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COMMON FIXED POINT THEOREMS FOR OCCASIONALLY
WEAKLY COMPATIBLE MAPPINGS SATISFYING THE
EXPANSIVE CONDITION

JONG KYU KIM AND MUJAHID ABBAS

ABSTRACT. We obtain several fixed point theorems for a class of operators called
occasionally weakly compatible maps defined on a symmetric space satisfying a
generalized expansive condition. These results are some of the most general fixed
point theorems for four maps which satisfy expansive condition.

Prior to 1968 all work involving fixed points used the Banach contraction prin-
ciple. In 1968 Kannan [9] proved a fixed point theorem for a map satisfying a
contractive condition that did not require continuity at each point. This paper was
a genesis for a multitude of fixed point papers over the next two decades. (See,
e.g., [12] for a listing and comparison of many of these definitions.). Sessa [14]
coined the notion of weakly commuting. Then Jungck generalized this idea, first
to compatible mappings [6] and then to weakly compatible mappings [7]. There
are examples that show that each of these generalizations of commutativity is a
proper extension of the previous definition. We shall list here only the definition
of weakly compatible. Also during this time a number of authors established fixed
point theorems for pairs of maps (See for example, [4], [11] and references therein).
Thagafi and Shahzad [3] gave a definition which is proper generalization of non-
trivial weakly compatible maps which have coincidence points. Zhang [16] obtained
common fixed point theorems for some new generalized contractive type mappings.
Recently, Abbas and Rhoades [2] obtained common fixed point theorems for occa-
sionally weakly compatible mappings satisfying a generalized contractive condition.
A survey of the literature regarding common fixed points of two and four mappings
shows that most of the results do not involve expansion conditions. Rhoades [13]
proved a common fixed point theorem for a pair of expansive maps ( see also [15] ).

The aim of this paper is to obtain some fixed points theorem involving occa-
sionally weakly compatible maps in the setting of a symmetric space satisfying a
generalized expansion condition.

Two maps S and T are said to be weakly compatible if they commute at coinci-
dence points (see [10]).

Definition 1. Let X be a set and f, g be selfmaps of X. A point z in X is called
a coincidence point of f and g iff fx = gr. We shall call w = fx = gz a point of
coincidence of f and g.
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The following concept [3] is a proper generalization of nontrivial weakly compat-
ible maps which have a coincidence point.

Definition 2. Two selfmaps f and g of a set X are occasionally weakly compatible
(owc) iff there is a point x in X which is a coincidence point of f and g at which f
and g commute.

We shall also need the following lemma from [8] ( see also [1] ).

Lemma 3. Let X be a set, f,g owc selfmaps of X. If f and g have a unique point
of coincidence, w := fx = gx, then w is the unique common fixed point of f and g.

Our theorems are proved in symmetric spaces which are more general than metric
spaces.

Definition 4. Let X be a set. A mapping d : X x X — [0,00) is said to be
symmetric on X if it satisfies the conditions;

dw,y) =0 iff w=y, and dw,y)=d(y.z) for zyeX.

Let A € (0,00], R} = [0, A). Define,

F0,A) = {F: R} — R: F is nondecreasing, F(0) = 0 and F(t) > 0 for each
te (0,A)} and

¥[0,A) = {¢: Ry — R: is nondecreasing ¢ (t) > t, for each t € (0, A)}.
Theorem 5. Let X be a set with a symmetric d. Let D = sup{d(x,y): z,y € X}.
Suppose that f,q,S,T are selfmaps of X and that the pairs {f,S} and {g,T} are
each owc. If for each x,y € X satisfying fr # gy we have
(1) F(d(fx,gy)) > Y(F(M(x,y))),
FeFl0,A) andy € V[0, F(A—0)), where A= D if D =00 and A > D if D < oo,
and

M (z,y) = max{d(Sz, Ty),d(Sz, fz),d(Ty, gy),
d(Sz, gy),d(Ty, fz)},

then there is a unique point w € X such that fw = gw = w and a unique point
z € X such that gz =Tz = z. Moreover, z = w, so that there is a unique common
fixed point of f,g,S, and T.

