a, exists.

Proposition 2.7 ([7]). Assume C is a closed convexr subset of a Hilbert space H
and let T : C — C be an asymptotically k-strict pseudo-contraction.

(i) For each n > 1, T™ satisfies the Lipschitz condition:
(2.4) [T"x = T"y|| < Lpllz —yll, x,y€C,

where Ly, = =Y U78) W (later Ly, is called the Lipschitz constant of T™).
(ii) The demiclosedness principle holds for I — T in the sense that if {x,} is
a sequence in C such that x, — xo and limsup,, . limsup,,_, . ||z, —
T"xy,|| =0, then (I — T)xzo = 0. In particular,
zpn—x9 and ([ —-T)x,—>0 = ([—-T)zxg=0.
(iii) The fized point set Fiz(T) of T is closed and convex so that the projection
Priyr) is well-defined.
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3. CONVERGENCE THEOREMS

We begin with the following lemmas which are useful in our further discussion.

Lemma 3.1. Let C' be a nonempty closed conver subset of a Hilbert space H. Let
a family S = {S,, : C — C, n > 0} be asymptotically k-strict pseudo-contractive on
C. Then, for each n > 0, S, satisfies the Lipschitz condition, namely,

(3.1) [Sn = Snyll < Lnllz — yll;

k+A/14+vn(1—K
Vi 1 €l N C S

where Ly, := - T

Proof. Similarly, (3.1) can be derived by replacing 7™ in the proof of Proposition
2.6 (i) in [7] with S,. O

Remark 3.2. Note that the common fixed point set F' := Mo Fixz(Sy,) is closed,
but we don’t know whether it is convex or not. However, it is not hard to see that
F' is convex provided the family S = {S,, : C — C, n > 0} satisfies the following
continuity condition:

(3.2) VoeC, |[|Spv—v|—0 = veF
Indeed, let p,q € F and v := Ap+ (1 — A\)g € C with A € (0,1). To show the

convexity of F', we must show that ||.S,v — v|| = 0. Now use (ii) of Lemma 2.1 and
(1.8) to get
1Snv —vl> = [A(Snv = p) + (1 = X)(Snv — q)||?
= ASav = Supl” + (1= A)[[Spv = Snall* = A1 = N)llp — gl®
< A+ yn)llv = pl* + wllo = Spol?] +
(1= N[A+m)llv = ql® + &l = Spv]*] = AL = N)lp — a]*

Thus we have

(L=r)ISev —v[*> < AM1=N1+3)lp—al* = A1 = N|p—q|?
= AML=Mwlp—ql*> =0

because v, — 0 as n — co. So, we obtain that [|S,v — v|| — 0.

Lemma 3.3. Let C' be a nonempty closed convex subset of a Hilbert space H. Let
a family S ={S, : C — C, n > 0} be asymptotically k-strict pseudo-contractive on
C. Assume that F' # () and the control sequences {v,}52, and {a,}5°, are chosen
so that

(i) 3207 < 00, and

(ii)) k+e<ap <1—¢€, wheree € (0,1) is a small enough constant.
Starting from an arbitrarily given xo € C, let {x,,} be the sequence generated by the
algorithm (1.9). Then there hold the following properties.

(a) For each q € ¢o(F), limy—oc ||2n, — q|| exists, whereco(F) denotes the closed
convex hull of F.
(b) ||zn — Spxn|| = 0 and, furthermore, ||z, — Tpt1]] = 0 as n — oco.
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Proof. (a) First we show that lim,_, ||z, — p|| exists for all p € F. Indeed, let
p € F. By virtue of (1.8), we see

1Sz = pII* = [1Sn@n — Supll® < (1 +70) |20 = plI* + Kllzn — Spal®.

Then this jointed with the identity (2.2) and the hypothesis (ii) yields

[@ns1 = plI? = l|an(zn —p) + (1 — ) (Snan — p)||?

