o“"a Pug, %

Journal of Nonlinear and Convex Analysis E mo"ama P"M’She's
Volume 12, Number 1, 2011, 119-142 v ISSN 1880-5221 ONLINE JOURNAL

Sinee 199

7Yoko,

TWO POSITIVE SOLUTIONS FOR AN INHOMOGENEOUS
SCALAR FIELD EQUATION

TATSUYA WATANABE

ABSTRACT. We consider the following nonlinear elliptic equation:
—Autu=g(u) + f(z), = € RY,

where N > 3, f(x) # 0. For a wide class of nonlinearities, we show the existence
of two positive solutions to this problem when || f|| 2w~y is small.

1. INTRODUCTION

In this paper, we consider the following nonlinear elliptic equation:
(1.1) —Au+u=g(u)+ f(z), z € RY,

where N > 3. When f(x) = 0, it is known that there is a nontrivial solution of (1.1)
for a wide class of nonlinearities (see [5]). Even though f(x) # 0, we can expect the
existence of a nontrivial solution if f(x) is small in a suitable sense. Our purpose
is to show the existence of positive solutions of (1.1) via the variational approach
when || f|| 2@~y is small.
For the nonlinearity g, we assume

g € CL(R,R), g(s )_Oforalls<0

)
g2) There exists sgp > 0 such that f — s)ds > 0.

(g1)
(g2)
(g3) Li zgﬂ =0.
(g4) There exists n > 0 such that lims_; 1(+27 =0.
(g5) There exists dp > 0 such that @ is non-decreasing on (0, dg).
Compared with assumptions in [1], we only require stronger assumptions on the
behavior of the nonlinearity g near zero.
For the inhomogeneous term f, we assume
(f1) f(z) >0 for all z € RN and f(x) £ 0.
(f2) There exist ¢ > 0 and a > 0 such that

1D f(z)| < ce”FDll for all 2 € RY and |a] < 1.

(3 )g—f:vz<Oandf(xl,...,:ri,...,x]v):f(ml,...,—xi,...,:nN)fori:1,2,...,N.

We obtain the following result.

Theorem 1.1. There exists C* > 0 such that if || |2 < C*, then problem (1.1)
has at least two positive solutions.
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This kind of inhomogeneous problems has been studied widely (see e.g. [1], [2],
4], [6], [7], [8], [9], [10], [12], [14], [19], [21], [23] and references therein). Compared
with the previous works, the class of the inhomogeneous term f is rather restricted.
However we can treat a wide class of the nonlinearity g. Especially we do not require
neither the convexity of g nor so-called global Ambrosetti-Rabinowitz condition,
namely

u
(1.2) there exists p > 2 such that 0 < u/ g(s)ds < g(u)u for all u > 0.
0

Moreover since we do not impose any condition on the behavior of ¢ at infinity
except for (g3), we can treat the case that g(s) is asymptotically linear at infinity
or g(s) is negative at infinity. Especially we can apply Theorem 1.1 for the case g
is Fitz-Hugh Nagomo type, that is, g(s) — s = s(s — b)(c — s) for b < ¢ with bc = 1.

The main idea to find two solutions is the followings. We define an energy func-
tional I : HY(RY) — R by

I(u) := 1/ \Vul? + u?dz — / G(u)dr — f(z)udz,
2 JpN RN RN
where G(u) = [, g(s)ds. Firstly we will show that if || f|| > is small, then there exist
po > 0and v € HY(RY) with [Vl 1 mavy < po such that I(u) > 0 on [Jull g1y = po
and I(v) < 0. Then by Ekeland’s Variational Principle, we can see that there is a
local minimizer ug which satisfies I(ug) < 0 and [Jug|| g1 (myy < po-

The second solution will be obtained by the Mountain Pass Method. We consider
a Mountain Pass value whose paths connect from the local minimizer to a point
where the energy is negative and the norm is greater than pg. We can see that this
Mountain Pass value is positive if || f|| ;2 is small. Since we do not impose any global
condition like (1.2), we can not obtain the boundedness of a Palais-Smale sequence
directly. To this aim, we use the Monotonicity Trick due to [15] and [20]. Then we
can obtain a bounded Palais-Smale sequence. As a consequence, we can prove the
existence of a second nontrivial critical point. However this critical point might lose
its energy, that is, the energy might be strictly less that the Mountain Pass value.
Hence we can not distinguish from the local minimizer readily.

To this aim, we construct a suitable path and give a precise interaction estimate
to obtain certain energy estimate. This estimate will enable us to establish the
existence of the second critical point The most hardest part of this paper is to
obtain the interaction estimate. If we assume the convexity of g(s), we can easily
prove the desired estimate. However since we don’t assume neither the convexity
nor the positivity of g(s), we need to estimate the interaction term more carefully.
To this aim, we restrict the class of the inhomogeneous term f(z) to obtain sharp
informations of solutions of (1.1). This kind of interaction estimates appears when
we study elliptic problems with group symmetries (see [3], [13]).

