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ON S.-Y. CHANG’S INEQUALITIES AND NASH EQUILIBRIA

SEHIE PARK

ABSTRACT. In arecent paper [2], S.-Y. Chang concentrated on the problem of the
existence of equilibrium points for noncooperative generalized n-person games, n-
person games of normal form and their related inequalities. She utilized the KKM
lemma to obtain a theorem and then used it to obtain a new Fan type inequality
and minimax theorems. Various new equilibrium point theorems were derived,
with the necessary and sufficient conditions and with strategy spaces with no
fixed point property. In this paper, Chang’s 0-pair-concaveness is generalized
and the O-transfer continuity is extended to the intersectionally closed-valuedness
of a corresponding multimap. Applying one of our new KKM type theorems,
we obtain more refined generalizations of the Fan type inequalities, minimax
theorems, and various equilibrium point theorems in [2,17,18].

1. INTRODUCTION

The partial KKM principle for an abstract convex space is an abstract form of the
classical KKM theorem. A KKM space is an abstract convex space satisfying the
partial KKM principle and its “open” version. In [17], we clearly underlined that a
sequence of statements from the partial KKM principle to the Nash equilibria can be
obtained for any abstract convex space satisfying the partial KKM principle. This
unifies previously known several proper examples of such sequences for particular
types of KKM spaces.

Recently in [18], we clearly derived a dozen statements which characterize the
KKM spaces and equivalent formulations of the partial KKM principle. As their
applications, we added more than a dozen statements including generalized for-
mulations of von Neumann minimax theorem, von Neumann intersection lemma,
the Nash equilibrium theorem, and the Fan type minimax inequalities for arbitrary
KKM spaces. Consequently, the paper [18] unified and enlarged previously known
several proper examples of such statements for particular types of KKM spaces.

In a recent paper [2], S.-Y. Chang concentrated on the existence of equilibrium
points for noncooperative generalized n-person games, n-person games of normal
form and their related inequalities. She utilized the KKM lemma to obtain an
inequality theorem and then used it to obtain a new Fan type inequality and min-
imax theorems. Various new equilibrium point theorems were also derived, with
the necessary and sufficient conditions and with strategy spaces with no fixed point
property. Chang’s results generalized corresponding ones in previous works [1,5-9].
Moreover, in [2], examples were given to demonstrate that these existence theorems
cover areas where other existence theorems break down.
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In this paper, from a new generalized KKM theorem for generalized KKM maps
having intersectionally closed values in the sense of Luc et al. [10], we show that
Chang’s results can be generalized. Actually, Chang’s O-pair-concaveness is prop-
erly generalized and O-transfer continuity is extended to the intersectionally closed-
valuedness of a corresponding multimap. Consequently, we obtain a more refined
generalization of Chang’s inequality and apply this to obtain a new Fan type in-
equality and a minimax theorem. Furthermore, from Chang’s key Lemma, we es-
tablish new equilibrium theorems such as Nash, S-Nash, pure-strategy Nash, and
J-dominant-strategy Nash equilibrium theorems for generalized games or normal
games. These have been established, as in [2], with the necessary and sufficient
conditions and with topological strategy spaces that do not have the fixed point
property. Our new results generalize those in [2,17,18] and some others.

In Section 2, the recent concepts on abstract convex spaces are introduced as in
[18] and the references therein. Section 3 deals with new generalized KKM type
theorems for generalized KKM maps having intersectionally closed values in the
sense of Luc et al. [10]. We add a Ky Fan type minimax inequality as a direct
consequence of the KKM theorem. In Section 4, Chang’s 0-pair-concaveness is
properly generalized and the O-transfer continuity is extended to the intersectionally
closed-valuedness of a corresponding multimap. Consequently, we obtain a more
refined generalization of Chang’s inequality and apply this to obtain a new Fan
type inequality and a minimax theorem. Finally, in Section 5, from Chang’s key
lemma, we establish new equilibrium theorems such as Nash, S-Nash, pure-strategy
Nash, and J-dominant-strategy Nash equilibrium theorems for generalized games
or normal games.

In this paper, topological spaces are not necessarily Hausdorff. Multimaps are
also called simply maps.

2. ABSTRACT CONVEX SPACES

Let A be a subset of a topological space X. We denote by A or cl A the closure
of A in X and, by Int A the interior of A. Let A, be the standard n-dimensional
simplex in R™""1. Let (D) be the set of all nonempty finite subsets of a set D.

For the concepts of abstract convex spaces and KKM spaces, the reader may
consult our previous work [18] and the references therein.

Definition 2.1. An abstract convex space (E, D;T") consists of a topological space
E, a nonempty set D, and a multimap I' : (D) — E with nonempty values I'4 :=
I'(A) for A € (D).

For any nonempty D’ C D, the I'-convex hull of D" is denoted and defined by

COFD/ = U{FA | Ae <D/>} C FE.

A subset X of F is called a I'-convez subset of (E, D;T") relative to D’ if for any
N € (D'), we have I'y C X, that is, copD’ C X.