= apllz, _pH2 + (1 — an)|[Snzn _pH2 — (1 — ap)|lzn — Snxn”Q
[1+ (1 — an)] ||z _pH2 — (1 —an)(an — K)[|zn — Snanz

<
< (1+’Yn)||$n_pH2_52”$n_ n$n||2v

(3.3)
in particular,
Znr1 = pl* < (1 + )20 — 2l

and, since Y~ 1 v, < oo by (i), an application of Lemma 2.6 ensures that lim,, o ||,—
p|| exists. Next, let g € co(F'), that is,

N-1
q= Z AiDi
i=0

where all p; € F' and \; € [0, 1] such that Zfif)l Ai = 1. Using the identity (2.1),
we have

N-1
lzn —al> = Y Xi(zn — o)l
i=0
N-1 N-1
= > Aillwa =il = D Al — il
i=0 i<j
for all n. Since lim,_, ||z, — pi|| exists for i = 0,1,..., N — 1, the above identity

yields
N-1 N-1
dim o =gl = D0 Al —pl® = D Aidllp - w5
i=0 i<j
and hence lim,_, ||z, — ¢|| exists for all ¢ € co(F'),which quickly gives (a).
(b) Since {z,} is bounded, so is {S,z,}. Now rewrite (3.3) in the form
2 1 2 2 Tn
|2 — Snxal|” < :2(”3771 =l = l[2n+1 — p[°) + 2 |20 — pl|-
As 7y, — 0 and {z,} is bounded as n — oo, we get
(3.4) |xn, — Spzn| — 0.
From definition of z,1, it follows that
(3.5) 201 = znll = (1 = an) |20 — Span| = 0.

Hence (b) is obtained, which completes the proof. O
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Lemma 3.4. Let C' be a nonempty closed conver subset of a Hilbert space H. Let
a family S ={S, : C — C, n > 0} be asymptotically k-strict pseudo-contractive on
C. Assume that F is a nonempty bounded subset of C', and also that the control
sequence {a, 152 s chosen so that 0 < oy, < 1 forn > 0. Let {x,} be the sequence
generated by the hybrid algorithm (1.10), starting from an arbitrarily given xy € C.
Then there hold the following properties.

(a) ||z — ol < [lg — ol for all n > 1, where q := Peg(p)yo-

(b) |zn — zp+1|| = 0 and, furthermore, ||z, — Spznl = 0 as n — oo.

(©) llyn — xn|| = 0 as n — oco.

Proof. First observe that C,, is closed convex by Lemma 2.2 and also that @, is
closed convex for all n > 0. Next we show that F' C C), for n > 0. Indeed, we have,
for all p € F, replacing x,,4+1 in (3.3) with y,, we have

1Y _pH2 = |lan(zn —p) + (1 — an)(Spwp — p)H2
1+ 70 (1 = an)lllzn — plI> = (1 = an)(an — K) 20 — Spaa?
|Zn *p||2 + (1= ap)[0n + (k — an) |20 — Snxn|’2]

and thus p € (), for all n > 0. This shows F' C C}, for each n > 0.
Next we show that

(3'6) F C Qn, n 2 O.

We prove this by induction. For n = 0, we have F' C C' = (Qg. Assume that F' C Q.
Since x4 is the projection of x onto Ci N Qk, by Lemma 2.3 we have

<
<

(Tr41 — 2,00 — Tpg1) 20, 2€ CpNQy.

As F' C CxNQy by the induction assumption, the last inequality holds, in particular,
for all z € F. This together with the definition of Q11 implies that F' C Qpy1-
Hence (3.6) holds for all n > 0, and x,, is well defined for all n. Furthermore, since
C, N Q. is closed and convex, it follows from F C C, N @, that

@(F) C CuNQp, n>0.

Notice that the definition of @, actually implies x,, = Py, zo. This together with
the fact co(F') C @y, further implies

lzn — zoll < llp — oll, p € o(F).
In particular, {x,} is bounded and
(3.7) |2n — 20l| < |lg — @oll, where q := Pgp)mo.

Hence (a) is fulfilled.
The fact z,+1 € @, asserts that (zp41 — @y, x, — x9) > 0. This together with
Lemma 2.1 (i) implies

|zns1 = zall® = (@041 = 20) = (20 — 20|

| Tn1 — mOH2 —||zn — xOHQ = 2(Tnt1 — T, Tn — To)

Tt — xOHQ — ||zn — xo”z'

(3.8)

IN
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This implies that the sequence {||z, — z¢||} is increasing. Since it is also bounded,
we see that lim,,_, ||z, —z¢|| exists. Note that since {z,} is bounded, so is {S,x, }.
Then it turns out from (3.8) that

