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the convex vector optimization problem and obtain sequential ϵ-optimality theorems
for such solutions of the convex vector optimization problem which hold without
any constraint qualifications and are expressed by sequences. Futhermore, we give
constraint qualifications expressed with epigraphs of conjugate functions and obtain
ϵ-optimality theorems for the convex vector optimization problem which hold under
the constraint qualifications.

2. Preliminaries

Now we give some definitions and preliminary results. The definitions can be
found in [5, 15, 21].

Let g : Rn → R ∪ {+∞} be a convex function. The subdifferential of g at a is
given by

∂g(a) := {v ∈ Rn | g(x) >= g(a) + ⟨v, x− a⟩ , ∀x ∈ domg},

where domg := {x ∈ Rn | g(x) < ∞} and ⟨·, ·⟩ is the scalar product on Rn.
Let ϵ >= 0. The ϵ-subdifferential of g at a ∈ domg is defined by

∂ϵg(a) := {v ∈ Rn | g(x) >= g(a) + ⟨v, x− a⟩ − ϵ, ∀x ∈ domg}.

The conjugate function of g : Rn → R ∪ {+∞} is defined by

g∗(v) = sup{⟨v, x⟩ − g(x) | x ∈ Rn}.

The epigraph of g, epig, is defined by

epig = {(x, r) ∈ Rn × R | g(x) <= r}.

For a nonempty closed convex subset C of Rn, δC : Rn → R ∪ {+∞} is called the

indicator of C if δC(x) =

{
0 if x ∈ C

+∞ otherwise,
and for a point x̄ ∈ C, the normal

cone to C at x̄ is defined as

NC(x̄) := ∂δC(x̄) = {v ∈ Rn | vT (x− x̄) <= 0 ∀x ∈ C}.

Lemma 2.1 ([7]). If h : Rn → R∪ {+∞} is a proper lower semicontinuous convex
function and if a ∈ domh, then

epih∗ =
∪
ϵ>=0

{(v, ⟨v, a⟩+ ϵ− h(a)) | v ∈ ∂ϵh(a)}.

Lemma 2.2 ([6]). Let h : Rn → R be a convex function and let u : Rn → R∪{+∞}
be a proper lower semicontinuous convex function. Then

epi(h+ u)∗ = epih∗ + epiu∗.

Lemma 2.3 ([1]). Let hi : Rn → Rm, i = 0, 1, . . . , l, be convex functions and let C
be a closed convex subset of Rn. Suppose that {x ∈ Rn | hi(x) <= 0, i = 1, . . . , l} ̸= ∅.
Then the following statements are equivalent:

(i) {x ∈ Rn | hi(x) <= 0, i = 1, . . . , l} ⊆ {x ∈ Rn | h0(x) >= 0}
(ii) 0 ∈ epih∗0 + cl

( ∪
λi>=0

epi(
∑m

i=1 λihi)
∗ + epiδ∗C

)
.
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3. ϵ-optimality theorems

Consider the following convex vector optimization problem (CVP):

(CVP) Minimize f(x) := (f1(x), . . . , fp(x))

subject to x ∈ Q := {x ∈ C | gj(x) <= 0, j = 1, . . . ,m}.
Let fi : Rn → R, i = 1, . . . , p, and gj : Rn → R, j = 1, . . . ,m be convex functions,
C a closed convex set and ϵ = (ϵ1, . . . ϵp), where ϵi >= 0, i = 1, . . . , p.

Let for any z ∈ Rn, S(z) = {x ∈ Rn | fi(x) <= fi(z)− ϵi, for all i = 1, . . . , p}.

Now we give the definition of ϵ-efficient solution of (CVP) which can be found
in ([14]).

Definition 3.1. The point x̄ ∈ Q is said to be an ϵ-efficient solution of (CVP) if
there does not exist x ∈ Q such that

fi(x) <= fi(x̄)− ϵi, for all i = 1, . . . , p,

fj(x) < fj(x̄)− ϵj , for some j.

When ϵ = 0, then the ϵ-efficiency becomes the efficiency for (CVP)(see the
definition of efficient solution of (CVP) in [19]).

Now we give the definition of weakly ϵ-efficient solution of (CVP) which is weaker
than ϵ-efficient solution of (CVP).

Definition 3.2. A point x̄ ∈ Q is said to be a weakly ϵ-efficient solution of (CVP)
if there does not exist x ∈ Q such that

fi(x) < fi(x̄)− ϵi, for all i = 1, . . . , p.