This paper is organized as follows. In section 2, we correct basic properties
of solutions of (1.1) and a corresponding homogeneous scalar field equation (i.e.
problem (1.1) with f(x) = 0). In section 3, we prove the existence of a local
minimizer via Ekeland’s Variational Principle. In section 4, we show one energy
estimate which plays an important role to find a second solution. Finally in section
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5, we prove the existence of the second solution by using the Mountain Pass Method
and the Monotonicity Trick.

2. PRELIMINARIES

2.1. Properties of solutions for the homogeneous scalar field equation.
We consider the following scalar field equation:

(2.1) —Au+u=g(u), € RV,

By (f2), the inhomogeneous term f(z) decays to zero at infinity. Thus problem

(2.1) can be regarded as the problem at infinity. We define I, : H'(RY) ~ R by
1

Io(u) = / \Vu)? + u?dx — G(u)dz.
2 JpN RN

We denote co, by the least energy level for I, that is,
Coo i= inf{Io(u);u € HYRY), I’ (u) = 0}.

Proposition 2.1 ([5]). Assume (g1)-(94). Then (2.1) has a positive least energy
solution w(x) € C?2(RN) (namely Io(w) = coo, I’ (w) = 0) and it satisfies

(i) w(z) =w(|z|) = w(r) and % <0 for all r > 0.

(il) w(zx) satisfies the following Pohozaev type identity:

N -2 2
/ |Vw|?de = N G(u) — Y dz.
2 RN RN 2

iii) There exist positive constants c1, ¢}, ca, ¢b and Ry such that
1 2

cllx\_%e_m <w(z) < cﬂxf%e_'“ﬂ,
—c'1r7¥e*r <a'(r) < —C/2T7¥67T for all » = |z| > Ry.
Although results above are obtained under weaker assumptions on the nonlinear-
ity, we do not provide precise statements here. By Proposition 2.1 (ii), it follows

1
Coo = Ioo = Hwﬁm>0
R

Especially I (u) > 0 for any nontrivial critical point u of Io.

2.2. Properties of solutions of (1.1). In this subsection, we correct basic prop-
erties of solutions of (1.1) and the energy functional which corresponds to (1.1).

Lemma 2.2. Assume (f1)-(f3) and (g91)-(94). Let u(x) be a positive solution of
(1.1). Then
(i) u(x) € L®RYN) and u(x) — 0 as |z| — oco.
(ii)) (Vu-z)(z) <0 and u(z1,...,%i...,oN) =uw(x1, ..., —Ti ..., TN).
(iii) There exist positive constants c3, ¢, ca, ¢y and Ry such that

Cg|$|_¥€_‘x| < wu(z),|Vu(z)| < C4|x|_%e_|z|,for all |x| > R;.
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Proof. (i) By (£2), it follows f(z) € L4(RY) for all ¢ € [1,00]. Then we can show
that u € L®(RY) and u(x) — 0 as || — oo (see [7], [23] for the proof).

(ii) By (f3), the claim follows from the moving plane method due to [11], [17],
[18].

(iii) By (f2), we can prove that for any ¢ > 0, there exists ¢; > 0 such that

(2.2) cse” Il < y(z) < cge (1012l
for all € RY (see [23] for the proof). Using assumption (g4) and (f2), we have
g(u(@)) + f(x) = ofjx| T e7l) as |z] - .
Then by the asymptotic result by Gidas, Ni and Nirenberg [11], we obtain
u(z) = O(|x]_%e_|x‘) as |z| — oo.
Moreover using (g4) and (f2) again, we also have
IVu(z)] = O(lz|~ "= e 1!} as 2| — oc.
Choosing c3, ¢, c4, ¢ suitably, we can prove the claims. O

Next we prepare the Pohozaev type identity which we will use in section 5. The
proof is similar to that of Proposition 2.1 (ii).

Lemma 2.3. Let u(z) be a nontrivial solution of (1.1). Then u(x) satisfies the
following Pohozaev type identity:

N —2
/ \Vul|?dz = N G(u )——dx—l—N f(z)udx + Vf - zudx.
2 RN RN RN
Next we recall the energy functional:
1
I(u) = / |Vu|? + u?dr — / G(u)dx — f(z)udz.
2 RN RN RN

Hereafter in this paper, we denote ||ul|? := [pn [Vul? + u?dz.

Next we need some modification because we don’t impose any condition on g(s) at
infinity except for (g3). We claim that there exists M > 0 such that g(s)+ Ms >0
for all s > 0 without loss of generality.