(3.9) |Xnt1 — xnl] = 0.
To prove the second part of (b), i.e., ||z, — Spz,| — 0, use the fact x, 1 € C), to
get
Hyn - 13n+1”2

(3.10) < an = 2P+ (1= an)[n + (5 — an) |20 — Suznl|].
On the other hand, by virtue of y,, = apxy + (1 — ) S, and (2.2) in Lemma 2.1,
we have

[yn — $n+1||2 = |lan(zn — zns1) + (1 — an)(Sprn — xn+1)||2

an|zn — xn-&-lHQ + (1 — an)||Snn — xn+1H2

—a (1 — o) |20 — Sy

After substituting this equality into (3.10), by simplifying and dividing both sides
by (1 — ay) (note that a,, < 1 for all n), we arrive at

(3.11) |Zn+1 — Snwan < nyr — xn”z + On + Ellzn — SnanQ-

Also, since
|Zn41 — Sn$n‘|2 = (zns1 — 2n) + (25 — nxn)Hz
= Hxn+1 - anQ + Hxn - nanZ - 2<xn — Tn+1,Tn — Snxn>

by the parallelogram law, substituting this equality into (3.11) and simplifying, we
have

(1= g)||z, — Sn:an2 < Op+ 2(xy — Tpg1, Ty — Spy)
<

On + 2[|@n — Tnia [l lzn — Spanl-

Since 6, — 0 and ||z, — Tny1|| = 0 by (3.9), solving this quadratic inequality in
|Zn — Snan||? yields limy, o || 2 — Span|| = 0. Hence (b) is proven. Finally, (c) can
be immediately derived by combining (3.10) and (b). O

Now we present the weak convergence of the algorithm (1.9) and the strong
convergence of the hybrid algorithm (1.10) for an asymptotically strict pseudo-
contractive family § = {S,, : C — C, n > 0}.

Theorem 3.5. Under the same hypotheses with Lemma 3.3, assume, in addition,
that wy(zy) C F and S satisfies the continuity condition (3.2). Then {xy} converges
weakly to a point of F.

Proof. Following Remark 3.2, we notice that the set F' is closed and convex. By (a)
of Lemma 3.3, lim,,_,« ||z, — p|| exists for p € F. Also, since wy,(x,) C F by the
assumption, an application of Lemma 2.4 with K := F ensures that {x, } converges
weakly to a point in F'. O

Theorem 3.6. Under the same hypotheses with Lemma 3.4, assume, in addition,
that wy () C F and S satisfies the continuity condition (3.2). Then x, — Prxg.
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Proof. Obviously, F' is closed and convex. Combined the assumption wy,(z,) C F'
with (a) of Lemma 3.4, an application of Lemma 2.5 (with K := F') ensures that
T, — q, where ¢ = Ppzx. O

We here give an example of an asymptotically strict pseudo-contractive family of
self-mappings which is not asymptotically nonexpansive.

Example 3.7. Let C = H =(? andt > 1, p > 1. Then we can define
1
Sn:c:—(t—i-f)x, rzeC
npb

for eachn > 1 and let Sy = I, the identity mapping on C. Then, F := N2 Fiz(S,) =
{0}, the family S = {S, : C — C, n > 0} is obviously not asymptotically nonex-
pansive, but asymptotically r-strict pseudo-contractive on C for any k € [L1,1).

+1°
Indeed, let x,y € C' and iﬁ <k <1. Since

1
Suz —Suyl? = (£ 4+ 22) e — I,
n

11\2
1= S)a— (I = Suyll? = (1+t+—) Tl =yl

and also,

1\2 1 1\2 1\2
trip) (it ) = ) ()
(+np K ++np +1 ++np

S )
n}’ npP
3
< 1+ﬁ
we have
172 142
ISz = Suyl? = [(t+ ) —m(1+t+f)}||a:—y||2

+/<;(1 i+ ) lz — y|2

< (1+ )\|x—yH2+n(1+t+ )||a:—y\|2
= (L+mm)llz = yl? + &I = Sp)z — (I = Sa)yl%,

where ~yp, 1= % (note that >~ >7 | v, < 0o for p > 1; see (i) of Lemma 3.8). There-
fore, = {5, : C — C, n > 0} is asymptotically k-strict pseudo-contractive on C
for any K satisfying t+1 <k<l.