When D C E, asubset X of F is said to be I'-convez if cor(X N D) C X; in other
words, X is I'-convex relative to D’ := XND. Incase E = D, let (E;T) := (E, E;T).

Definition 2.2. Let (E,D;I") be an abstract convex space and Z a topological
space. For a multimap F': F — Z with nonempty values, if a multimap G : D — Z
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satisfies
F(Ta) CG(A):=|JGy) for all Ac (D),
yeA
then G is called a KKM map with respect to F. A KKM map G : D — E is a
KKM map with respect to the identity map 1g.

A multimap F' : E — Z is called a 8€-map [resp., a 8D-map)| if, for any
closed-valued [resp., open-valued] KKM map G : D — Z with respect to F,
the family {G(y)}yep has the finite intersection property. In this case, we denote
F e R¢(E, D, Z) [resp., F € RO(FE, D, Z)].

In our previous works [12-14], we gave many examples of R€-maps and KO-maps.
The abstract convex subspaces are introduced by means of the following simple
observation:

Proposition 2.3 ([15]). For an abstract convezr space (E,D;T') and a nonempty
subset D' of D, let X be a I'-convex subset of E relative to D' and I" : (D') — X
a map defined by

Iy:=TaCX for Ac (D).

Then (X, D";T') itself is an abstract convex space called a subspace relative to D'.

Proposition 2.4 ([15]). Let (E,D;T') be an abstract convex space, (X,D";T") a
subspace, and Z a topological space. If F € RC(E, D, Z), then

F|x € R¢(X, D', F(X)).

Definition 2.5. The partial KKM principle for an abstract convex space (E, D;T') is
the statement 15 € RE(E, D, E); that is, for any closed-valued KKM map G : D —o
E, the family {G(y)}yep has the finite intersection property. The KKM principle
is the statement 15 € RC(E, D, E) N RO (E, D, E); that is, the same property also
holds for any open-valued KKM map.

An abstract convex space is called a KKM space if it satisfies the KKM principle.

We have the following diagram for triples (E, D;T"):

Simplex = Convex subset of a t.v.s. = Lassonde type convex space
—> H-space = (G-convex space <= ¢ 4-space —> KKM space
— Space satisfying the partial KKM principle
— Abstract convex space.

Example 2.6. There are plenty of examples of abstract convex spaces; see [18] and
the references therein. Here we need only three classes of them:

(I) A generalized convex space or a G-convex space (X, D;T") due to Park is an
abstract convex space such that for each A € (D) with the cardinality |A| =n + 1,
there exists a continuous function ¢4 : A,, — I'(4) such that J € (A) implies
(bA(AJ) C F(J)

Here, for A,, with vertices {e;}7, A is its face corresponding to J € (A); that is,
it A ={ag,a1,...,ap}and J = {ai,, a;,,...,a; } C A, then A; = co{ei,, €, ..., €}
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(IT) A ¢a-space (X, D;{¢pa}ae(p)) consists of a topological space X, a nonempty
set D, and a family of continuous maps ¢4 : A,, — X (that is, singular n-simplexes)
for A € (D) with |A] =n + 1. Every ¢a-space can be made into a G-convex space;
see [16]. Some authors’” GFC-spaces or FC-spaces are ¢ 4-spaces or particular forms
of them, resp.

Here we give a new usage of ¢4-spaces: In [5], its author gave a necessary and
sufficient condition for the existence of a pure-strategy Nash equilibrium for non-
cooperative games in topological spaces. He adopted the following concept:

Definition 2.7. Let X be a topological space, and D,Y C X. A real function
f: X xY — R is said to be C-quasiconcave on D if, for any N = {20,z ... 2"} €
(D), there exists a continuous map ¢y : A, — Y such that

min{f(z",ox(N) | i € J} < f(dn(N), on(N))
for all A := (Ao, A\1,...,An) € Ay, where J :={i | \; # 0}.

Note that (Y, D;{¢n}ne(p)) is a pa-space.

By Propositions 1 and 2 in [5], the C-quasiconcavity unifies the diagonal transfer
quasiconcavity (weaker than quasiconcavity) [1] and the C-concavity (weaker than
concavity) [7].

(III) We give another example of spaces satisfying the partial KKM principle; see
[19].

Definition 2.8. A ®4-space
(X, D; {®a}ac(p))

consists of a topological space X, a nonempty set D, and a family of l.s.c. maps
Gy A, — X for Ae (D) with [A] =n+ 1.

Note that any ® 4-space is an abstract convex space (X, D;T') with ' :=Im ® 4
for A e (D).

Definition 2.9. For a ®s-space (X, D; {®a} s¢(p)), any map T : D —o X satisfying
DA(Ay) CT(J) foreach A€ (D) and J € (A)
is called a KKM map.

Proposition 2.10. A KKM map T : D — X on a ®a-space (X,D;{P4}) is a
KKM map on a new abstract convex space (X, D;TT).