Let 5 > 0 be a constant which satisfies 5 > max{so, || f||z>}, where sp is a
constant defined in (g2). We consider the case that there exists § > 5 such that

(2.3) 9(5) =5+ || fllz= = 0.
Then we define (5)
v _J g(s), 0<s<
9(s) = { 9(3), s=>3.
We claim that if u(x) is a solution of the problem:

—Au+u=gu)+ f(z), zeRY,

then u is a solution of the original problem (1.1). In fact if Q := {x € RN u(z) >
5} # 0, then we have

—Au=g(u) —u+ f <G — 5+ | fllp~ =0 on Q.

By Maximum Principle, this leads a contradiction.
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Now we take M > 0 so that

M>max{0,— min ﬁ}
0<s<s §

Then we can see that g(s) + Ms > 0 for all s > 0. Thus replacing g(s) by g(s), we
can set

(2.4) g(s) + Ms >0 for all s > 0.

Remark 2.4. (i) Suppose g(s) — s + [[f]lr= > 0 for all s > 3. Then it follows
g(s) > 5 —||fllre > 0 for all s > 5. Choosing M > max{0, — minp<s<s @}, we
have g(s) + Ms > 0 for all s > 0.

(ii) (2.3) implies g(5) —§ < 0 because f(x) > 0. Then we can see that ||u||f~ < §
for any solution of (2.1). Thus we can replace g(s) by g(s) in (2.1) without loss of
generality.

Lemma 2.5. Let u be a nontrivial critical point of I(u). Then u(x) > 0 for all
r € RV,

Proof. Let u_(x) = min{0, u(x)}. Since I'(u) = 0, it follows

lu_|]® = /RN g(uw)u_dz + o (x)u_dz.

By (f1) and (gl), we have |Ju_|| = 0 and hence u(z) > 0 for all x € RY. Then by
Maximum Principle, we obtain u(z) > 0. O

Finally we introduce a global compactness type result for I.
Lemma 2.6. Let {u,} C H'(RY) be a sequence such that
I(uy) = c€R, I'(uy) — 0, |Juy] is bounded.

Then there exist ug € HY(RY), k € NU{0}, {y8} CRY, wie H}RN),i=1,...,k
such that

(1) un — v in HY(RN), I'(ug) = 0.
(ii

(iii

s — oo, [yl —yh| = oo, i £,
w' Z0, I' (w)=0,i=1,...,k.
[tn — 1o — S0y wi(- — )| — 0.
(v) I(un) = I(ug) + 32K, Io(w).

)
)
(iv)
)

3. EXISTENCE OF A LOCAL MINIMIZER

In this section, we show that there is a local minimizer of I if || || 2 is small.

Lemma 3.1. There exist Cy > and pg > 0 such that if || f||r2 < Co, then I(u) >0
for all uw € HY(RYN) with |jul| = po.
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Proof. We choose 0 < € < 1 arbitrary. By (g3) and (g4), there exists ¢ > 0 such
that
€ o 2N
(3.1) |G(s)] < 25 +cesN-2 for all s > 0.

Then we obtain

Iw) > Ll - /R (G () - /R  fude

1 2N
(3.2) > 5= Ollull® = &Nl ¥=2 — || £l p2l|ul

4
for some ¢ > 0. Choosing pp > 0 so that 1(1 —€) — py¥—2 > 0, we have

1 _4
10w) = g (5= ) = ol 7 ) = pol Iz

for allu € H'(RY) with ||u|| = po. Then there exists Cy > 0 such that if || f|| 2 < Co,
it follows I(u) > 0 for all u € HY(RY) with |jul| = po. O

Lemma 3.2. There ezists ¢ € H'(RN) such that I(¢) < 0 and ||¢]| < po-
Proof. We fix u € H (RY) so that [ f(z)udz > 0. For t > 0, we have

I t G(t
(tu) = —|Jul? —/ Mdm - fudzx.
t 2 RN T RN
From (3.1), we have limy_, [pn Mdt = 0. Choosing t sufficiently small, ¢ := tu
satisfies I(¢) < 0 and ||¢| < po. O
Lemma 3.3. There exists ug € H'(RY) such that
1 = inf [
(uo) . (u) <0,

where B,y = {u € HY(RY); |lu|| < po}. Moreover it follows ||uo|| < po-

Proof. First we observe that there exists 0 < p’ < pg such that

1
3.3 I(u)> = inf I(u
(33) (W) > 5 inf 10
for any u € HY(RN) with p' < ||ul| < po.