Remark 3.8. Note that if the family & = {S,, : C — C, n > 0} is given as in Example
3.7 with p > 1, and {x,} is generated by the algorithm (1.9), then wy(x,) =
{0} = F. In fact, assume without loss of generality that =, — z € C. Since
|zn, — Znt1]| — 0 by (b) of Lemma 3.3, ,41 — z too. Now choose a subsequence
{ni} of {n} such that a,,, - o € [k +¢€,1 —¢] by (ii) of Lemma 3.3 as k — oo.
Then the algorithm (1.9) yields

1
Tnp+1 = QnyLny, — (1 - ank)(t + ;k)xnk
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and also
1
<$nk+17y>: [ank_(1_ank)(t+n7k)]<$nk7y>7 y € H.

Now taking the limit on both sides as k — oo, we get

(z,9) =la = (1 -)tl(z,9) & (1-a)1+1){zy) =0

for all y € H. In particular, choosing y = z yields z = 0. Therefore wy,(z,) C {0}.
For the converse inclusion, since {z,} is bounded; hence wy(z,) # 0, the same
argumentation as above gives

Ty = 0 € wy(zy),

which concludes that wy,(z,) = {0}.

On the other hand, if the sequence {z,} is defined by the hybrid algorithm (1.10)
and limsup,,_,., o, < 1, then wy(z,) = {0} can be similarly proven by virtue
of (¢) of Lemma 3.4. Consequently, our main results (without such restrictions)
can be directly applied to this family, in other words, the sequence {z,} defined
by (1.9) converges weakly to zero under assumption (ii) of Lemma 3.3, while the
sequence x {x,} generated by (1.10) converges strongly to zero under the condition
limsup,, ., a, < 1.

4. APPLICATIONS TO THE PARALLEL ALGORITHM AND THE CYCLIC ALGORITHM

Let C be a nonempty closed convex subset of a Hilbert space H. Unless other
specified throughout this section, we always assume that

(c1) for each ¢ = 0,1,...,N — 1, T; : C — C be an asymptotically r;-strict
pseudo-contraction with respect to the sequence {’yﬁf) o for some 0 <
ki <1,

(cg) for each n > 0, {)\En)} is a finite sequence of positive numbers such that
SV = 1 forall m, and X; o= inf{A\™ :n >0} > 0fori =0,1,...,N—
1.

Recently, Lopez Acedo and Xu [10] considered the problem of finding a point x
such that

x € Fy = NN, Fia(Ty),
where {T;}N ! are k;-strict pseudo-contractions defined on C under the condition

(c2). As Fn # 0, they investigated the weak convergence of the sequence {z,}
generated explicitly by the following parallel algorithm:

N—-1
(4.1) Tnt1 = nZp + (1 — ap) Z )\En)Tixn, n >0,
1=0
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and strong convergence of the following hybrid parallel algorithm:

zg € C chosen arbitrarily,

Yn = QnTp + (1 — an) va 01 >‘£ )TlfL'na

Crn={2€C:|lyn — 2|1 <llzn — 2|> + (1 — an)(k — an)
e — S5t A Tiaa 2},

Qn={z€C:{(xy—z,x0—xpn) >0},

Tnt1 = Po,n@.zo, n >0,

(4.2)

where the initial guess zg € C is arbitrarily chosen and {a,}22, C [0, 1).

Throughout this section, let {Tz}f\; _01 be a finite family of asymptotically r;-strict
pseudo-contractions defined on C. Then we consider either the following modified
parallel algorithm of (4.1):

N—-1
(4.3) Tny1 = pZn+ (1 —ap) Z )\ T 'x,, n>1.
1=0

or the modified hybrid parallel algorithm of (4.2):

(z¢ € C chosen arbitrarily,
Yn = anZn + (1 — ayp) Zf\i 1)\( T Tz,
Cn={2€C: |y, — ZH2 < Hxn - ZH2 + (1 — an)[0n
(5 = an)llam — S5 A T |2},
Qn=1{2€C:{(xry,—2z20—24) >0},
ZTny1 = Po,ng,To, n =0,

(4.4)

where
On = Tn - Sllp{”l'n - ZH2 VA FN}
For each n > 0, let a mapping Sy, : C — C defined by

N-1
(4.5) Spr =Y A"
=0

for all z € C, where T = I for i = 0,1,..., N — 1, Then parallel algorithms (4.3)
and (4.4) can be written compactly as (1.9) and (1.10), respectively, noticing the
fact
Fny =F :=n;_gFiz(Sy)

by the property (iii) of the following lemma 4.1.