The following is a KKM theorem for ® 4-spaces:

Proposition 2.11. For a ® 4-space (X, D;{®a}acpy), let G: D — X be a KKM

map with closed values. Then {G(z)}.ep has the finite intersection property. (More

precisely, for each N € (D) with |[N| =n+ 1, we have ®n(A,) N(,ey G(2) #0.)
Further, if

(*) MNaerr G(2) ds compact for some M € (D),
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then we have (,cp G(2) # 0.

3. Basic KKM THEOREMS

The following whole intersection property for the map values of a KKM map is
a standard form of the KKM type theorems:

Theorem 3.1. Let (E,D;T") be an abstract convex space, the identity map 1g €
RE(E,D,E) [resp., 1g € RD(E, D, E)], and G : D — E a multimap satisfying
(1) G has closed [resp., open] values; and
(2) 'y € G(N) for any N € (D) (that is, G is a KKM map).
Then {G(2)}.ep has the finite intersection property.
Further, if
(3) N.ear G(2) is compact for some M € (D),
then we have

[ Gly) #0.

yeD

Proof. The first part is a simple consequence of definition. For the second part, let
K :=(,ca G(2). Since {G(2) | z € D} has the finite intersection property, so does
{KNG(z) | z € D} in the compact set K. Hence it has the whole intersection
property. O

Recall that Theorem 3.1 is a simple consequence of the definitions of the partial
KKM principle or the KKM space.
Recall that the main conclusions of KKM type theorems are of the form

(N Gly) #0
yeD

for a multimap G : D — E.
Consider the following related four conditions:

(8) Noep G() # 0 implies (N, G(2) # 0.

(b) Nuep G(2) = N.ep G(2) (G is intersectionally closed-valued [10]).

(€) Nsep G(2) = N.ep G(2) (G is transfer closed-valued).
(d) G is closed-valued.

In [10], its authors noted that (a) <= (b) <= (c¢) <= (d), and gave examples
of multimaps satisfying (b) but not (c). Therefore it is a proper time to deal with
condition (b) instead of (¢) in the KKM theory.

Example 3.2. The following maps G are intersectionally closed-valued, but not
transfer closed-valued:

(1) G(2) = (0, 1) for every z € [0, 1] is a constant multimap from D = [0, 1] to
E= 0, 1]; see [10].
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(2) G(z) is a convex set in a Euclidean space having a relative interior point in
common; see Rockafellar [21, Theorem 6.5].

(3) For a given subset E of a topological vector space with x* € E, each G(z), z €
D, is a nicely star-shaped at z*; see [10].

From Theorem 3.1, we have the following form of the KKM type theorems:

Theorem 3.3. Let (E,D;T') be an abstract convexr space, Z a topological space,
F e RE(E,D,Z), and G : D — Z a map such that
(1) G is a KKM map w.r.t. F; and
(2) there exists a nonempty compact subset K of Z such that either
(1) ({G(y) | ye M} C K for some M € (D); or
(ii) for each N € (D), there exists a I'-convex subset Ly of E relative to some
D' € D such that N C D', F(Ly) is compact, and

n() Gy ckK

yeD’

Then we have
F(EYnKn () G(y) # 0.
yeD
Furthermore,
(o) if G is transfer closed-valued, then F(E)N K NO{G(y) | y € D} # 0;
(8) if G is intersectionally closed-valued, then {G(y) | y € D} # 0.

Proof. Case (i): Since F(I'y) C G(N) for each N € (D) by (1), we have
F(Ty) C F(E)NG(N)C F(E)NG(N) =G'(N),
where G'(y) := F(E) N G(y) is closed for each y € D. Then, by Proposition 2.4
n (E,D',F(E)), {G'(y) | y € D} has the finite intersection property. Since the
requlrement (i) implies
F(EyYnK>F(E)Nn (Gl = ()G
yeM yeM
Nyenr G'(y) is compact. Therefore (Y{G'(y) | y € D} # 0 by Theorem 3.1 and hence
FE)yNKn () Gy) # 0.
yeD
Case (ii): Suppose that
FE)ynKn () G(y) =0.
yeD
Since F(E) N K is compact, F(E)N K c U{Z \ G(y) | y € N} for some N €
<D>. Let Ly be the I'-convex subset of E in (ii). Define G’ : D' — F(Ly) by

G'(y ) G(y)NF(Ly) for y € D'. For each A € (D'), define Ty := I'a N Ly. Then
(Ly,D’;T") is an abstract convex space. Moreover,

(Floy)(Ty) € F(Ta) N F(Ly) € G(A) N F(Ly) = G'(4)
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for each A € (D’) by (2); and hence G’ : D' — F(Ly) is a KKM map w.r.t.
F|r, on the abstract convex space (Ly, D’;T”) with closed values in F(Ly). Since
F € RE€(E,D,Z), by Proposition 2.4, we have F|r, € R¢€(Ly, D', F(Ly)) and
hence, {G'(y) | y € D'} = {G(y) N F(Ly) | y € D'} has the finite intersection
property. Since we assumed that F'(Ly) is compact, each G'(y) is compact. Hence
({G'(y) | y € D'} # 0 by Theorem 3.1 and there exists a

ze (G =FLn)n (] Gly) cK

yeD’ yeD’

by (ii). Since z € K and z € F(Ly), we have z € (J{Z \ G(y) | y € N} by our
assumption. So z ¢ G(y) for some y € N C D', and hence z ¢ ({G(y) | y € D'}.
This contradicts z € (J{G'(y) | y € D’}. Therefore, we must have

