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CHARACTERIZATIONS OF SOLUTION SETS OF A CLASS OF
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Dedicated to Professor Pham Huu Sach on the occasion of his 70th birthday

ABSTRACT. In this paper we deal with characterizations of solution sets of a
class nonconvex problems with an infinite number of constraints. Assuming the
functions to be locally Lipschitz semiconvex functions, several types of charac-
terizations of solution sets of the problems are given.

1. INTRODUCTION

The problem of establishing characterizations of solutions sets of optimization
programs is a topic which has attracted attention of researchers for years. There
were several results on characterizations of solutions sets of convex/nonconvex prob-
lems published [1], [6], [9], [10], [11], [13], [16], [18], and [20]. The motivation for this
article came from [9] and [20], where several types of characterizations of solution
sets of convex problems were established via Lagrange multipliers or minimizing se-
quences. Our aim is to extend these results to establish characterizations of solution
sets of a class of nonconvex problems which have an infinite number of constraints.
We are interested in the following problem:

(P) Minimize f(x)
subject to  fi(z) <0, t €T,
x e,

where C' is a closed convex subset of R", f, f; : R® — R, ¢ € T', are locally Lipschitz
functions on an open subset containing C, T' is a compact index set (possibly infi-
nite). Problems in this form have been considered recently in several papers with
various requirements on f, fi,t € T, and the setting space (see, e.g., [4], [5], [14],
and [19]-[22]).

In this paper, characterizations of solution set of (P) will be given in several
types. The technique used in this paper is based on theory of Nonsmooth Analysis
introduced in the two well known books of Clarke [2], [3]. Most of our results in
this paper are established by using a property of semiconvexity applied to involved
functions.

We now describe the content of the paper. In the preliminaries, we recall basic
concepts and results on semiconvex functions. In order to give characterizations
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of solution set of (P) via Lagrange multipliers, we firstly prove that the Lagrange
function associated to (P) with a fixed multiplier corresponding to a given solution
is constant on the solution set of the problem (P). Then, a theorem characterizing its
solution set is given. In this part, we also give some corollaries on characterizations
of solution set of (P) with relaxed assumptions applied to constraint functions. As
a particular case, we recover results on characterizations of solution sets of a class
of convex programs. For the second type, firstly we consider a point-to-set mapping
defined on R™ by

OL(-\A)N(=N(C,)) : x — O°L(-,\)(z) N (=N (C, z),

where 9°L(-, \)(z) denotes Clarke-subdifferential at x of the Lagrange function L
associated to (P) with a fixed Lagrange multiplier, and N(C, ) is the normal cone
to a nonempty closed convex subset C' at x € C. Then we prove that this mapping
is constant on the solution set of (P). Based on this result, a characterization of
solution set of (P) via subgradients is established. The last part of the paper
is devoted to minimizing sequence characterizations of solution set of (P). Unlike
characterizations mentioned above, where at least one solution of the problem under
consideration is known, here a minimizing sequence of (P) is used instead. This is
often the case when we do not know an exact solution but a minimizing sequence
can be obtained by some numerical method.

The paper is organized as follows. Section 2 is devoted to preliminaries and
the properties of semiconvex functions. Our main results are established in the
third section (the last section of the paper). Several theorems concerning the types
of characterizations of solution set of (P) are given. Besides, applications of the
obtained results to some special cases are presented. Examples are given to illustrate
certain results.

2. PRELIMINARIES

Let us denote by R™) a following linear space:
R™) .= {X = (\)ter | At = 0 for all t € T but only finitely many A, # 0}.

For A € R(T) | its supporting set, suppA := {t € T'| \; # 0}, is a finite subset of T'.
The nonnegative cone of R() is denoted by

R = (A= M)ser e RT | N, >0, € T},

It is easy to see that ]RSLT) is a convex cone of R(T),
For z = (2); C Z, Z being a linear space, we understand that

<)\, Z> = z)\tzt = Z )\tzt
teT tEsuppA

and

Z)\tft = Z At ft

teT tEsuppA
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where f; : R" — R, ¢t € T. If {Y{ | t € suppA} is a class of non-empty sets of some

linear space, we define
DAY= Y AYe
teT tEsuppA

Let f : R — R be a locally Lipschitz function at x € R™. The generalized
directional derivative of f at z in the direction d € R™ is defined by (see [2])

o d) = limsup LEFAF D) = fl@+ )

h—0 t
t10

and the Clarke’s subdifferential of f at x, denoted by 0°f(x), is
f(z) :={u e R" | u(d) < f(x;d),vd € R"}.