Put v, := Inax{’y,(f) :1<i< N}forn>0and k :=max{k; : 1 <7 < N}.
Obviously, v, — 0 and 0 < k < 1 and we therefore obtain the following properties
of the mapping S,,.

Lemma 4.1. Let x,y € C and i = 0,1,...,N — 1. Then the following properties
are satisfied.
() 1772 = T1yl? < (L + )z =yl + &l - T”)ﬂf - (- T”)yH2
(i) [[Snz = Spyll* < (1 +%)Hw‘ —yl? + sll(I = Sw)z — (I = Sp)yl®. In other
words, the family & = {S, : C — C,n > 0} is asymptotically k-strict
pseudo-contractive on C'.
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(i) If Fy # 0, then Fy = F; hence F is closed conver so that the projection
Pr is well defined.

Proof. (i) is obvious from the definition of asymptotically strict pseudo-contraction.
To prove (ii), use the identity (2.1) of Lemma 2.1 to derive

N-1

(I = Sp)a = (L= Syl = || - AN = 1)z — (1 = 1))
=0

N-1 N-1
= S NN =T — (=Tl = Y NN (@ - Ty) — (T - T)|
i=0 1<J
This yields a simple form:

N-1
(4.6) SN =T — (1= TP)yl? = (L = S)a — (1= Su)yl* + J,
1=0

where J := Zf\gl )\En))\gn)ﬂ(]}”m — Tpy) — (Tpx — Ty)|* > 0. Use (2.1), (i) and

(4.6) in turn to get

N—

10z — Suyll? = || Y- A (170 — 17y
=0

[y

=

AT — Ty - J

I
8\

N—-1
< N+l =yl + K= TPz — (T = TPyl - T
1=0
N—1
= (U tllz —yl?+r DA~ Tz — (L =Tyl — T
=0

= (L+wllz =yl + sl = Sp)a = (I = Sp)yll> = (1= k)]
< (4 yn)z =yl + &l (I = Su)a — (I — Syl
Hence (ii) is proven.

Finally to prove (iii), it suffices to show that F' C F. Indeed, let z = S,z for
all n > 0. Since Fy # 0, for p € Fi, use (2.1) and (i) to derive

N-1
n n 2
lp =zl = llp=Suzll® = || Y Ao - 17a)]|
=0
N-1 N-1
= S AP p - el - S AN 7 - T
=0 i<j
N-1

NN+ )llp = 2| + £l - T2} - 8

IN
I
o
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N—-1
= Atmlp—al?+5 > Ao - TPa)? - 5
1=0
where 0 := Zf\ijl A ”))\ | T2 Tj”xH2 Therefore, we have
N-—1
(4.7) 5 <nllp — 2l + 5 Y A |z — T,
=0

On the other hand, since S,z = x for all n > 0, it follows from (2.1) that

N-—1
0 = |Suz—al =] Y A (17z o)
1=0
N—-1
(4.8) = N AT — 2] -
1=0

Substituting (4.8) into (4.7) and simplifying, we have
N-1
0 < (1-r) ) MlITVz— a2
i=0
N-1
< (@=r) YN~ af?
i=0
< allp —2l* —
because 7, — 0. This implies that, for i = 0,1,..., N — 1, lim,, o 7]’z = = and
so x € Fiz(T}) by continuity of T;. Hence, z € Fy = N, Fixz(T;), which proves
F C Fy. Finally, by (iii) of Proposition 2.7, each Fix(7;) is closed convex for

1=20,1,...,N — 1. Hence Fy is closed convex, and so is F' = Fjy. This completes
the proof. O

Lemma 4.2. Assume Fy # (. Let v € C and p € Fy. Then,

() (1= r) T Mz = 1722 < |Ip — 2| (wllp — 21| + 2] = Sae])-
(ii) Let {z,} C C such that x,, = z and ||z, — Spzn|| — 0. Assume, in addition,
|xrn — nt1]] = 0. Then z € Fy.

Proof. Put I := YN ' A" ||lz — TPz|)? and J := S0 AN | Tre — Tra 2. Use
(2.1) to get
N—-1 )
o = Suzll® = || S A" (@ = TPa) | = 1 - J.

