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ABSTRACT. The main purpose of this paper is to get generalizations of the well-
known Eckart-Young theorem which identifies the distance to singularity of a non-
singular square matrix to the case of surjective rectangular matrices, subjected to
arbitrary affine purturbations. As an application of these results, we shall derive
the formulas of structured stabilizability radius for the linear control system
[A,B]: @ = Az + Bu,t > 0.

1. INTRODUCTION

Let W € C™"™ be a non-singular complex matrix (i.e. rank(W) = n) then the
classical Eckart-Young theorem (see [4]) confirmed that the distance from W to the
set 3, of all singular (n x n)-matrices is

1
W=t
where the matrix norm in (1.1) is the operator norm induced by a given vector norm
of the corresponding vector space C™.

The quantity dist(W,X) is called the radius of non-singularity (or distance to
singularity ) of matrix W. It characterizes the extent to which non-singularity of W
is preserved under perturbations of the form: W~ W + A, A € C™"*". In the case
of rectangular matrices, i.e. W € C™™ n < m with rank W = n (or equivalently
WC™ = C"), a natural generalization of the above definition is the notion of radius
of surjectivity:

dist(W, Xp,) = inf{||A|| : A € C™™, rank(W + A) < n},

where X, ,,, denotes the set of all rank deficient (n x m)-matrices. Obviously, due
to calculation errors, the above mentioned radii play a crucial role in any numerical
algorithm of solving mathematical problems which involve inverse or generalized in-
verse matrices. In particular, the problem of calculation of the radius of surjectivity

(1.1)  dist(W,S,) = inf{|A] : A € C™", W+ A eD,) =
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of matrices is a topic of significant interest in mathematical control and optimiza-
tion theory and has attracted thereby a good deal of attention from researchers over
several last decades, see [2, 3, 11, 12, 13, 14, 15, 16, 17, 18, 19]. It worth noticing
that in most of papers only the case of "unstructured radius” was studied, where the
perturbation model is assumed to be ”component-wise” as w;; ~ w;j +d;;, Vi, 7. In
many cases, however, the perturbations are restricted to some specific structure (for
example, only one row or column of W or even only one entry of W is perturbed)
and ignoring such structures may lead to substantial underestimation of the radius
under consideration.

The aim of this paper is to generalize the classical result of Eckart and Young to
the case where the matrix W € C™*™ is subjected to the structured perturbations
of the form

W~ W =W + DAE

and the multi-perturbations of the form

N
W W = W+ZD1A1E¢,
i=1
where D, FE and D;, E;,;i = 1,..., N are given matrices defining the structure of

perturbations. The above structured perturbation model allows us, by choosing the
apropriate structuring matrices D and FE, to describe the case where only one row
or column of W or even only one entry of W is perturbed, whereas the more general
class of multi-perturbations will cover all cases of affine perturbations (for instance,
the case where the diagonal entries of W are perurbed). We shall then apply our
result to calculating the stabilizability radius of a linear system. The key technique
is to make use of some well-known facts from the theory of linear multi-valued
operators in representing equations and evaluating the norms of matrices involved
in the calculation. A similar technique has been used in our recent paper [19] for
calculating structured controllability radii.

The organization of the paper is as follows. In the next Section, for the reader’s
convenience, we shall recall some known notions and results from the theory of lin-
ear multi-valued operators (see, e.g. [1, 19]). In Section 3 we prove the main results
of the paper which give formulas for calculating the complex radius of surjectiv-
ity of a rectangular matrix subjected to structured perturbations and to multi-
perturbations. In Section 4, we apply the results of the previous section to es-
tablish formulas for the stabilizability radius and give an illustrating example. In
Conclusion we summarize the obtained results and give some remarks of further
investigation.