FE)yNKn () Gy) # 0.
yeD
() Since G is transfer closed-valued, we have
FEYNKN () Gy)=FE)NKN () Gy) 0.
yeD yeD

(B) Since G is intersectionally closed-valued, we have

() Gly) = () Gly) #0.

yeD yeD

This implies the conclusion. O

Note that Theorem 3.3 can be reformulated to the equivalent forms of coinci-
dence theorems, matching theorems, analytic alternatives, minimax inequalities,
geometric and section properties as in our previous work [20].

For a multimap G : D — E, consider the following related four conditions:
(@) U,ep G(2) = E implies J,.pInt G(2) = E.

(b) Int U,cp G(2) = U,epInt G(2) (G is unionly open-valued [10]).

(€) Usep G(2) = U.cp Int G(2) (G is transfer open-valued).

(d) G is open-valued.

Proposition 3.4 ([10]). The multimap G is intersectionally closed-valued (resp.,
transfer closed-valued) if and only if its complement G¢ is unionly open-valued (resp.,
transfer open-valued).

In view of this proposition, we have proper examples of unionly open-valued maps
by applying the preceding examples.

From the KKM Theorem 3.3, we obtain Ky Fan type minimax inequalities. The
following are some examples:
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Theorem 3.5. Let (E, D;T") be an abstract convex space satisfying the partial KKM
principle. Let f : D x E — R be an extended real-valued function and v € R such
that

(1) for each z € D, {y € E | f(z,y) <~} is intersectionally closed [resp., transfer
closed|;

(2) for each N € (D) andy € I'y, min{f(z,y) | z € N} <~; and

(3) the coercivity condition (2) of Theorem 3.3 with E = Z and F = 1g holds.
Then (a) there exists a g € E [resp., y € K] such that

f(z,9) <~ forall z€ D;and
(b) if E =D and v =sup{f(x,z) | x € E}, then we have the minimax inequality:

inf sup f(z,y) < sup f(z,»).
yeE 2cF 2€E

Recall that if (E, D;T") is a G-convex space, then for any N € (D), there exists
a continuous function ¢y : Ajyj—1 = I'nv. In such case, the following holds:

Theorem 3.6. In Theorem 3.5, the requirement (2) can be replaced by the following
without affecting its conclusion:
(2)" for each N € (D), each continuous map ¢n : Anj—1 — I'n, and each

Y € N (A|n)=1), we have min{f(z,y) | 2 € N} <.

Lemma 3.7. Under the hypothesis of Theorem 3.5, condition (2) or (2) holds if
and only if the map G : D — E defined by

Giz):={yeE| f(z,y) <~} forzeD
1s a KKM map.

Proof. We give the proof for the case (2)’. The proof of the case (2) follows from
this one, via slight modifications.

(Necessity) Suppose, on the contrary, that there exists an N € (D) such that
I'n ¢ G(N). Chooseay € ¢n(A|yj—1) C I'y such that y ¢ G(N), whence f(2,y) >
« for all z € N. Then min.cy f(z,y) > 7, which contradicts (2)’. Therefore, G is a
KKM map.

(Sufficiency) Since G is a KKM map, for any N € (D), we have I'y C G(N). If
y € ¢N(A|nj—1) C I'n, then y € G(z) or f(z,y) < v for some z € N. Therefore,

min{f(z,y) |y € N} <+. O

Proof of Theorems 3.5 and 3.6. Let G(z) :={y € E | f(z,y) <~} for z € D. Then
G is an intersectionally closed-valued [resp., a transfer closed-valued] KKM map by
Lemma 3.7. Note that G satisfies all requirements of Theorem 3.3 with F' = 15 and
hence there exists a & € E [resp., & € K| such that & € G(z) for all z € D; that
is, f(z,2) <~ for all z € D. This completes the proof of (a). Note that (b) clearly
follows from (a). O
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4. GENERALIZATIONS OF S.-Y. CHANG’S INEQUALITIES

Chang [2] extended the C-quasiconcavity [5] to O-pair-concavity, which can be
further generalized as follows:

Definition 4.1. Let X be a nonempty set and Y be a topological space, and D C X.
A function f: X x Y — R is said to be generally 0-pair-concave on D, if for any
{2% ...,2"} € (D), there is a multimap ®,, € R€(A,,,V,Y), where V = {e;}I', is
the standard base in A,,, such that

. i’ <0
irer;l(&l)f(x y) <

for all A = {Xo,..., \p} € Ay and y € @,,(N), where I(\) = {i | \; # 0}.

When &, : A, — Y is a single-valued continuous map, then f is 0-pair-concave
in the sense of Chang.

Remark 4.2. 1. Note that, in the above definition, an abstract convex space
(Y, D;T') can be obtained by defining I'y = ®,,(A,,) for each N € (D) with |N| =
n+ 1.