For d € R™, the directional derivative of f at x in the direction d, denoted by
f'(x;d), is defined by the following limit (if it exists)

i L& 1) — f(z)
) t

The function f is said to be quasidifferentiable or regular (in the sense of Clarke)
at x if f/(x;d) exists and equals to f¢(x;d) for every d € R™ (see [2], [3]).
Let D be a closed convex subset of R™. The normal cone to D at x is

N(D,z) ={u e R" |u(y —x) <0,Yy € D}.

Definition 2.1 ([17, Definition 2]). Let 2 be a nonempty subset of R™. A function
f:R™ — R is said to be semiconvex at x € Q if f is locally Lipschitz at x, regular
at z, and

(z4+deQdeR", f(z;d) >0) = f(z+d) > f(x).

The function f is said to be semiconvexr on () if f is semiconvex at every x € (2.

From the definition above, we can easily verify that
(2.1) (f is semiconvex at x,Ju € I°f(z) : u(z — x) > 0) = (f(2) > f(x)).

Lemma 2.2. Suppose that f is semiconvex on a conver set C C R™. Then for
reC,deR"* withx+de C,

flx+d) < f(x) = f(z;d) <0.

The lemma above was presented in [17, Theorem 8] with C' is a convex subset of
R™ and in [20, Lemma 4.1] with C' is a convex subset of a Banach space. We note
that the notion of semiconvexity presented above was used in several papers such
as [8], [12], [20], [21] (an extension of this notion called e-semiconvexity is proposed
n [15]). When a semiconvex function is differentiable, it is called “pseudoconvex”
(see [7], [16], [23]).

It is well known that if f : R® — R is a pseudoconvex function then the lower
level set of f, {x € C' | f(z) < a,a € R}, is a convex subset of R", where C is
a convex subset of R™. When f is semiconvex on R" and C is also convex, it is
easy to verify that f is quasiconvex on C. Consequently, the level set above is a
convex subset of R™ (for details, see [7], p. 119). For Problem (P), if f;,t € T, are
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semiconvex on C' then for every t € T, {x € C' | fy(z) < 0} is convex. Hence, the
feasible set of (P) is convex (it is also closed).

3. CHARACTERIZATIONS OF SOLUTION SETS
Let us denote by A the feasible set of (P). The solution set of (P) is
S:={z€ Al f(z) < f(z),Vz € A}

To derive characterizations of solution set S of (P), we suppose that S # (). In this
paper, z is a given solution of (P). We also assume that under some condition there

exists A\ € RSLT) (Lagrange multiplier) such that the following optimality condition
holds (for details, see [21]).

(3.1) 0€0°f(2) + > M0°fi(2) + N(C,2), M fi(z) =0, Vt € T.
teT

In this case, we denote the supporting set of the A by Ty. Frequently, the Lagrange
function L : R™ x ]RSFT) — R of (P) is defined by

Lz, A) = f(z) + Z)\tft(x)

teT

3.1. Lagrange multiplier characterizations. To obtain characterizations of so-
lution sets of (P) via Lagrange multipliers, we need the following lemma.

Lemma 3.1. For Problem (P), let z be a given solution such that the condition
(3.1) holds. If the functions f and fy,t € T, are reqular at z and the function
L(-,\) is semiconvex at z, then L(-,\) is constant on S. Moreover, for all y € S,

fi(y) =0 for allt € T,.

Proof. Suppose that z € S and there exists A € ]RSFT) such that (3.1) holds. Then
there exist u € 0°f(2), v € O°fi(2),t € T,w € N(C,z) and A\ fy(z) =0 forallt € T

such that
u -+ Z AUt = —
teT
Since C' is a closed convex subset of X, w(y — z) <0 for all y € C'. Hence,

(3.2) u—i—Z)\tvt —z)>0,Vy e C.
teT
On the other hand, since L(-,\) is regular at z, we have
(3.3) f"‘z)\tft (z3y—2) f+z)\tft ) (z7y — 2).
teT teTy
Moreover, by the regularity of f, f;,t € T at z, from (3.2) and (3.3) we deduce
(f+ D Nf) (zy—2) > 0.

t€T+
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Based on the semiconvexity property of L(-,\) at z, we get

y) + Z Mefe(y) > f(z) + Z M fi(2),Vy € C.