2. PRELIMINARIES

Let K = C or R, the set of real or complex numbers. If A € K™*" then A* €
K™*" denotes the adjoint matrix of A. K"(= K"*!) is the n-dimentional vector
space equipped with the vector norm | - ||, its dual space can be identified with
(K")* = (K™1)* = {u* : u € K"}, equipped with the dual norm. For u* € (K")*
we shall write u*(x) = u*z,Vax € K". For a subset M C K", we denote M+ = {u* €
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(KM* :w*x =0 for all z € M}. Let F : K® = K" be a multi-valued operator. If
the graph of F, defined by

(2.1) gr F={(z,y) e K" x K™ : y € F(z)},

is a linear subspace of K™ x K™ then F is called a linear multi-valued operator. The
domain and the nullspace of F are denoted, respectively, by dom F = {x e K"
F(z) # 0} and ker F = {o € dom F : 0 € F(z)}. By definition, F(0) is a linear
subspace and, for x € dom F, we have the following equivalence

(2.2) ye F(zr) <= F(z)=y+F(0).

Let F : K® = K™ be a multi-valued linear operator, then for given vector norms
on K" and K™, the norm of F is defined by

2.3 F|| =su inf rx €dom F,||z|| =1;.
(2.3) 171l p{yef(x)llyll ||| =1}

For a linear multi-valued operator F : K™ =2 K™, its adjoint operator F* : (K")* =
(K™)* and its inverse operator F ! : ImF = K" are defined, correspondingly, by

(2.4) Fr(v*) = {u* € (K™)* : u*z = v*y for all (z,y) € gr F},
(2.5) Fly)={zeK":ye F(z)}.

Clearly, 7* and F~! are also linear multi-valued operators and we have
(2.6) (FHH=(FD IF = 1F-

It can be proved that F is surjective (i.e. F(K™) = K™) if and only if F* is injective
(i.e. F*71(0) = {0}), or, equivalently, F*~! is single-valued. Let F : K® = K™ G :
K™ = K are the linear multi-valued operators, then the operator GF : K" = K/,
defined by (GF)(x) = G(F(z)) for all z € dom F, is a linear multi-valued operator
and if ImF C dom G or ImG* C dom F* then
(2.7) (GF) =FG" and [[(GF)*| = [IF°G"I < IF7ING"I = 171 1S]]-
If F is the linear single-valued operator defined by F(z) = Fg(z) = Gz, where
G € K™*™ and x € K", then, clearly, the norm of F¢ defined by (2.3) is just the
operator norm of matrix G:

IFell =[Gl
In the sequence, when dealing with this operator in the context of the theory of
multi-valued linear operators, we shall use the notation Fg(z) = G(x). It is easily
seen that the adjoint operator (Fg)* : (K™)* — (K")* is also linear single-valued
operator which is given by (Fg)*(v*) = v*G, Vv* € (K™)*. For the sake of simplic-
ity, we shall identify (Fg)* with G*, that reads
(2.8) (Fo)*(v*) = G*(v*) = v*G, Yu* € (K™)*.
Remark that the notation G*v is understood, as usual, the product of matrix G* €
K™*™ and column vector v € K™ and we have (G*v)* = G*(v*). Finally, let P €
Km™* @Q € K" and F, pq : K" — K™ is the linear single-valued operator defined
by Fpg(z) = (PQ)z. Then the adjoint operator (Fpg)* : (K™)* — (K™)* is also
linear single-valued operator and we have, by (2.8), Vv* € (K™)*

(PQ)*(v") = (Fp)"(v") = v (PQ) = Q" (P*(v")) = (Q"P")(v") = (FoFp)(v7),
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and, by (2.7),
(PR < 17l 1P|

3. STRUCTURED RADIUS OF SURJECTIVITY

Assume that the matrix W € K™*™ is surjective, i.e. WK™ = K", and is subjected
to affine perturbations of the form:

(3.1) W ~» W = W + DAE.

Here D € K™ E € K™ are given matrices defining the structure of perturba-
tions, A € K'*9 is unknown disturbance matrix.