2. In the above definition, we may adopt an l.s.c. map ®,, : A,, — Y for A € (D)
instead of ®,, € RE(A,,V,Y).

For the O-pair-concavity, Chang had the following proposition that the 0-pair-
concavity includes the C-quasiconcavity [5].

Proposition 4.3 ([2, Proposition 3.1]). Let X be a topological space, and D, Y C X.
A function f : X xY — R is C-quasiconcave on A. Define U : X xY — R by
Ulz,y) = f(z,y) — f(y,y) for all (z,y) € X x Y. Then U is 0-pair-concave on A.

Chang also extended the diagonally transfer continuity of Baye et al. [1] as follows:

Definition 4.4 ([2]). Let X be a nonempty set and Y be a topological space,
D cC X, CCY,andafunction f: X xY — R. f|pxc(z,y) is said to be 0-transfer-
continuous in y, if for every (z,y) € D x C, f(x,y) > 0 implies that there exists
some z’ € D and some neighborhood N, of y in Y such that f(z,z) > 0 for all
z€ N,NC.

We show the following:

Proposition 4.5. If flpxc(x,y) is O-transfer-continuous in y, then the map G :
D — C defined by G(z) = {y € C' | f(x,y) > 0} for x € D is transfer open-valued
and, hence, unionly open-valued.

Proof. It suffices to show that |J,.p G(z) C U,epIntG(z). Let y € G(z) for
(z,y) € D x C. Since f(z,y) > 0 and y — f(z,y) is O-transfer-continuous, there
exist 2’ € D and N, such that f(z/,z) > 0 for z € N, N C. Then z € G(2') and
hence y € N, N C' C Int G(z’). This completes our proof. O

Recall that, for an abstract convex space (E O D;T'), a function f : E — R
is said to be quasiconcave [resp., quasiconvez] if {x € E | f(x) > r} [resp., {z €
E | f(x) < r}] is I'-convex for each r € R.

We define new concepts as follows:
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Definition 4.6. An extended real-valued function f : D x E — R is said to
be generally lower [resp., upper] semicontinuous (g.l.s.c.) [resp., g.u.s.c.] for each
ze D, {ye FE| f(z,y) <r} [resp., {y € E | f(2,y) > r}] is intersectionally closed
for each r € R.

Example 4.7. 1. If the intersectionally closed sets are replaced by mere closed
sets, then f is said to be Ls.c. [resp., u.s.c.].

2. If the intersectionally closed sets are replaced by transfer closed sets for a
particular v € R instead of arbitrary r, then f is said to be 7-transfer Ls.c. in y
[that is, for each z € X, {y € Y | ¢(z,y) <~} is transfer closed]; see Tian [22].

3. Similarly, we can adopt the term v-g.l.s.c. The O-transfer-continuity of y
f(x,y) is properly generalized by the 0-g.l.s.c. of G in y.

4. Note that these concepts can be extended to any simply ordered set S instead
of R.

Theorem 4.8. Let D be a nonempty set and Y be a topological space. A function
U:DxY — R satisfies the following conditions:

(1) the map G : D — Y defined by G(x) = {y € Y | U(z,y) < 0} forz € D is
intersectionally closed-valued [resp., transfer closed-valued]; and

(2) there exists a nonempty compact subset K = ({{G(x) | x € M} of Y for some
M e (D).

Then there exists Z € Y [resp., Z € K| such that

supU(z,2) <0
zeD

if and only if U is generally 0-pair-concave on D.

Proof. Suppose that U is generally 0-pair-concave on D. For any finite subset
{zo,z1,...,2m} € (D), there exists an abstract convex space (A,,, V;co), where
V = {ei}l", is the vertices of A,,. Since there exists a map ®,, € RE€(A,,,V.Y)
such that
i, U(zi,y) <0
for all A = (Ao, A1, .., Am) € Ay, and y € @, (A), where I(N) = {3 | A\; # 0}.
Let H(e;) = G(zi) ={y €Y | U(x;,y) <0} for i =0,1,...,m. From the above
inequality, we have
O (cofe; | i€ S} C | He)
1€S
for each S C {0,1,...,m}. Hence, H : V — Y is a KKM map w.r.t. ®,,. Since

A, is compact, by Theorem 3.3, we have (-, H(e;) = ()i"y G(z;) # 0. Therefore

{G(z)}zep has the finite intersection property, and so does {K N G(z) | z € D} in
the compact set K in (2). Hence it has the whole intersection property and we have

KN (yep G(x) # 0.

Since G is intersectionally closed-valued [resp., transfer closed-valued], we have
Neep G(x) # 0 [resp., KN(,cp G(x) # 0]. Therefore, we have Z € Y [resp., Z € K]
such that sup,cp U(z, 2) < 0.

Conversely, if there exists Z € Y such that sup,cpU(z,2) < 0. For any fi-
nite points g, z1,...,zr € D, define ¢ : Ap — Y by ¢r(A) = Z for all A =
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{A0; A1y, Ak} € Ag. We see that U is O-pair-concave on D. This completes the
proof. O

Remark 4.9. 1. Actually, (1) states that G is 0-g.l.s.c. [resp., O-transfer Ls.c.].