teTy teTy
Since A\ fi(z) =0 for allt € T,

+ 3 Mfily) = £(2), Wy € C.

teTy

When y € S, we get y € A (i.e., fe(y) <O0forallt € T) and f(y) = f(z). Hence,
1@ = 1) = f) + 3 Afily) = f(2).

teTy
It follows that } . Afi(y) =0, Le., fi(y) =0 for all ¢ € T,.. We see that L(-,A)
is constant on S. O

Theorem 3.2. For Problem (P), let z be a given solution such that the condition
(3.1) holds. Suppose that [ is semiconver on C and L(-,\) is semiconver at z.
Suppose further that the functions fi,t € T, are reqular at z and A is conver. Then
S =5, =S, where
S; ={xeC|Iuecdf(z)No°f(x),u(z—x) =0, f(z) =0Vt € T}
and fi(x) <0Vt e T\ T4},
S ={recC|Iucdf(zx),ulz—x)=0,f(z)=0Vte T,
and fi(x) <0Vt e T\ Ty}

Proof. It is obvious that S; C Si. So, it needs to prove that S ¢ S; and S; C S.
Firstly we prove that S; C S. Let € S;. Then there exists u € 9°f(x), such
that u(z — ) =0, fi(x) =0 for all t € Ty, and fi(xz) < 0 for all t € T\ T4. From
u € 0°f(x), u(z—x) =0, and z € C, since f is semiconvex on C, f(z) > f(z).
Furthermore, since x,z € A and z is a solution of (P), z € S.

We now prove that S C S;. Let x € S. By Lemma 3.1, we get f;(z) = 0 for
all t € T4 and fi(z) < 0 for all t € T\ T4. Since z satisfies condition (3.1) with
A e R, there exist u € 8°f(2), v € 8°fi(2), t € T, w € N(C,z) and A fi(z) = 0
for all t € T' such that

u + Z )\tvt = —

teT
Since C' is a closed convex subset of X, w(z — z) < 0 for all z € C. Hence, for

xeScCC, we get
(u—i—Z)\tvt)(x— z) >0,

teT
i.e.,

(3.4) u(x — z) Z)\tvt x—2z) Z Av(z — 2)
teT tel
Since A\ fy(z) =0 forallt € T,

(3.5) (Meft) (z2—2) = im Aefe(z + 0(x —9 2) = Mfe(z) _ im WAE +69(x —2)
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Since A is a convex subset of X, we get z+6(z—2) € Awhenz,z € Aand 0 € (0,1).
Hence, A\¢fi(z + 0(x — z)) <0 for all t € T" when 6 is small enough. From this and
(3.5), we obtain (A f;) (z;2 — 2) < 0, t € T. It is obvious that A f;,t € T, are
regular at z, i.e., (A fy) (z;2 — 2) = (A fi)%(z; ¢ — 2). Tt follows that Mvy(z —2) <0
for all t € T if v, € 9°f(2). These and (3.4) imply that u(z — z) > 0. On the other
hand, since f(z) = f(z) and f is semiconvex at z, by Lemma 2.2, f (z;2 — z) < 0.
Hence,

’

w(e —2) < f(ma—2) = f(z2—2) <0,
where u € 9f°(z). Thus, u(z — z) = 0.

To complete the proof, we need to prove that u € 9f(2)Ndf(x). Since u € 9°f(z),
it remains to show that u € 9°f(z). By the regularity of f at z, also at =, we have
f(x;d) = f(z;d) and f'(z;d) = f(z;d) for all d € R". We claim that there does
not exist any dy € R™ such that f'(x;dp) < f'(2;dp). Indeed, suppose to contrary
that there exists dyp € R" such that f'(z;do) < f'(2;do), i.e.,

f(x+tidy) — f() f(z +tado) — f(2)

lim — lim < 0.
140 t1 t240 to
Then,
12ﬁ)1f($+tdg) —fl@) f(2+tdtz) —f2) _ 0,

Since f(x) = f(z), we get

lim f(l‘ + tdo) — f(Z + tdo)
tl0 t

< 0.

Thus, there exists ¢y € (0,1) and a > 0 small enough such that
(3.6) flx+tdy) — f(z+tdy) < —a < 0,Vt € (0,tp).