Definition 3.1. Let W € K™ ™ be surjective. Given a norm || - || on K'*9, the
structured radius of surjectivity of W with respect to affine perturbations of the
form (3.1) is defined by

(32) r(W;D,E)=inf {||A]|: A € K™ st W =W + DAE non-surjective }.
If W 4+ DAE is surjective for all A € K/*9 then we set r(W; D, E) = +o0.
Define the multi-valued operator EW 1D : K! = K2 by setting

(EW™ID)(u) = E(OW~YDu)), Yue K,
where W1 : K® = K" is the (multi-valued) inverse operator of W.

Theorem 3.2. Assume that the surjective matric W is subjected to structured per-
turbations of the form (3.1). Then the structured radius of surjectivity of W is given
by the formula

1

3.3 W;i;D,E) = ————-.

Proof. Since the operator W is surjective W*~! is single-valued. Assume that

W =W + DAE

is non-surjective, for some A € K'*4. This implies that there exists 3 € (K™)*, y& #
0 such that (W +DAE)*(y5) = W*(y3) + (E*A*D*)(y5) = 0. Since W}~ is single-
valued, we have

(3-4) o = —(W1E*A")(D*(y5))

and, hence, D*(y;) # 0. By applying D* to the left of the both sides of (3.4), we
obtain

D*(yg) = —(D*W*LE*A*)(D* (y5)).
Therefore,
0 < [ID*(w)ll < ID*W*LE*|| [|A*(D*(yp)) || < IDW*LE*|| | A% [ D* () ]I-

Since InW~! C dom E = K™ and Im(EW ~!)* C dom D* = (K")*, we have, by
using (2.7), (EW~1)* = W*~1E* and

(EW™'D)* = D*(EW')* = D*W* ' E*.
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By (2.6), we get
1 1
WiE  [BW- D]
Since the above inequality holds for any disturbance matrix A € K¢ such that
DAF destroys surjectivity, we obtain by definition,

A = (A >
AT = [|A]| D

3.5 W;D,E)> —————.

To prove the converse inequality, for any small € > 0 such that |[EW~1D|| — e > 0.
Since D*W*~LE* is single-valued it follows that its norm is the operator norm and
hence there exists v} € (K9)* : ||[v¥]| = 1,v} € dom(D*W*~1E*) such that
(3.6)
0<[[EWT'D| —e= DWW E"|| — e < [(DW*TLE")(v])]| < |[D*W*IE"|.
Letting u* = —W*~Y(E*(v?)) # 0, we have
W*(u2) = —E*(v?) and D*(uf) = —(D*W* " E")(02) 0.

By Hahn-Banach Theorem, there exists h € K! such that ||h|| = 1,(D*(u}))h =
| D*(u?)||. Thus, we can define a rank-one perturbation A, € K*? by setting

1
A= ——hv'.
[D*(ug)[|
Then, it is obvious that
1
A _ D* *\ | —1 _ D*W*—IE* *\ | —1 <
[Acl = I1D* (ue) |l I( Y™ < TEW-1D] — ¢

and, using (2.8), (AXD*)(u}) = AX(D*(u})) = D*(u})Ae = v}. Hence, (E*ArD*)(u})
= E*(v}) and, therefore,

W7 (ue) + (B AD) (u) = 0,

with u} # 0, which implies that the perturbed matrix W =W+ DAFE is non-
surjective. Thus, by definition,

1
3.7 W:D E)<||A € 74=——+—.
( ) T( ’ ’ )—” 6”— ||EW_1DH—6
Letting € — 0 we obtain the converse inequality. The proof is complete. U

We note that Theorem 3.2 has been proved for the case when the norms of ma-
trices under consideration are operator norms induced by arbitrary vector norms in
corresponding vector spaces. In the case when the vector spaces under considera-
tion are equipped with Euclidean norms (for example, ||z| = vz*z, 2 € K") we can
derive from Theorem 3.2 a more computable formula for r. To this end, we need
the following technical result (see [19]).