Observe
Ip—Snzl®> = |l(p—2)+ (z — Spa)|?
||p—:L‘||2+||x—5’n:n||2—2<:x—p,:r—5n:v)
(49) = - alP+T—J -2z —p,o — Sua)
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by parallelogram law. Using (2.1) and (i) of Lemma 4.1 we have

N-1
Ip— Suall® = HD (0= 1r0)|[* = SN lp = TPl 7

N-1
< YA+ )l -2l + sz — T2} - T
1=0

(4.10) < (ol +nl -

Substituting (4.9) into (4.10) and simplifying we have
(1—r)I Yullp — z|* + 2(x — p,x — Spx)

lp = zl(wllp — =l + 2]z = Snz]]),

which proves (i). To show (ii), replacing z with x,, in (i) gives

<
<

N—-1
(1= #) Y AP ln — Tl < [Ip — 2ol (yallp — @l + 2]z — Sazal).
1=0

Since {x,} is bounded, 7, — 0 and ||z, — Spzy| — 0, we can easily derive
(4.11) |z — Tla,) =0, i=0,1,...,N —1.
On the other hand, by (i) of Proposition 2.7, for each i = 0,1,..., N — 1,
IT2 = TPyl < LP|le —yll, @,y €C,
where L( D denotes the Lipschitz constant of T}*. Put L,, := maxN 1 L( ) Then
(4.12) T — T]'y|| < Lypllz —yll, z,yeC, i=0,1,...,N —1.

After using (4.12) in the following second inequality, apply (4.11) and the as-
sumption ||z, — Zp+1|| — 0 to derive

T e = TP |l < T2 — @l + 20 — 2o

Hlzns1 — TinJrlfUnﬁ-l” + ||Tin+1$n+1 - Tz‘n+1$n||
|77 %0 — znll + (1 + Lnt1)||2n — 2|

(4.13) Hzns1 — T apa]| — 0.

For i =0,1,...,N — 1, with the help of (4.11)-(4.13) we have

= T an | + | T2 — T | + 177 20 — Tian||
(14 L) ||zn — TP 2n|| + || T 2, — T2y, — 0.

IA

|zn — Tizn||

<
(4.14) <

Then the demiclosedness principle of I — T; (Proposition 2.7 (ii)) implies that z €
Fix(T;) for all i = 0,1,...,N — 1. Hence z € Fy = N}y Fiz(T;) and the proof is
complete. O

As direct applications of Theorem 3.5 and 3.6, respectively, we obtain the fol-
lowing successive convergence problems of parallel algorithms for a finite family
{Tz}fi 61 of N asymptotically x;-strict pseudo-contractions.
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Theorem 4.3. Let C' be a nonempty closed convex subset of a Hilbert space H.
Let {T;} ™" and {)\Z(n)} be as in (c1) and (ca), respectively. Let vy, := max ;! %gi)
and k 1= maxf\;_ol Ki. Assume that Fy # 0 and the control sequences {v,}52, and
{an}52, are chosen so that

(i) ZZO:O Yn < O0.
(il) k+e<ay <1—¢, wheree € (0,1) is a small enough constant.

Starting from an arbitrarily given xo € C, let {z,,} be the sequence generated by the
parallel algorithm (4.3) or (1.9). Then {x,} converges weakly to a common fized
point of {T;} L.

Proof. By (ii) and (iii) of Lemma 4.1, it suffices to show that wy,(z,) C F. This
fact is directly derived from (ii) of Lemma 4.2 by reminding of (b) of Lemma 3.3.
Then our conclusion is obtained by Theorem 3.5. 0

Theorem 4.4. Let C be a nonempty closed convex subset of a Hilbert space H. Let
(T} and {)\Z(n)} be as in (c1) and (cz), respectively. Let ~y, := max.y o ’yr(f) and
K= maxi]if)l ki. Assume that Fy is a nonempty bounded subset of C, and also that
the control sequence {an}02 is chosen so that 0 < «,, < 1 for n > 0. Let {x,}
be the sequence generated by the modified hybrid parallel algorithm (4.4) or (1.10),
starting from an arbitrarily given xq € C. Then x,, — Pp,xo.