2. When U is generally 0-pair-concave on D, we can define an abstract convex
space (Y, D;T), and condition (2) can be replaced by another compactness condition
corresponding to (ii) in the KKM Theorem 3.1 without affecting the conclusion of
Theorem 4.8.

Corollary 4.10 ([2, Theorem 3.1]). Let D be a nonempty subset of a set X andY
be a topological space. A function U : X x Y — R satisfies the following conditions:
(1) there exist {2°,2,...,2"} C D such that K = (i, G(z') is compact where
Glz) = {y e Y | Ula,y) < 0};
(2) Ulpxk(z,y) is O-transfer-continuous in y.
Then there exists Z € K such that

supU(z,2) <0
€A

if and only if U is 0-pair-concave on A.

From Theorem 4.8, we have the following generalization of the Fan minimax
inequality [3]:

Theorem 4.11. Let X be a topological space, D a nonempty subset of X, and
f,9: X xX — R. Assume that:

(1) f<gonX xX;

(2) there exist zt,... 2™ € D such that K = (i, G(z') is compact where G(z) =
{ze X | f(z,2) < p} and p=supyex 9(y, y);

(3) 9lpxx is C-quasiconcave on D; and

(4) foreachx € D, {y € X | f(z,y) < u} is intersectionally closed [resp., transfer
closed.

Then there exists Z € X [resp., Z € K] such that

sup f(z, 2) < sup g(y,y)
zeD yeX

holds.

Proof. Clearly we may assume that u < co. Define U : D x X — R by U(z, z) =
f(x,2z) — p. Then, from assumption (4), U satisfies assumption (1) of Theorem
4.8. For arbitrary {#° 2!,...,2%} € (D), by (3), there is a continuous function
o : A, — X such that

ig}i&)g(ii, Px(A) — g(Pr(N), P (A)) < 0.

From assumption (1), f(2%, 6x(A)) — i < (&', $r(N)) — 9(Sr(N), Pk (X)), s0
<

in Uz, gp(A 0
nin, (2, or(N)

for all A = (A1,...,\x) € Ag, where I(\) = {i | Ay # 0}. Hence U is 0-pair-
concave. Thus according to Theorem 4.8, there exists Z € Y [resp., Z € K| such
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that sup,cp U(x, 2) < 0. Then

sup f(z, 2) < sup g(y,y)-
xzeD yeX

This completes our proof. O

Remark 4.12. 1. Instead of (4), we can choose
(4)" for each x € D, y— f(x,y) is p-g.l.s.c. on K.

Then Theorem 4.11 still improves [2, Theorem 3.2].

2. Theorems 4.8 and 4.11 seem to be not directly related to abstract convex
spaces, but they are consequences of our theory on G-convex spaces. For example,
Theorem 4.11 follows from Theorem 3.6 as follows:

Proof of Theorem 4.11 using Theorem 3.6. Since g|px x is C-quasiconcave on D by
(3), for each A € (D), there exists a continuous map ¢ : Aj4—; — X. Therefore,
(X, D;{¢a}ac(p)) is a ¢ a-space and can be made into a G-convex space. Note that
every G-convex space satisfies the partial KKM principle. Now we apply Theorem
3.6.

(a) By (4), for each x € D, {y € X | f(z,y) < p} is intersectionally closed [resp.,
transfer closed].

(b) We have to show that, for each N € (D) and y € ¢n(A|n—1) C I'n, we have
min{f(z,y) | z€ N} < p.

In fact, since g|pxx is C-quasiconcave on D by (3), we have

min{g(z’, pn(N)) | i € J} < g(on(N), dn (V)

as in the definition in [5]. Therefore, for any y = ¢n () € ¢n(A|n—1) C I'n, we
have

min{f(z,y) | « € N} < min{g(z,y) | = € N} < min{g(z’, w (M) | i € J}
< g(ﬁbN()‘)’ QSN()‘)) < Sg}g g(l’, l‘)

(c¢) The compactness condition holds by (2).
Since (a)-(c) imply requirements (1)-(3) of Theorem 3.6, resp., its conclusion
holds, that is, there exists a § € X [resp., § € K| such that

f(z,9) <~ forall ze€D.