Lemma 3.3. Assume G € K"*P has full row rank: rankG = n and K", KP are
equipped with Euclidean norms. Then, for the linear operator Fg(z) = Gz, we have

(3-8) (0, Fg' () = 16Tl 117 =161,
where GT denotes the Moore-Penrose pseudoinverse of G : G = G*(GG*)™L.
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Corollary 3.4. Assume that the matriz W € K"*™ is surjective and subjected to
perturbations of the form (3.1) where E € K2*(+m) has full column rank. Then
the structured radius of surjectivity of W is given by
1

3.9 W;:D,E) = )

39 "D B) = v @By D]

Proof. Since E has full column rank, E*E € K®tm)x(+m) ig 4 positive definite
matrix. Therefore, we can decompose it as E*E = (E*E)Y/?(E*E)'/? with an

invertible (E*E)Y? € K(tm)x(n+m) (see, e.g. [10]). Since ||Ev| = v/(Ev)*Ev =
Vo*E*Ev = ||(E*E)Y?v||, we have, by definition, for all v € K!,
(3.10)
d(0,(EW~'D = inf E
O.(EWID) W) = _ it 5]

_ inf E*E 1/2 —_ E*E 1/2 —lD .
e IEE) 0] = a0, (B E) WD) )

Since matrix W (E*E)~1/2 € K**("+m) has full row rank and, obviously, (E*E)Y/2W 1
= (W(E*E)~Y/2)~1 when they are considered as multi-valued linear operators, we
can apply Lemma 3.3 to deduce, for all u € K,
d(0,(EW™'D)(u)) = d(0, (E*E)"*W'D)(u))) = [|(W(E*E)~"/*)! Dul,

which implies that
(3.11) IEW™'D| = |[(W(E*E)"/*)ID].
The result now follows from Theorem 3.2. O

Now, we consider the more general situation, assuming that the matrix W &

K™ ™ is subjected to structured multi-perturbations of the form
s N
i=1
where D; € K™l B, € K%*™ j €¢ N = {1,...,N} are given structure matrices
and A; € KX4% j € N are unknown perturbations. The size of each perturbation
A= (A, ,ANy) €Dk = Hi]ilKlini is measured by

N
(3.13) A=A,
=1

where the norms ||A;|| are operator norms on K'*% induced by given vector norms
on the spaces K4, K% i € N, respectively.

Definition 3.5. The structured radius of surjectivity of W w.r.t multi-perturbations
of the form (3.12) is defined by
(3.14)

N
r(W; D, E;,i € N) = inf {| A : A € Dg, W + Y D;A; E; non-surjective },
=1
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where ||Al| is given by (3.13).
Let Q € K™ and P € K™, we shall write
(3.15) P=<Q iff ||Pz| <||Qz|, forall z e K™.

It is easy to see that if P < @ then ker@Q C ker P and Im P* = (ker P)* C
(ker Q)+ = Im Q*. As above, for each i € N we define the multi-valued operator
E;W~ID; : K = K% by setting

(EZW”DZ)(uZ) = EiW”(Diui), u; € K.

We need the following result which is a simple consequence of the Hahn-Banach
Theorem.

Lemma 3.6. Assume U is a non-trivial subspace of K¥, and 0 # 05 ¢ UL. Then,
there exists 0 # vi € 05 + UL,0 # mg € U such that |vixo| = ||vi[|xoll-

The following theorem gives the formula of structured radius of surjectivity of W
with respect to multi-perturbations of the form (3.12).

Theorem 3.7. Let W € K™ ™ be surjective and H € KF*™ be a given matriz.
Assume that W is subjected to multi-perturbations of the form (3.12) with E; < H
foralli e N. Then

1 1

1 < 1D, Ejyie N) < .
(3.16) maxiey |[HW - 1D,]| <r(W; i€ N) maxiey | E:W - 1D;]|

Proof. Assume that the perturbed matrix W defined as in (3.12) is non-surjective.
Then, y5 € (K™)*,yo # 0 such that

N
(3.17) W*(ys) + Y (EFATD] ) (yg) = 0.
i=1
Letting u$ = W*(y3) we have y = W* (u), uf € dom(W*~1) and
N
(3.18) uy = = S (B ADI ) ().
i=1

Since E; < H, ImE C ImH* for all i € N. Therefore uj; € Im H*. Assume
ul = H*F. Since yi # 0, uf # 0 and 0 ¢ ker H* = (Im H)*. By Lemma 3.6, there
exists 0 # v} € 05 + (Im H)* and 0 # zo € Im H such that [vizo| = ||[vg]]]|zo]|. It
implies that v, = H*(v§) and zo = Hzo with some zy € K", We have

N
(3.19) H*(v) = — Y _(E;ATD;W ) (H* (v5)),
i=1
which implies that
N
(3.20) H*(vg)z0 = —Z(E;“A;‘D;‘W*’IH*)(US),ZO.