When ϵ = 0, then the weak ϵ-efficiency becomes the weak efficiency for (CVP)(see
the definition of efficient solution of (CVP) in [19]). Note that even though x̄ is an
ϵ-efficient solution of (CVP), Q ∩ S(x̄) may be empty.

Modifying Proposition 3.1 in [20], we can obtain the following proposition:

Proposition 3.3. x̄ is an ϵ-efficient solution of (CVP) if and only if

Q ∩ S(x̄) = ∅ or
p∑

i=1

fi(x) >=

p∑
i=1

fi(x̄)−
p∑

i=1

ϵi, for any x ∈ Q ∩ S(x̄).

We can easily obtain the following proposition:

Proposition 3.4. Let ϵ >= 0 and x̄ ∈ Q then x̄ is a weakly ϵ-efficient solution of

(CVP) if and only if there exist µi >= 0 i = 1, . . . , p,

p∑
i=1

µi = 1 such that

p∑
i=1

µifi(x) >=

p∑
i=1

µifi(x̄)−
p∑

i=1

µiϵi, for any x ∈ Q.
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Now we give a necessary and sufficient ϵ-optimality theorem for the ϵ-efficient solu-
tion of (CVP) which holds without any constraint qualification.

Theorem 3.5. Let x̄ ∈ Q. Suppose that Q ∩ S(x̄) ̸= ∅. Then x̄ is an ϵ-efficient
solution of (CVP) if and only if there exist αi >= 0, ui ∈ ∂αifi(x̄), i = 1, . . . , p,
λn
j
>= 0, βn

j
>= 0, δn >= 0, vnj ∈ ∂βn

j
(λn

j g
n
j )(x̄), j = 1, . . . ,m, µn

k
>= 0, γnk >= 0, wn

k ∈
∂γn

k
(µkfk)(x̄), k = 1, . . . , p, δn >= 0, zn ∈ N δn

C (x̄) such that

−
p∑

i=1

ui = lim
n→∞

( m∑
j=1

vnj +

p∑
k=1

wn
k + zn

)
and

p∑
i=1

ϵi =

p∑
i=1

αi + lim
n→∞

{ m∑
j=1

(βn
j − (λn

j g
n
j )(x̄)) +

p∑
k=1

(γnk − µn
kϵk) + δn

}
.

Proof. Let h0(x) =

p∑
i=1

fi(x)−
p∑

i=1

fi(x̄) +

p∑
i=1

ϵi. Then

epih∗ =

p∑
i=1

epifi
∗ +

(
0∑p

i=1 fi(x̄)−
∑p

i=1 ϵi

)T

.

So, we have,
x̄ is an ϵ-efficient solution of (CVP).
⇐⇒ (by Proposition 3.3) h0(x) >= 0, ∀x ∈ Q ∩ S(x̄).
⇐⇒ {x| gi(x) <= 0 , i = 1, . . .m, fj(x)−fj(x̄)+ϵj <= 0, j = 1, . . . , p} ⊂ {x|h0(x) >=

0}.
⇐⇒ (by Lemma 2.3)

(
0
0

)T

∈
p∑

i=1

epif∗
i +

(
0∑p

i=1 fi(x̄)−
∑p

i=1 ϵi

)T

+ cl


 ∪

λj>=0

m∑
j=1

epi(λjgj)
∗


+
∪
µj>=0

p∑
j=1

[
epi(µjfj)

∗ +

(
0

µjfj(x̄)− µjϵj

)T
]
+ epiδ∗C

 .

⇐⇒ (by Lemma 2.1) there exist αi >= 0, ui ∈ ∂αifi(x̄), i = 1, . . . , p, λn
j
>= 0, βn

j
>=

0, vnj ∈ ∂βn
j
(λn

j g
n
j )(x̄), j = 1, . . . ,m, µn

k
>= 0, γnk >= 0, wn

k ∈ ∂γn
k
(µkfk)(x̄), k = 1, . . . , p,

δn >= 0, zn ∈ N δn

C (x̄) such that

(
0∑p

i=1 ϵi −
∑p

i=1 fi(x̄)

)T

=

p∑
i=1

(
ui

uTi x̄+ αi − fi(x̄)

)T

+ lim
n→∞


m∑
j=1

(
vnj

vnj
T x̄+ βn

j − (λn
j gj)(x̄)

)T
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+

p∑
k=1

[(
ωn
k

ωn
k
T x̄+ γnk − (µn

kfk)(x̄)

)T

+

(
0

µn
kfk(x̄)− µn

kϵk

)T
]

+

(
zn

znT x̄+ δn

)T
}
.