Proof. Since the pairs {f, S} and {g,T} are owc, there exist points x,y € X such
that fo = Sz and gy = T'y. We claim that fx = gy. If not, then we consider,

M(z,y) : = max{d(Sz, Ty), d(Sz, fx),d(Ty, gy), d(Sz, gy), d(Ty, fz)}
= d(fz, gy).
Then (1) implies
F(d(fz,gy)) > $(F(M(z,y)))
= Y(F(d(fz, 9y))) > Fd(fz,9)),

which is a contradiction. Therefore, fx = gy; i.e., fxr = Sx = gy = T'y. Moreover,
if there is another point z such that fz = Sz, then, using (1) it follows that
fz =82 =9y =Ty, or fr = fz, and w = fr = Sz is the unique point of
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coincidence of f and S. By Lemma 3, w is the only common fixed point of f and
S. By symmetry there is a unique point z € X such that z = gz = Tz.
Suppose that w # z. Using (1),

Fld(w,2)) = F(d(fw,gz)) =2 $(F(M(w,z)))

> F(d(w, 2)),
which is a contradiction. Therefore w = z and w is a common fixed point. By the
preceding argument it is clear that w is unique. O

Corollary 6. Let X be a set with a symmetric d. Let D = sup{d(z,y): z,y € X }.
Suppose that f,g, S, T are selfmaps of X such that {f,S} and {g,T} are owc. If

(2) F(d(fx,gy)) > $(F(m(z,y))),
for each x,y € X, F € F[0,A) and ¢ € V[0, F(A —0)), where A =D if D = o0
and A > D if D < oo, and

m(z,y) = hmax{d(Sz, Ty),d(Sz, fz),d(Ty, gy),d(Sz, gy),d(Ty, fx)},h > 1,
then f,q,S,T have a unique common fixed point.

Proof. Since F and v are nondecreasing, from m(z,y) > M(z,y), we have

(F(m(z,y))) = b(F(M(z,y))).
Therefore if (2) holds, then (1) holds and so the result follows immediately from
Theorem 5. O

Theorem 7. Let X be a symmetric space with symmetric d. Let D = sup{d(z,y) :
x,y € X}. Suppose that f, S are selfmaps of X such that f and S are owe, and

(3) F(d(fz, fy)) > $(F(M(z,y))),
for each z,y € X, fx # fy, F € F[0,A) and ¢ € V[0, F(A —0)), where A = D if
D=occand A> D if D < oo, and

(4) M(z,y) = ad(Sz, Sy) + bmax{d(fxz, Sz),d(fy, Sy)}

+ cmax{d(Sw, Sy), d(Sz, fr),d(Sy, fy)}
for all x,y € X, where a,b,c > 0,a+c> 1. Then f and S have a unique common
fixed point.

Proof. Since the pair {f, S} is owc, so there exists a point € X such that fz =
Sz = w (say). Suppose that there exist another point y in X such that fy = Sy =v
(say). Now we claim that w = v, that is, Sx = Sy. If not, then we consider

M(z,y) = ad(Sz, Sy) + bmax{d(fxz, Sz),d(fy, Sy)}
+ cmax{d(Sz, Sy),d(Sz, fz),d(Sy, fy)}
= (a + ¢)max{d(Sz, Sy),d(fz,Sz),d(fy, Sy)}
= (a + ¢)d(Sz, Sy).
Thus
F(d(Sz,5y)) = ¢(F((a+c)d(Sz,Sy)))
> F((a+ c)d(Sz,Sy)),
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which is a contradiction. Thus w = v. Therefore the result now follows from Lemma
3. O

Theorem 8. Let X be a symmetric space with symmetric d. Let D = sup{d(z,y) :
x,y € X}. Suppose that f,g,S, and T are selfmaps of X and

(5) F(d(fz, gy))’) = ¥(F(Mp(z,y))),
for each x,y € X for which fx # gy, F € F|[0,A) and ¢ € V[0, F(A —0)), where
A=DifD=o0cc and A> D if D < oo, and
MP($7y) = (I(d(fx’Ty))p
+ bmax{(d(fz, Sx))", (d(gy, Ty))",

(d(fx, Sx))P(d(fz, Ty))P'>,
(6) (d(Ty, f)P?(d(Sz, gy))"?},
for all x,y € X, where a+b > 1, and p > 0. If {f,S} and {g9,T} are owc, then

f,9,S, and T have a unique common fixed point.