=1
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Therefore, by (2.7) and taking into account the assumption that E; < H for all
1 € N, we can deduce

N
gl lloll = [vhzo| = [vHzo| = |H* (v§)z0 < Y |(B; AL D;W* ™ H*)(v5) ]

i=1
N

=D [(ATD;W* T H)(v§) Eizo| < ) (AT D;W* H) (0) || || Eizol|
i=1 =1

N
< llogll |1 Hzoll D 1A IDFW*H || < |log | ol | Al mas || HW LD, |
i=1 =
This implies that
1

3.21 Al >

which yields the first inequality in (3.16). To prove the second inequality, choose
k € N and € > 0 such that |[ExW !Dg|| — ¢ = maxiey |[E;WID;| — € > 0.
Then, as was shown in the proof of Theorem 3.2, there exists a disturbance matrix
Ape € Kiexar such that W + Dy Ag E}, is non-surjective and

1
Ay =
Therefore, for the perturbation A = (&1, e AN), with Ej =0,Yj #k, Ay = Age,
we see that the perturbed matrix W=w + Zfi 1 ElﬁlDl is non-surjective and
1
max;en |[EiW1D;|| — €

HAke

A= [[Akell <

This implies that the second inequality in (3.16), completing the proof. O

It is obvious that for any P € K" P < ||P|| I, where I,,, is the identity matrix
in K"™*™_ Using this observation we get the following consequence of Theorems 3.7.

Corollary 3.8. The radius of surjectivity of matric W w.r.t complex multi-
perturbations of the form (3.12) satisfies the inequalities
1 1

3.22 <r(W;D;,E;;i € N) < ,
( ) o MmaX;e N HW_IDZH - ( ! ! ) maXi;e N HElW_lDZ”

where o = [max;en || Eil|].

Now, we give a particular case where the bounds established in the Theorem 3.7
yield a formula for calculating the structured radius of surjectivity.

Corollary 3.9. If E; = a;F1,a; € K, for all i € N, then the distance to non-
surjectivity of a surjective matriz W w.r.t. complex multi-perturbations of the form
(3.12) is given by the formula

1
max;en [|[E;W 1D

(3.23) T(W;Di,Ei,i € M) =
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01 2

Example 3.10. Consider the surjective matrix W = [1 0 0

] . Assume that W

is subjected to structured perturbation of the form

01 2 5 140 244
(3:24) [1 0 o] [1+51 o b ]

where §; € C,i € 1,2 are disturbance parameters. The above perturbed model can

be represented in the form W ~» W + DAFE with D = [ﬂ E = B (1] (1)] . We

have, for each v € C,

EW-'D(v) = EW~! <Z>

:{E 5 :q”?":p:”}:{(v/gfg/ﬁ:qec}‘

Thus, for each v € C, the problem of computing d(0, EW ~1D(v)) is reduced to the
calculation of the distance from the origin to the straight line in C? whose equation
can be rewritten in the form z1 + 2z9 = 2v with 1 = v+ ¢ and z9 = v/2 — ¢/2.
Let C? be endowed with the vector norms || - ||oo, then we can deduce,

T
2l < for| + 2laa] < Sl bl = 307 ) o

(: )noo_ 2

. Therefore, |[EW~!D|| = =. By applying

This implies that

which yields the equality if x1 = 29 =

Theorem 3.2, we obtain r(W; D, E) =

L\’)\Oooo‘

4. COMPLEX STABILIZABILITY RADIUS

In this section, the results of the previous section will be used to obtain the
formula for stabilizability radius of a linear system. Consider the system (A, B):