⇐⇒ there exist αi >= 0, ui ∈ ∂αifi(x̄), i = 1, . . . , p, λn
j

>= 0, βn
j

>= 0, vnj ∈
∂βn

j
(λn

j g
n
j )(x̄), j = 1, . . . ,m, µn

k
>= 0, γnk >= 0, wn

k ∈ ∂γn
k
(µkfk)(x̄), k = 1, . . . , p such

that

0 =

p∑
i=1

ui + lim
n→∞

( m∑
j=1

vnj +

p∑
k=1

wn
k + zn

)
and

p∑
i=1

ϵi =

p∑
i=1

αi + lim
n→∞

{( m∑
j=1

(βn
j − (λn

j g
n
j )(x̄)

)
+

p∑
k=1

(γnk − µn
kϵk) + δn

}
.

�

Following the first part of the proof of Theorem 3.5, we can easily obtain the
following necessary and sufficient ϵ-optimality theorem for ϵ-efficient solution of
(CVP) under a constraint qualification, which is called the closedness assumption
for ϵ-efficient solution of (CVP).

Theorem 3.6. Let x̄ ∈ Q and assume that Q ∩ S(x̄) ̸= ∅. Suppose that

∪
λj>=0

m∑
j=1

epi(λjgj)
∗ +

∪
µj>=0

p∑
j=1

[
epi(µjfj)

∗ +

(
0

µjfj(x̄)− µjϵj

)T
]
+ epiδ∗C

is closed. Then the following are equivalent:
(i) x̄ is an ϵ-efficient solution of (CVP).

(ii)

(
0
0

)T

∈
p∑

i=1

epif∗
i +

(
0∑p

i=1 fi(x̄)−
∑p

i=1 ϵi

)T

+

 ∪
λj>=0

m∑
j=1

epi(λjgj)
∗


+
∪
µj>=0

p∑
j=1

[
epi(µjfj)

∗ +

(
0

µjfj(x̄)− µjϵj

)T
]
+ epiδ∗C .

Now we give an example illustrating Theorem 3.6.

Example 3.7. Consider the following convex vector optimization problem:

(CVP)1 Minimize (x1, x2)

subject to (x1, x2) ∈ Q := {(x1, x2) ∈ R2 | x21 + x22 <= 1}.

Let ϵ = (ϵ1, ϵ2)= ( 1√
2
, 1√

2
) and f(x1, x2) = (f1(x1, x2), f2(x1, x2)) = (x1, x2). Then

(0, 0) is an ϵ-efficient solution of (CVP)1, f1(0, 0)− ϵ1 = − 1√
2
, and f2(0, 0)− ϵ2 =
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− 1√
2
. Then we have,

Q ∩ S(0, 0)

= Q ∩ {(x1, x2) ∈ R2 | f1(x1, x2) <= f1(0, 0)− ϵ1, f2(x1, x2) <= f2(0, 0)− ϵ2}

= Q ∩
{
(x1, x2) ∈ R2 | x1 <= − 1√

2
, x2 <= − 1√

2

}
=
{(

− 1√
2
,− 1√

2

)}
.

We will show that closedness assumption and the condition (ii) in Theorem 3.6
hold for (CVP)1 at (x̄1, x̄2) = (0, 0) and (ϵ1, ϵ2) = ( 1√

2
, 1√

2
). We can check that

(1, 1,−
√
2) ∈

2∑
i=1

epif∗
i +

(
0∑2

i=1 fi(x̄)−
∑2

i=1 ϵi

)T

.

Indeed,

f∗
1 (v1, v2) = sup(x1,x2)∈R2{v1x1 + v2x2 − x1} = sup(x1,x2)∈R2{(v1 − 1)x1 + v2x2}

=

{
0 if v1 = 1, v2 = 0
+∞ otherwise,

f∗
2 (v1, v2) = sup(x1,x2)∈R2{v1x1 + v2x2 − x2} = sup(x1,x2)∈R2{(v2 − 1)x2 + v1x1}

=

{
0 if v2 = 1, v1 = 0
+∞ otherwise.

Thus epif∗
1 = {(1, 0)} × [0,∞) and epif∗

2 = {(0, 1)} × [0,∞). Hence we have,

(1, 1,−
√
2) ∈

2∑
i=1

epif∗
i +

(
0, 0,

2∑
i=1

fi(x̄)−
2∑

i=1

ϵi

)
.