Proof. By (ii) and (iii) of Lemma 4.1, the family & = {S, : C — C,n > 0}
is asymptotically k-strict pseudo-contractive on C and F' = Fy is closed convex.
Immediately, the fact wy,(z,) C F is required from (ii) of Lemma 4.2 by reminding
of (b) of Lemma 3.4. Then our conclusion is achieved by Theorem 3.6. g

Lopez Acedo and Xu [10] also investigated the convergence problems for the
following cyclic algorithm:

xp € C chosen arbitrarily,
Tr1 = QT + (1 — Oco)To:Uo,
xg =z + (1 —aq)Thzy,

zy =any_12y-1+ (1 —an_1)Ty_12N_1,
zn41 = anzy + (1 —an)Tozn,

where {a,}72 be a sequence in [0, 1]. The above cyclic algorithm can be written
in a more compact form as

(4.15) Tpt1 = Ty + (1 — an) T 0, n >0,
where Tix] = Tkmod N for integer £ > 1. The mod function takes values in the set
{0,1,2,--- N — 1} as
T — Ty, if ¢ =0;
K=\ 1, if0<qg<N
for k = jN + ¢ for some integers j > 0 and 0 < ¢ < N.
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For our argument for a finite family {Tz}fi _01 of asymptotically r;-strict pseudo-
contractions defined on C', we consider the following modified cyclic algorithm in-
stead of (4.15):

xg € C chosen arbitrarily,
T1 = T + (1 — CM())T(){L'(),
To = 11 + (1 — al)Tlxl,

ry =any_12N-1+ (1 —an_1)TN_12N -1,
2
zn+1 = aney + (1 —an) Tz,

2
Ton = aaN—1ZaN—1 + (1 — aon—1)TN_1ZaN—1,
_ 3
Ton+1 = aonTan + (1 — con)Tyzan,

which can be written in the following compact form:

(4.16) Tptl = ATy + (1 — an)T[I:L(]n)xn, n >0,

where k(n) := g + 1, as expressed with n = ¢N + [n] for each n > 0. Then it is not
hard to see that

(4.17) k(n—N)=kn)—-1 and Tj,_n) =T}, n=>N.

Observe that taking 77" = 7T; (then ’yg) = 0) for all n > 0 in (4.16) reduces to
(4.15). Also, it is not hard to see that the family & = {T[’;(}n) :C — C,n >0} is
asymptotically k-strict pseudo-contraction. Indeed, use (i) of Lemma 4.1 to get
k 2 k k

1TV = Tyl < (4 )z = ylIP + sl (7= T ) = (1= T )yl ?
for all z,y € C, and 7,y — 0 because k(n) — oo as n — oo.

Finally, as direct consequences of our main theorems, we also prove the following
successive convergence problems of cyclic algorithms for a finite family {Tz}f\; _01 of
asymptotically k;-strict pseudo-contractions.

Theorem 4.5. Under the same hypotheses with Theorem 4.3, the sequence {x,}
generated by the cyclic algorithm (4.16) converges weakly to a common fized point
of {Ti}55"

Proof. Replacing all the S,, in the process of the proof of Lemma 3.3 with )

] > We

can immediately prove the following facts:

(1) limy, 00 ||zn — p|| exists for p € Fy;
(2) lon = TV n]| = 0 (hence ||z, — zps1]| = 0) as n — oo,
(

By (2), it is not hard to see that, for i =0,1,...,N — 1
(4.18) |xn — Tptil| = O
and

(4.19) T — i) — 0.
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Using (4.12) and (4.17), we have

k(n k(n
|20 = Thgall = (@0 — Thw0) + (T n = Thgza) |

< Hmn—T'“(”:rnHJrLlHT’“(”“ — 2
<l = Tp Pl + Lo (1T o = Tl + 1T 3 20w = 2al)
<l = Tpwnll + La(Ligay—1 2 — Zne [+ 1Ty 20y = 2a])

for all n > N. Using (2), (4.18) and (4.19) with n — N instead n, ¢ = 0, the right
hand side converges strongly to 0 and hence

(4.20) |2n — Tipyznll — 0.

For i =0,1,...,N — 1, use (4.12) to derive the following second inequality and
also use (4.18) and (4. 20) to get the convergence to 0 as

lzn — Tinyaoall < llzn — Tagill + |2t — T Tnall
Tt Znti — Tingg @l
< T+ Lo)llzn — zntill + |1Zn+i — Tngg Tnsall — 0.