(1) {iJ:A.T+BU

z(0) = zg,t > 0,

where A € C"*" B € C™*™. Recall that the system (4.1) is said to be stabilizable if
there exists a linear feedback control u = Kz with K € C™*" such that the closed-
loop system & = (A+ BK)x is asymptotically stable, or equivalently 0(A+ BK) :=
{seC:det(Is— A—BK)=0} CC™ :={s € C:Re s < 0}. Assume that system
(4.1) is subjected to structured perturbations of the form

(4.2) [A, B] ~ [A, B] = [A, B] + DAE,
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where D € C"* E € C7*("+™M) are given structuring matrices and A € KX is
unknown disturbance matrix. Then, for a stabilizable system (A, B), we can define
the notion of complex stabilizability radius as follows

(4.3)  ADF(A,B) =inf{||A]| : A € C'¥9, [4, B] + DAE is not stabilizable}.

By using the formulas for the radius of surjectivity given by Theorem 3.2 and
Theorem 3.7, we derive now formulas of structured stabilizability radius for arbitrary
operator norms. Define, for each A € C, the linear single-valued operator W), :
C™tm — C" by setting Wz = [A — M, B]z, Vz € C""™, and the multi-valued
operator EW/\_lD : C! = C9 by setting

(EW'D)(u) = E(W, Y(Du)), VueC,

where W, ! : C" = C"*™ is the (multi-valued) inverse operator of W,. By Hautus
Theorem (see e.g. [8]), the system (A, B) is stabilizable iff W) is surjective for all
A € C4, where C; = {\ € C: Re X > 0}. Therefore, by using Theorem 3.2, we get

Theorem 4.1. Assume that system (4.1) is stabilizable and subjected to structured
perturbations of the form (4.2). Then the complex stabilizability radius of (4.1) is
given by the formula

1

(4.4) AP (A, B) = S—
supyez, [[EW, D]

The formula (4.4) looks very similar to the well-known formula of complex stabil-
ity radius of a asymptotically stable linear system & = Ax,t > 0 where the matrix
A is subjected to structured perturbations A ~ A + DAE (see, e.g. [9]). We note
that the study of stability radius has atracted much attention over last two decades
and algorithms for computing the complex stability radius has been developed by
several authors (see, e.g. [6] and [7]). The formula (4.4), involves, however, calcula-
tion of the norm of the linear multi-valued operator EW,~ ! D which does not have
an explicit representation. We now derive from this result some more computable
formulas, particularly in the case, where the matrix norm is the spectral norm (i.e.
the operator norm induced by Euclidean vector norms of the form ||z| = vz*x).

First, we note that if vector spaces C", C™ are equipped with Euclidean norms
then for any rectangular matrix W € C™*™ its operator norm is the spectral norm
and we have |W|| = owin[W] = |[WT| =1, where WT = W*(WW*)~! is the Moore-
Penrose pseudoinverse of W. Therefore, from Theorem 4.1, we get the following
formula for unstructured stabilizability radius of a pair (A, B) which is obviously
similar to the Eising result (see [5]).

Corollary 4.2. Let stabilizable system (A, B) be subjected to unstructured complex
perturbations of the form
[A,B] ~ [A,B]+ A, A =[A1,Ay] € C™™,

and the norm of disturbance matrices A in (4.3) is spectral norm, then the system’s
complex stabilizability radius is given by

1

Ac(A,B) = ——————.
suprec, W1
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By applying Corollary 3.4 we get

Corollary 4.3. Let the matrix E has full column rank. Then the complex stabiliz-
ability radius of (A, B) w.r.t. matriz spectral norm and structured perturbations of
the form (4.2) is given by

1
supjec, ||(WA(E*E)~1/2)ID|

(4.5) AZF(A,B) =

We now assume that the matrix pair (4, B) € C"*™ x C™*™ is subjected to struc-
tured multi-perturbations of the form