Proof. By hypothesis, there exist points « and y such that fo = Sz and gy = Ty.
Suppose that fz # gy. Then from (6),

Mp(x,y) = a(d(fz, gy))?
+ bmax{0,0,0, (d(fz, gy))"}
= (a+b)(d(fz,gy))?

and

F(d(fz,g9y))P) > (F(Mpy(z,y)))
= Y(F((a+bd)(d(fz,9y))"))
Y(F((d(fx,gy))F)) > F((d(fz,g9y))P),

which is a contradiction. Therefore d(fz,gy) = 0, which implies that fz = gy.
Suppose that there exists another point z such that fz = Sz. Then, using (5) one
obtains fz = Sz =gy =Ty = fr = Sz and hence w = fx = fz is the unique point
of coincidence of f and S. By symmetry there exists a unique point v € X such
that v = gz = Twv. It then follows that w = v, w is a common fixed point of f,g, S,
and T, and w is unique. O

Y

Define g : R® — RSsuch that if u € RT is such that u > ¢(u,0,0,u,u) or
u > g(0,u,0,u,u) or u> g(0,0,u,u,u), then u = 0.

Theorem 9. Let X be a set, d a symmetric on X. Let D = sup{d(z,y) : x,y € X }.
Suppose that f,g,S,T are selfmaps of X satisfying

F(d(fz,gy)) > g(F(d(Sz,Ty)), F(d(fz,Sx)), F(d(gy, Ty)),
(7) F(d(fz,Ty)), F(d(gy, Sx))),

forall z,y € X, F € F[0,A), where A= D if D =00 and A > D if D < co. If
{f,S} and {g,T} are owc, then f,g,5,T have a unique common fized point.
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Proof. By hypothesis there exist points z,y € X such that fx = Sz and gy = Ty.
Now we show that fz = gy. From (7),

F(d(fx,gy)) = g(F(d(fz,9y)),0,0, F(d(fr,gy)), F(d(gy, fz))),

which implies that F(d(fx,gy)) = 0 and hence d(fz,gy) = 0. Hence fz = gy. As
in the previous theorems it can then be shown that fx is unique and that u = fx is
a common fixed point of the four mappings. Condition (7) implies uniqueness. [

A control function @ is defined by ® : R™ — R which satisfies ®(¢) = 0 iff t = 0.

Theorem 10. Let {f, S} and {g,T} be owc pairs of selfmaps of a space X with
symmetric d. Let D = sup{d(x,y) : z,y € X}, and satisfying
for each x,y € X for which fx # gy, F € F|[0,A) and ¢ € ¥[0,F(A —0)), where
A=D ifD=occ and A> D if D < oo, and

Me(z,y) := max{®(d(Sz,Ty)), ®(d(S=, fz)), 2((d(gy, Ty)),
(9) [@(d(fz,Ty)), +P(d(Sx, gy))]/2}.
Then f,q,S, and T have a unique common fized point.

Proof. By hypothesis, there exist points x,y € X for which fx = Sz and gy = Ty.
Suppose that fz # gy. Then, from (9),

Mg (z,y) := max{®(d(fr,gy)), (0), ®(0),
O(d(fx,gy))}
Thus

F(@(d(fz,9y))) = »(F(Ms(z,y)))
= Y(F(®(d(fz, 9y)))
> F(®(d(fx, 9y))),

which is a contradiction. Therefore

®(d(fx, gy)) =0,
which implies that d(fz, gy) = 0, which implies that fx = gy. It then follows that
fyg9,S, and T have a common fixed point. Condition (8) gives uniqueness. O
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