It is easy to see that h(t) := f(x + tdy) — f(z + tdp) is continuous at ¢ = 0. In the
inequality above, by letting ¢ — 0, we get f(z) — f(2) < 0, a contradiction. So, if
u(d) < f'(z;d) = f¢(z;d) for all d € R™ then

u(d) < f'(z;d) = f(x;d),Vd € R".

This shows that u € 0°f(z) implies u € 0°f(z). We obtain u € 9°f(z) N O°f(x).
Hence, x € S7. The proof is complete. U

As we discussed in the last part of Section 2, if f;,t € T, are semiconvex on C,
then the feasible set of (P) is convex. We obtain a corollary from Theorem 3.2 with
the proof omitted.

Corollary 3.3. For Problem (P), let z be a given solution such that the condition
(3.1) holds. If the functions f, f,t € T, are semiconver on C and if the function
L(-,\) is semiconver at z, then S = S; = S1 where

S; ={zxeC|Iuecof(z)no°f(x),u(z—x)=0, f(z) =0Vt € T}
and fi(x) <0Vt e T\ T4},

S1 ={zeC|uecoflx),ulz—2)=0,fi(r) =0Vt T,
and fi(x) <0Vt e T\ T4}
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Example 3.4.
(P1) Minimize sin(y — z)
subject to sin(tx —y) < 0,t € [0,1]
(z,y) € {(z.y) €R? | 2" +y* < 1,y > 0}.
Set

fz,y) =sin(y — 2), fi(z,y) =sin(tz —y),C = {(z,y) € R? | 2? +y* < 1,y > 0}.

It is easy to check that f and f;,t € T, are semiconvex functions on C. For
(z,y) € C, a simple computation shows that y — z,tz —y € [—v2,v2] C [-Z, Z].
Hence,

sin(tz —y) <0,t € [0,1] &tz —y <0,t € [0,1].
The feasible set of the problem is

A={(z,y) eR* |2® +¢y* <1,y > 0,y > z}.

For every (z,y) € A, we have sin(y — z) > 0. The point z = (0,0) is a solution of
(P). We can easily check the validity of the condition (3.1). So, the solution set of
(P1) can be determined as follows. Choose u; = — cos(y — ), ug = cos(y —x). Then
(u1,u2) € 0°f(x,y). For (x,y) € C, we have

(u1,u2)((0,0) = (z,y)) =0 (z —y)cos(y —2) =0 & y =z

Hence,

S

{(z,y) eCle—y=0,te —y <0,t € [0,1]},
{(z,y) eClae—y=0,2—y <0,y >0},
{(z,y) €R? | & =y,0 <z < L},

Since a convex function is a semiconvex function [15], in case f is semiconvex on
C and f;,t € T, are convex on R”, it is easy to see that the conclusion of Theorem
3.3 is valid. In particular, if f and f;,¢t € T, are convex functions, the Clarke
subdifferentials coincide with the ones in the sense of convex analysis. We obtain
the following corollary with noting that 0f denotes the convex subdifferential of f.

Corollary 3.5. For Problem (P), let z be a given solution such that the condition
(3.1) holds. If f and fi,t € T, are convex functions then S = S| = S'1 where

S ={zeC|Iuecdf(z)Ndf(x),u(z—xz) =0, fi(z) =0Vt € Ty
and fi(x) <OVt e T\ T4},

S ={xeC|uecdf(x),u(z—x)=0,fi(r) =0Vt e T,
and fi(x) <OVte T\ T4}.

The formulas above were presented in [20] where convex infinite programs were

considered with 7" is an arbitrary index set.

We now give some more formulas of the solution set of (P). It is worth mentioning
that

€AY Mfi(z) =0l & [w€C, fil2) =0Vt € Ty, fi(z) SOVEE T\ Ty]
teTy
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and, by Lemma 3.1, L(x,\) = f(z) for all x € S. We can deduce a following
corollary with the proof omitted.