This completes our proof. Il

From Theorem 4.11, we have the following useful result:

Corollary 4.13 ([2, Corollary 3.1]). Let X be a compact topological space, D be a
nonempty subset of X, and g : X x X — R. Suppose g|pxx is C-quasiconcave on
D, and the function y — g(x,y) is l.s.c. for each x € D. Then

min sup g(z,y) < sup g(y, y).
YeX zeD yeX
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The equilibrium for a two-person zero-sum game is a minimax problem. Applying
Theorem 4.8 as in [2], we obtain the following slight generalization of [2, Theorem
3.3]:

Theorem 4.14. Let X and Y be topological spaces, D,C be nonempty compact
subsets of X, Y, resp., f,g: X XY =R, andU : (DXxC)x (X xY) — R be defined
by U((x,y), (u,v)) = f(u,y) — g(z,v). Assume that:

(1) the function x v supyey f(v,y) is Ls.c. on D;

(2) the function y — infyex g(x,y) is u.s.c. on C;

(3) U is generally 0-pair-concave on X xXY.
Then the minimazx inequality

minsup f(z,y) < max inf g(z,
z€D yegf( y) T yeC xeXg( y)

holds. Furthermore, if f = g, then

inf su x,y) = sup inf f(x,y);
wexlyegf( y) y@gxeng( y)

where X; is either D or X and Y; is either C or'Y fori=1,2.
Proof. From assumption (3), by Theorem 4.8, there exists (Z,7) € D x C such that

sSup [f(ii’,’U) - g(uag)] < 0.

(u,0)EX XY
Then
7 < inf y).

sup f(@v) < inf g(u,7)

From assumptions (1) and (2), we have

i < inf .
i sup f(z,y) < max Inf g(z,y)

For the case f = g, just follow the proof of [2, Theorem 3.3]. O

Remark 4.15. 1. When U is 0-pair-concave on X x Y in (3), Theorem 4.14 reduces
to [2, Theorem 3.3].

2. Theorems 4.11 and 4.14 also generalize Theorem 4 and Theorem 3 in [8,
p.1211-1214].

5. EXISTENCE OF NASH EQUILIBRIA

We follow [2]. Let I = {1,...,n} be a set of players. A non-cooperative general-
ized n-person game is an ordered 3n-tuple

g:{Xlu"'vXn; Tl?"‘aTn; ulu"wun}a

and for each player ¢ € I, the nonempty set X; is the strategy set, T; : X =
[Lic; Xi — X; is the player’s constraint correspondence (multimap), and u; : X —
R is the i-th player’s payoff function. Whenever the player’s constraint correspon-
dence T;(x) = X; for all z € X and all i € I, the generalized game reduces to
2n-tuple G = {X1,..., X, u1,...,u,} and is called an n-person game of normal
form. The set X is the Cartesian product of the individual strategy spaces. Denote
by X_; = Hje]\{i} X;. Denote by x; and x_; an element of X; and X_;, resp.
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Denote an arbitrary point of X by x = (z;,2—;), with x; in X; and x_; in X_;.
Let J be a nonempty subset of I. Denote X; = [[,c; X; and X_; = Hie[\] X;.
Denote by x; and z_; an element of X; and X_;, resp. Denote an arbitrary point
of X by = (x5,2_y), with 7 in Xy and z_; in X_;. Denote T : X — X by
T(z)=1[i-, Ti(z) for all z € X.

A strategy vector £ € X is said to be a Nash equilibrium for the generalized
n-person game G if for each ¢ € 1

z; € T;(2) and w;(Zi, ;) > ui(z;, T—;) for all z; € T;(z).

A strategy vector & € X is said to be an S-Nash equilibrium for the generalized
n-person game G if T is a Nash equilibrium for G and

Zn:u, <Zu, (Z4,x—;) for all z € T'(Z).
i=1

Whenever the player’s constraint correspondence T;(z) = X; for all z € X and
1 € I, a Nash equilibrium & € X is said to be a pure-strateqgy Nash equilibrium
for the n-person game G of normal form; an S-Nash equilibrium is said to be an
S-Nash-strategy equilibrium for the n-person game G of normal form.

Let J C I. A strategy vector 7 € X is said to be a J-dominant-strategy if

ui(Zi, x—;) > wi(x;,x—;) for all x € X and i € J.

A strategy vector € X is said to be a J-dominant-strateqy Nash equilibrium for
the n-person game G of normal form when Z is a pure-strategy Nash equilibrium
and Z; is a J-dominant-strategy.

Let G ={X1,...,Xn;Th,...,Tp;u1,...,u,} be a non-cooperative generalized n-
person game. By following the method introduced by Nikaido-Isoda [11], let us
define the aggregate payoff function U : X x X — R associated as follows:

n
Ule,y) = ui(yin i) — wi@)],
i=1
for every z = (z1,...,2n),y = (W1,...,yn) € X = [}, X;. Also, we denote
FT)={r € X |z; € Tj(z), i € I} and T(z) = [[;, Ti(x;) for all z € X. Then
we shall need the following which is a general form of Proposition 1 in [9]:

Lemma 5.1 ([2, Lemma 4.1]). Let G be a non-cooperative generalized n-person
game and & = (Z1,...,Ty) € T(Z).

(1) & is a Nash equilibrium if and only if U(z,y) <0 for ally € T(z).

(2) & is an S-Nash equilibrium if and only if U(:J;, &) >0 for all x € T().

Using Theorem 4.8 and Lemma 5.1, we can now prove the following existence
theorems of equilibria in generalized n-person games and normal forms of n-person
games:

Theorem 5.2. Let G be a non-cooperative generalized n-person game, and U :
X x X — R be the aggregate payoff function. Then G has a Nash equilibrium & € X
[resp., & € K] if and only if the following conditions are fulfilled:

(1) the set K is a nonempty compact subset of F(T');
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(2) the map G : K — T(K) defined by G(x) = {y € T(K) | U(z,y) < 0} for
x € K 1is intersectionally closed-valued [resp., transfer closed-valued);
(3) Ulgxr(k) s generally 0-pair-concave on T(K).