N
(4.6) [A, B] ~ [A, B] = [A, B] + Y _ D;\E;,
i=1
where D; € C"*li E; € Caix(ntm) j ¢ N = {1,..., N} are given structure matrices

and A; € Cli*% j € N are unknown perturbations. The size of each perturbation
A= (Aq,...,AN) € Dc = IY Cli*4i is measureded by :

N
(4.7) INEDE
=1

where the norms ||A;|| are operator norms on C'*% induced by given vector norms
on the spaces C4,C%,i € N, respectively. Then the complex stabilizability radius
of (A, B) under multi-perturbations of the form (4.6) is defined by

N

(4.8)  ALP(A,B) =inf {||Al| : A € D¢, [A, Bl + > DiA;E; unstabilizable }.
=1

By using Theorem 3.7, we get

Theorem 4.4. Let H € CF*("t™) pe o given matriz. Assume the matriz pair
(A, B) is stabilizable and subjected to multi-perturbations of the form (3.12) with
E; X H for all i € N. Then, the complex stabilizability radius of (A, B) satisfies
the inequality

1 1

(4.9) < AP(A,B) <

maxien supyec, [HW ' Dil| maxiey SUpyec, |EiW; ' Dil|’

where Wy denotes [A — A1, B].

We illustrate the above result by an example.

Example 4.5. Consider the linear control system (A, B) described by
(4.10) x(t) = Ax(t) + Bu(t),

-1 1 . . .
where A = [ 0 _9 ,B= (1) . By Hautus characterization, the system is stabiliz-
able. Assume that, the control matrix [A, B] is subjected to structured perturbation
of the form

(4‘11) [—1 1 0:| - |:—1+51 1+ 67 0o

0o -2 1 0+ 61 2446 1469’



452 N. K. SON AND D. D. THUAN

where §; € C,i € 1,2 are disturbance parameters. The above perturbed model can
be represented in the form [A, B] ~» [A, B] + DAE with D = [ﬂ JE = [(1] (1) (1)] .
We have

E[A — A\, B]"'D(v) = E[A — \, B]™! <U>

v

p
:{E q :—()\+1)p+q:—()\+2)q+r:v}

:{<()\+3)Zj—81§§1€)\+2)p) :qe(C}.

Thus, for each v € C, the problem of computing d(0, E[A—\I, B] "1 D(v)) is reduced
to the calculation of the distance from the origin to the straight line in C? whose
equation can be rewritten in the form xo — (A+1)z; = 2v with 21 = v+ (A+2)p, 22 =
(A+3)v+ (A+1)(A+2)p. Note that if A = —2 then this line is reduced to the point

v
. Assume X\ # —2 and let C? be endowed with the vector norms || - ||, then we

can deduce,

xT
2l < Jaal + A+ Ll < (1 ot 1ol oal} = (0 ot 1072 oo

x1 2|v|
| loo 2 771
T2 1+ A+1]
2v

| T+ A+ 1]
that —(\ + 1)e’? = |A 4 1|. Therefore,

This implies that

which yields the equality if x9 = and x; = e"?xy, where ¢ is chosen such

2
—  if A #£ =2,
|E[A — A, B]‘lDH = sup d(O,E[A — M, B]_lD(v)) =< I A+1]+1 it A7
lv|=1 1 if A= -2,

By applying Theorem 4.1, we obtain the complex stabilizability radius Ag’E(A, B) =
1.

5. CONCLUSION

In this paper we developed a unifying approach to the problem of calculating the
radius of surjectivity of a surjective rectangular matrix, which is based on the theory
of linear multi-valued operators. Our result generalized, in particular, the classical
Eckart-Young Theorem to structured perturbations. We applied the obtained re-
sults to establish some formulas for the stabilizability radius of linear control systems
under structured perturbations and multi-perturbations of system matrices. Our
approach can be developed further for calculating the distance from ill-posedness of
conic systems of the form Ax = b,x € K C K™, where K is a closed convex cone,
as well as for stability radius of convex processes & € F(x),t > 0. These problems
are the topics of our further study.
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