Let g(x1, x2) = x21 + x22 − 1. Then we can easily see that∪
λ>=0

epi(λg)∗ = {(0, 0)} × R+ ∪
∪
λ>=0

{( v12λ ,
v2
2λ ,

v21
4λ +

v22
4λ + λ+ α) | (v1, v2) ∈ R2, α >= 0}.

Moreover, we can check that
∪

λi>=0

epi(λigi)
∗ = epi h, where h(v1, v2) =

√
v21 + v22.

Indeed, for any λ > 0 and for any v1, v2 ∈ R,

v21
4λ

+
v22
4λ

+ λ−
√

v21 + v22 =
1

4λ

[√
(v21 + v22)

2 − 4λ
√

v21 + v22 + 4λ2
]

=
1

4λ

(√
(v21 + v22)

2 − 2λ
)2

>= 0

and hence
v21
4λ +

v22
4λ + λ >=

√
v21 + v22. It is clear that {(0, 0)} × R+ ⊂ epih. Thus∪

λ>=0

epi(λg)∗ ⊂ epih.

Conversely, let (v̄1, v̄2, β̄) ∈ epih. Then there exists ᾱ >= 0 such that β̄ =
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v̄21 + v̄22 + ᾱ. If (v̄1, v̄2) = (0, 0), then (v̄1, v̄2, β̄) ∈ {(0, 0)} × R+ and hence

(v̄1, v̄2, β̄) ∈
∪

λi>=0

epi(λigi)
∗. Assume that (v̄1, v̄2) ̸= (0, 0) and let 1

2

√
v̄21 + v̄22 = λ̄.

Then
v̄21
4λ̄

+
v̄21
4λ̄

+ λ̄ =
v̄21+v̄22

2
√

v̄21+v̄22
+ 1

2

√
v̄21 + v̄22 =

√
v̄21 + v̄22. Hence (v̄1, v̄2, β̄) =

(v̄1, v̄2,
√

v̄21 + v̄22 + ᾱ) ∈ {(v1, v2,
v21
4λ +

v21
4λ + λ + α)| (v1, v2) ∈ R2, α >= 0}. Thus

(v̄1, v̄2, β̄) ∈
∪
λ>=0

epi(λg)∗. Consequently, epih ⊂
∪
λ>=0

epi(λg)∗. Hence
∪
λ>=0

epi(λg)∗ =

{(x, y, z) |z >=
√

x2 + y2}. For any µ = (µ1, µ2) ∈ R2
+,( 2∑

i=1

µifi

)∗
(v1, v2) = sup

(x1,x2)∈R2

{
v1x1 + v2x2 −

( 2∑
i=1

µifi

)
(x1, x2)

}
= sup

(x1,x2)∈R2

{v1x1 + v2x2 − (µ1x1 + µ2x2)}

= sup
(x1,x2)∈R2

{(v1 − µ1)x1 + (v2 − µ2)x2}

=

{
0 if µ1 = v1, µ2 = v2
+∞ otherwise

and hence epi(
∑2

i=1 µifi)
∗ = {(µ1, µ2)} × [0,∞). Thus∪

µ1>=0,µ2>=0

epi
( 2∑

i=1

µifi

)∗
+ (0, 0,−µ1ϵ1 − µ2ϵ2) + epiδ∗R

=
∪

µ1>=0,µ2>=0

{(µ1, µ2,−µ1ϵ1 − µ2ϵ2) + (0, 0, α) |α >= 0}

= {(x, y,−ϵ1x− ϵ2y + α) |x >= 0, y >= 0, α >= 0}.
So, ∪

λ>=0

epi(λg)∗ +
∪
λj>=0

epi
( 2∑

i=1

µjfj

)∗
+ (0, 0,−µ1ϵ1 − µ2ϵ2) + epiδ∗Rn

=
{(

x, y,−y − x√
2
+ α

)
|x >= 0, y <= 0, α >= 0

}
∪{(

x, y,−x+ y√
2

+ β
)
|x >= 0, y >= 0, β >= 0

}
∪{(

x, y,−x− y√
2
+ γ
)
|x <= 0, y >= 0, γ >= 0

}
∪

{(x, y, z + δ) |z >=
√

x2 + y2, x <= 0, y <= 0, δ >= 0}
and hence this set is closed. Thus the closedness assumption in Theorem 3.6

holds.
Moreover, since (−1,−1,

√
2) ∈ {(x, y, z + δ) |z >=

√
x2 + y2, x <= 0, y <= 0, δ >= 0}

and

(1, 1,−
√
2) ∈

2∑
i=1

epif∗
i +

(
0∑2

i=1 fi(x̄)−
∑2

i=1 ϵi

)T

,
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(ii) of Theorem 3.6 holds. �

We present a necessary and sufficient ϵ-optimality theorem for weakly ϵ-efficient
solution of (CVP) which holds without any constraint qualification.