Proof. Suppose the three conditions hold. Let A = T'(K). From Theorem 4.8, there
exists 2 such that

sup U(%,y) <0.
yET(K)

Hence from Lemma 5.1, 2 is a Nash equilibrium for the generalized game G.
Suppose G has a Nash equilibrium 2. Let K = {Z}. Then K is a compact

subset of F(T) and Ul|g (k) (7, y) is O-transfer continuous in z. Also, Ulgx7(k)

is O-pair-concave on T'({Z}). This completes the proof. O

Remark 5.3. Chang [2, Theorem 4.1] obtained Theorem 5.2 under the assumptions
(2)" Ul xr(x)(z,y) is O-transfer continuous in x, and
(3) Ulkxr(K) is O-pair-concave on T'(K),

instead of (2) and (3), resp.

Theorem 5.4. Let G be a non-cooperative generalized N-person game, and U :
X x X = R be the aggregate payoff function. Then G has an S-Nash equilibrium
z € X [resp., Z € K] if and only if the following conditions are fulfilled:

(1) the set K is a nonempty compact subset of F(T);

(2) the map G : K — T(K) defined by G(z) ={y € T(K) | —U(z,y) < 0} for
x € K is intersectionally closed-valued [resp., transfer closed-valued);

(3) =Ulkxr(k) is generally 0-pair-concave on T(K).
Proof. Let A =T(K). From Theorem 4.8, there exists Z such that

sup —U(x,2) <0.
z€T(K)

Hence from Lemma 5.1, Z is an S-Nash equilibrium for the generalized game G. It
is obvious that the converse is also true. Il

Remark 5.5. Chang [2, Theorem 4.2] obtained Theorem 5.4 under the assumptions
(2)" —Ulkxr(r)(x,y) is O-transfer continuous in z, and
(3)" —=Ulk xr(x) is O-pair-concave on T'(K),

instead of (2) and (3), resp.

Also, from Theorem 4.8 and Lemma 5.1, we have the following theorems:

Theorem 5.6. Let G = {Xy,..., Xy u1,...,u,} be an n-person game of normal
form and J C {1,2,...,n}. Suppose that for each i € J the following conditions
are fulfilled:

(1) there exist y*0 y®t ... y*™ € X; such that K; = Lo Gi(y™7) is compact
where Gi(y) = {z; € X; | Ui(zi,y) < 0} and U; : X; x X — R is defined by
Ui(wi,y) = wi(y) — ui(zi, y—i);

(2) the map H; : K; — X defined by H(x;) = {y € X | Ui(zi,y) <0} forz; € K;
is intersectionally closed-valued [resp., transfer closed-valued)].

Then there exists a J-dominant-strategy Zj in [[;c; Xi [resp., in [[;c; Ki] for the
game G if and only if Ui|x,xx is generally 0-pair-concave on X for each i € J.
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Theorem 5.7. Let G = {X1,..., X, u1,...,uy} be an n-person game of normal
form, J C {1,2,...,n}, and U : X x X — R be the aggregate payoff function.
Suppose that the following conditions are fulfilled:

(1) Ey ={x;€ Xy |z is a J-dominant-strategy};

(2) there exist y°,y',...,y" € X such that K = (I, cly G(y;) is compact where
Gly)={reE;xX_j|U(r,y) <0} andY = Ey x X_j;

(3) the map H : K — X defined by H(x) ={y € X | U(x,y) <0} forz € K is
intersectionally closed-valued [resp., transfer closed-valued).

Then there ezists a J-dominant-strategy Nash equilibrium Z € X [resp., Z € K]
for the game G if and only if Ulyxx is generally 0-pair-concave on X.

Theorem 5.8. Let G = {X1,...,Xn;u1,...,u,} be an n-person game of normal
form and U : X x X — R be the aggregate payoff function. Then there exists a
pure-strategy Nash equilibrium for the game G if and only if the following conditions
are fulfilled:

(1) there exists a subset Z C X andy°, y',...,y" € X such that K =, clzG(y;)
is compact where G(y) ={x € Z | U(x,y) < 0};

(2) the map H : K — X defined by H(x) ={y € X | U(z,y) <0} forz € K is
intersectionally closed-valued [e.qg., U|gxx(x,y) is O-transfer continuous in x|;

(3) Ulzxx is generally 0-pair-concave on X.

Remark 5.9. 1. Theorems 5.6 - 5.8 generalize Theorems 4.3 - 4.5 of [2], resp.

2. According to [2], Theorem 5.2 generalizes Theorem 1 in [6]. Theorem 5.8
generalizes Theorems 1 and 3 in [1], Theorem 1 [8], and Theorem 1 of [5] without
the fixed property. Theorems 5.6 and 5.7 generalize Theorems 4 and 5 in [1].
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