For simplicity, put ¢} := ||z, — Tixy|| for i = 0,1,...,N — 1 and n > 0. For the
following enumeration (4.21) with N-rows, take, in turn, i =0,N -1, N -2, --- |1
in the set {|lz;, — Tj,42nl/} for each row and enumerate each column for all n > 0.

0 1 2 N-1 N N+1 2N-—1 2N
S RN = N PR
0 1 .2 - 2
Cy_1 € €1 - Cy_32 Cn_1 O "t Cy_o CN—1 —- 0
(421) 0 . . . .
: : T : : : : : — 0
A e o cévfl ey Cé\”rl C%Nfl N — 0

It is not hard to find a sequence {cjj} positioned at each N-diagonal, repeatedly,
such that ¢ = ||z, —Toxy| — 0. Moving each row downwards once and the last row
to the first cyclically, we can get the sequence {c]} appearing at the same position
with {cj} such that ¢{ = ||z, — Thz,| — 0. Repeating these processes, we have

(4.22) |#n — Tyzpl| = 0, i=0,1,...,N —1.

*

Finally to show w,,(z,) C Fy, use the demiclosedness property of I — T; (see (ii)
of Proposition 2.7). Then, use Lemma 2.4 (with K = Fy) to conclude that {z,}
converges weakly to a point in Fly. O

Theorem 4.6. Let C' be a nonempty closed convex subset of a Hilbert space H. Let
(T30 and {)\En)}zozo be as in (c1) and (cy), respectively. Let ~y, = max. ;" ’yﬁb)
and K := maxf\/:_o1 Ki. Assume that Fiy is a nonempty bounded subset of C, and also
that the control sequence {cu,} is chosen so that 0 < a,, < 1 for alln > 0. Let {z,}
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be the sequence generated by the following modified cyclic algorithm:

(x9 € C chosen arbitrarily,

Yn = QpTy + (]- - an)T]:l(n)xny
Cn={2€C:|yn —2[|* < |lzn — zHQ + (1 — an)[0n
k(n
(= an)zn = Ty a1},
Qn=12€C:{(xyn—2z,x0— ) >0},

Tnt1 = Pe,ng,To, n =0,

\

where O, =y, - sup{||lzn, — 2||?: 2 € Fy} — 0. Then z,, — Pr, 0.

Proof. First, to claim the following observations (i)-(vi), simply replace S,, in the

proof of Lemma 3.4 with T[I:l(]n).

(i) zp is well defined for all n > 1.
(ii) |lzn — @0l < |lg — xo|| for all n, where ¢ = Pr, 0.
(ili) ||zn+1 — znl| — 0.

. k
(vi) [l — Tl = 0.
To derive wy(x,) C Fy, repeat the argument of (4.18)-(4.22) in the proof of Theo-
rem 4.5. Finally use (ii) and Lemma 2.5 to arrive at the our conclusion. O

Remark 4.7. (a) The cyclic algorithm (4.15) was investigated by Xu and Ori [29] for
the implicit iteration process for N nonexpansive mappings, later studied by Sun
[22] for N quasi-nonexpansive mappings, and recently developed by Chang et al.
[2] for the implicit iteration process with error for N asymptotically nonexpansive
mappings.

(b) As taking 'y?(f) =0 (hencey, =0) and T)* =T; forallnand i =0,1,...,N—1
in (4.3) and (4.16), our results extend and improve the corresponding ones for a finite
family {Tz}f\; 61 of N k;-strict pseudo-contractions due to Lopez Acedo and Xu [10];
see Theorem 4.1 and 5.2 of [10].

(c) Note that Theorem 3.5 and 3.6 are also satisfied under the weaker assumption
of § = {5, : C — C,n > 0}, more precisely, for an asymptotically k-strict quasi-
pseudo-contractive family; in view of (1.8), we say that S = {5, : C — C,n > 0}
is asymptotically k-strict quasi-pseudo-contractive on C if F := NS Fix(Sy,) # 0
and there exist a constant £ € [0,1) and a sequence {v,}2>, of nonnegative real
numbers with lim,, o v, = 0 such that

1Snz = pl|* < (1 + )|z = pl* + |z — S|
for all x € C, p € F and all integers n > 0.
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