Theorem 3.8. Let x̄ ∈ Q. Then x̄ is a weakly ϵ-efficient solution of (CVP) if and
only if there exist αi >= 0, µi >= 0, ui ∈ ∂αi(µifi)(x̄) , i = 1, . . . , p, λn

j
>= 0, βn

j
>=

0, vnj ∈ ∂βn
j
(λn

j gj)(x̄), j = 1, . . . ,m, δn >= 0, zn ∈ NC
δn(x̄) such that

−
p∑

i=1

ui = lim
n→∞

{ m∑
j=1

vnj + zn
}

and
p∑

i=1

µiϵi =

p∑
i=1

αi + lim
n→∞

{ m∑
j=1

(βn
j − (λn

j gj)(x̄)) + δn
}
.

Proof. Let h0(x) =

p∑
i=1

µifi(x)−
p∑

i=1

µifi(x̄) +

p∑
i=1

µiϵi. Then

epih∗0 =

p∑
i=1

epi(µifi)
∗ +

(
0∑p

i=1 µifi(x̄)−
∑p

i=1 µiϵi

)T

.

Then we have,
x̄ is a weakly ϵ-efficient solution of (CVP)
⇐⇒ (by Proposition 3.4) {x| gi(x) <= 0 , i = 1, . . .m, µjfj(x)− µjfj(x̄) + µjϵj <=

0, j = 1, . . . , p} ⊂ {x|h0(x) >= 0}.

⇐⇒ (by Lemma 2.3) there exist µi >= 0 , i = 1, . . . , p,

p∑
i=1

µi = 1 such that

(
0
0

)T

∈
p∑

i=1

epi(µifi)
∗ +

(
0∑p

i=1 µifi(x̄)−
∑p

i=1 µiϵi

)T

+ cl

 ∪
λi>=0

epi(

m∑
i=1

λigi)
∗ + epiδ∗C


⇐⇒ (by Lemma 2.1) there exist αi >= 0, µi >= 0, i = 1, . . . , p

∑p
i=1 µi = 1 , ui ∈

∂αi(µifi)(x̄) , λ
n
j
>= 0, βn

j
>= 0, vnj ∈ ∂βn

j
(λn

j gj)(x̄), j = 1, . . . ,m, δn >= 0, zn ∈ NC
δn(x̄)

such that(
0∑p

i=1 µiϵi −
∑p

i=1 µifi(x̄)

)T

=

p∑
i=1

(
ui

ui
T x̄+ αi − µifi(x̄)

)T

+ lim
n→∞


m∑
j=1

(
vnj

vnj
T x̄+ βn

j −
∑m

j=1 λ
n
j gj(x̄)

)T

+

(
zn

znT x̄+ δn

)T
 .

⇐⇒ there exist αi >= 0, µi >= 0,
∑p

i=1 µi = 1 , ui ∈ ∂αi(µifi)(x̄) , i = 1, . . . , p , λn
j
>=

0, βn
j
>= 0, vnj ∈ ∂βn

j
(λn

j gj)(x̄) , j = 1, . . . ,m, such that
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−
p∑

i=1

ui = lim
n→∞

{ m∑
j=1

vnj + zn
}
,

p∑
i=1

µiϵi =

p∑
i=1

αi + lim
n→∞

{ m∑
j=1

(βn
j − λn

j gj(x̄)) + δn
}
.

�
From the proof of Theorem 3.8, we can easily obtain the following necessary

and sufficient ϵ-optimality theorem for weakly ϵ-efficient solution of (CVP) under
a constraint qualification, which is called the closedness assumption for weakly ϵ-
efficient solution of (CVP).

Theorem 3.9. Let x̄ ∈ Q and assume that
∪

λj>=0

epi(
∑m

j=1 λjgj)
∗ + epiδ∗C is closed.

Then the following are equivalent;
(i) x̄ is a weakly ϵ-efficient solution of (CVP).
(ii) there exist µi >= 0, i = 1, . . . , p,

∑p
i=1 µi = 1 such that(

0
0

)T

∈
p∑

i=1

epi(µifi)
∗ +

(
0∑p

i=1 µifi(x̄)−
∑p

i=1 µiϵi

)T

+
∪
λj>=0

m∑
j=1

epi(λjgj)
∗ + epiδ∗C .
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