Corollary 3.6. For Problem (P), suppose that f, f;,t € T, and L(-,\) are semi-
convex functions on C'. Then S = Sy = Sy, where

,512 ={reA] ZteT+ Mfi(z) =0, Ju € I°L(-, \)(x), u(z —x) =0}

Sy ={xeA] Zteﬂ Mfe(z) =0, FJu € I°L(-,A\)(2) NO°L(-, N)(x), u(z —x) = 0}.
3.2. Subgradient characterizations. Let z € S be such that the condition (3.1)
is satisfied with A € Rf). We obtain

(0°F(2) + D> N0°ful(2)) N (= N(C,2)) # 0, M fi(z) =0, V€ T.

teT
Note that
L(z,A) = f(2) + Z)\tft(z) = f(z) + Z Aife(z) = (f + Z Aife) (2).
teT teTy teT,
Hence,
OL( A)(2) = 0°(f+ D Mfi)(2) COF(2)+ Y MOfi(2) = O°F(2)+Y_ MO ful2).
teT, teTy teT

Since the sum ). Ay fi(2) is a finite sum, if the functions f, fi,t € T are regular
then, by applying Corollary 3 of [2], the following equality holds:

(F+ D Mfe)(2) = 0°F(2) + > M0°fi(2).
teT teT

In this case we get 9°L(-, \)(z) N (— N(C,z)) # 0.
In order to give characterizations of solution set of (P) via subgradients, we need
a following lemma.

Lemma 3.7. For Problem (P), let z be a given solution such that the condition
(3.1) holds. Suppose that f, fi,t € T, are regular over C' and L(-,\) is semiconvex
on C. For each y € S, it holds

Proof. Suppose that z is a solution of (P) such that the condition (3.1) holds with
some \ € Rf). Firstly, for each y € S, we prove that

O°L(-,N)(y) N (= N(C.y)) C 0°L(-, A)(2) N (= N(C, 2)).
Let y € S and let u € 9°L(-,A)(y) N (— N(C,y)). Then

u € °L(- \)(y),
(3.7) { ue —NEC, ;gy)

Since u € 9°L(+,A)(y) and L(+, \) is regular at y,
L(5 M) (s d) = L°C, \) (g3 d) > u(d), Vd € X.

Since u € —N(C,y), u(x —y) > 0 for all x € C. Hence, L(z,\) > L(y, \) for all
x € C by the semiconvexity of L(-,\) on C. Thus, the point y minimizes L(-,\)
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over C. Since y,z € S, by Lemma 3.1, we get L(y,\) = L(z,\). Hence, z also
minimizes L(-, ) over C. Using the same arguments as in the second part of the
proof of Theorem 3.2, we can see that u € 9°L(-, \)(z).

We now prove that u € —N(C,z), ie., u(x —z) > 0 for all z € C. Since
u € —N(C,y) and C is convex, u(x —y) > 0 for all x € C. On the other hand, we
have u(z — z) = u(z — y) + u(y — z). We claim that u(y — z) = 0. Indeed, from
(3.7), we get u(z —y) > 0. The conclusion u(y — z) = 0 is fulfilled if the inequality
u(z — y) > 0 does not hold. Suppose to contrary that u(z —y) > 0. Then, by the
regularity of L(-, ) at y, we have

lim L(y+6(z —y),\) — L(y, \)
610 0

= L(-,N)(y; 2—y) = L(-, \)(y; 2—y) > u(z—y) > 0.

Since L(y, A\) = L(z, \),

lim L(y + 9(2 - y)7 )‘) B L(zv )‘)

0.
610 0 o

Hence, there exist 6y € (0,1) and a > 0 small enough such that if 8 € (0,6p) then
(3.8) Ly+6(z—y),\) — L(z,\) >a>0.

It is easy to see that the function G(0) := L(y+ 60(z —y), \) is continuous at 6 = 0.
By letting 6 — 0 in (3.8), we obtain L(y,\) > L(z,\), a contradiction. Hence,
u(y — z) = 0 and we get u(z —2) > 0 for all z € C, ie., u € —N(C,z). Thus,
u € 0°L(-,A\)(z) N (=N(C,z)). So,

O°L(-,N\)(y) N (= N(C,y)) C O°L(-,\)(z) N (= N(C, 2)).
Using similar arguments we can show that
O°L(-,\)(z) N ( — N(C,2)) COL(-,\)(y) N ( — N(C, y))
O

Theorem 3.8. For Problem (P), let z be a given solution such that the condition
(3.1) holds. Suppose that f, fi,t € T, are reqular over C' and L(-,\) is semiconvex
on C. Then S = Ss3, where

Sy:= {x€C| LN (x)N(=N(C,z)) =L\ (2) N (= N(C,2)),
fi(x) =0Vt € Ty and fi(x) <OVte T\ T4}

Proof. Let z € S. Then z € A, i.e., fi(x) <0 for all t € T. On the other hand,
by Lemma 3.1, f;(z) = 0 for all ¢ € T+. Hence, we obtain x € C, f;(z) = 0 for all
t € Ty and fi(z) < 0 for all t € T'\ T4. In addition, if x € S, then, by applying
Lemma 3.7, we get 0°L(-, \)(z) N (= N(C,z)) = 0°L(-,A)(2) N ( — N(C,z2)). So,
S C Ss.

Let z € S3. Then z € C and f;(z) = 0 for all ¢t € Ty and f;(z) < 0 for all t
€ T'\ T, and there exists u € 9°L(-, \)(z) N ( — N(C,z)). Hence, u € 9°L(-, \)(x)
and u € —N(C,x), i.e., u(y —x) > 0 for all y € C. This implies that

L'( M) (z;y — ) > 0,Vy € C.
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Since L(-,\) is semiconvex on C, it follows that L(z,\) > L(x, \), i.e.,

FE)+ D Mfilz) = fl@)+ > Mefil).

tel tel

Note that we have fi(z) = 0 for t € T by (3.1) and fi(x) = 0 for all t € T as
x € S3. These and the inequality above imply that f(z) > f(x), i.e., z € S. Hence,
S3 C S. Ol

3.3. Minimizing sequence characterizations. In this subsection characteriza-
tions of solution set of (P) will be given by using minimizing sequences. This result
is an extension of the one applied to convex programs presented recently in [20].
To start with it, we suppose that inf{f(z) : + € A} = « is finite. Recall that a
sequence {an} C A, A is the feasible set of (P), is called a minimizing sequence of

(P) if ngrfoof(an) = a.

Theorem 3.9. Suppose that {a,} C A is a minimizing sequence of (P). If f is a
semiconvex function on C' and A is a closed convex subset of X then the solution
set of (P) is

Sy={reA|Fuedf(r),ula,—x)>0,Yne N}

Proof. Let € S4. Then z € A and there exists u € 9°f(x) such that u(a, —x) >0
for all n € N. Since f is semiconvex at z, by (2.1), we obtain

f(an) = f(z) > 0,vn € N.

Letting n — 400, we get f(x) < . Since z € A, x is a solution of (P).
Conversely, suppose that z is a solution of (P). Then,

(3.9) 0€d(f+da)(x) COU(z) +0%a(x).

Thus there exists v € 9°f(x) such that —u € 964(x). Since A is a closed convex
subset of R™, 9% 4(x) = Na(x). It follows that u(y — z) > 0 for all y € A. Hence,
u(a, —x) >0, for all n € N. The proof is complete. O

As fi,t € T, are semiconvex functions on C, the feasible set A is convex (dis-
cussion in the last part of Section 2). We get a following corollary with the proof
omitted.

Corollary 3.10. Suppose that {an} C A is a minimizing sequence of (P). If f and
ft,t € T, are semiconvex functions on C then S = Sy where

Si={zxeA|Fuecdf(r),ula,—z)>0,Vne N}.
Example 3.11.

(P2) Minimize e"7Y
subject to  fi(x,y

<0,te1,2]
(z,y) € C.

tzd —y <0,t € [0,1],

and C := {(z,y) e R?|0< 2 <1,0<
ty — 22 <0,t € (1,2], {(@y) [0<z<1,0<

st fte) - |

y <1}
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Set f(z,y) =Y, T =10,2] and

txg - yvt € [07 1]7

fe(z,y) = ty — 2a,t € (1,2].

We can check that the feasible set of (P3) is

A = {(z,y)|0<2<1,0<y <,z >y >23}

(3.10) = {(z,y) |0<z<1lz>y>a%)

and e*~Y > 1 for any (z,y) € A.

It is easy to check f is semiconvex on C' and f; are not semiconvex for all t € T'.
So, Corollary 3.10 can not be applied. However, since the feasible set of (P3) is
closed and convex, the solution set can be determined by Theorem 3.9. Note that

8Cf(l'7y) = {(U,U) | udl + ’Ud2 < (dl - dQ)ex_y}av(db d2) € RQ'

Choose (u,v) = (e*" Y, —e*¥). Then (u,v) € 9°f(z,y). Now, by using a minimizing
sequence (a,) = (1/n,1/n)y, we have

S ={(z,y) € A|3(u,v) € f(z,y), (u,v)((1/n,1/n) — (z,y)) > 0},Vn € N.
A simple computation gives

S={(z,y) eR? |y =2,0<z <1}
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