Now let {u,} be a sequence such that I(u,) — infyep, I(u). From (3.3), we
may assume that |u,|| < p'. Let B,, be endowed with the metric dist (u1,u2) =
|lur — wa||, w1, u2 € B,,. By Ekeland’s Variational Principle, there exists €, > 0
with €, — 0 as n — oo such that

I(uy) = inf I(u)+ enl|un — ull.
u€Bp,
Then we can see that {u,} is a Palais-Smale sequence for I. Since ||u,| < p/, we
may assume that u, — ug in H'(RY) for some ug € H'(R™). By the weakly lower
semi-continuity, we have |lug|| < p’ < po. By Lemma 2.6, we have

k
I'(ug) =0and inf I(u)=1I(up)+ Y Ins(w’)
=1

u€Bp,
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for some k € NU {0}. Suppose k£ > 1. Then it follows
inf I(u) > I(up) + keoo > I(up).
ueB,

0

This is a contradiction. Thus we have k = 0 and hence I(up) = infuep,, I(u). O

Next we prove that I(ug) 4+ coo > 0 if || f]|z2 is small. This estimate will be used
to find a second nontrivial critical point of I.

Lemma 3.4. There ezists Cy > 0 such that if || f||z2 < C1, then I(up) + co > 0.
Proof. From (3.2), we have

4

1 N_2
1) = Jull? (51 = ) = ¢pf ) = I Fllzzllull = cpo lull® = 11 z21lul

for all u € By,.
First we claim that there exists 0 < p; < pg such that if ||ul| < p1, then I(u) >
—Cs. Now we choose €1 > 0 so that €| f||7. < %*. Then by Young’s inequality,

we have

1

1) = ull? (¢ — — ) = ellf132 = ul?

1’ Coo
€1

C, — — =
PO €1

5
Next we choose p; > 0 so that |c,, — é|p? < %. Then we obtain I(u) > —cs for
all w € HY(RY) with |ul| < p1.

Next we claim that there exists C; = Ci(po, p1) > 0 such that if ||f]|2 < C,

then I(u) > —cx for all u € B,,. We take €2 > 0 so that c,,p? — e2pg > 0. Using
Young’s inequality again, we have

1
I(u) 2 5,0 = e20f = IS 170

Choosing HfH%Q(RN) < €(Coo + €5 pT — €2p5), We obtain I(u) > —co for all u € Bp,.
Thus it follows

I(up) = é%f I(u) > —Cso-
u€Bp,

Hereafter in this paper, we put C* = max{Cp, C1} and assume || f]|;2 < C*.

4. AN INTERACTION ESTIMATE

In this section, we prove one energy estimate which plays an important role to
find a second solution. We consider a path ~;(t) : [0,1] = H*(RY) by:

_Juotw(z—1le), t>0
’Yl(t) - { uQ, tZO,
where [ >0, e = (1,0,...,0) € RN and w(z) is a least energy solution of (2.1). We
notice that ||v(0)|| < po and ||v(t)|| > po for large ¢ where pg is a constant which
appears in Lemma 3.1. Then we have sup,>q I(7(t)) > 0 by Lemma 3.1. On the
other hand by Lemma 3.4, we know that I(ug) + ¢o > 0. Our purpose is to show
that

(4.1) 0< iEEI(W(t)) < I(up) + coo
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for sufficiently large .
Now we consider a function h(t) := Ioc(w(%)) for ¢ > 0. Then by Proposition 2.1
(ii), we have

N2 N -2
(4.2) h(t):( 5 o tN)Hun%Q.

Since N > 3, it follows h(t) < 0 for large t. We choose T' > 1 so that I (w(F)) +
I(up) < 0 and [jug + w(75 — le)|| > po. We note that T is independent of [ because
luo +w(; —le)|| = [lw(; —le)|| — lluoll > tV2[lw]| — [luol for t > 1.

To show (4.1), we use the following lemma.

Lemma 4.1. Assume (g1)-(95). Let K > 0 be arbitrary given.
(i) There exists cx > 0 such that if uy € (0, %) and ug € (0, %), then
1 1
G(ur +uz) = Glur) = Gluz) = Sg(ur)uz — Sg(up)ur| < erc(uy T Mug + g My ).

Here n is a positive constant defined in (g4).
(ii) For any € > 0, there exists dex > 0 such that if u; € (0,%) and ug €

(0,6 K], then
1 1
G(up +u2) — G(ur) — G(ug) — §g(u1)u2 — §g(u2)u1
1 1 1
> 59(”1)“2 - e(u2 + §u§ + §U1U2)~
Conversely if u1 € (0,6 k] and us € (0,%), then
1 1
Glur +uz) = Glur) = G(uz) = Sg(ur)uz — 59(uz)us
1 1 1
> ig(uz)ul - e(ul + iu% + §U1u2).

(iii) If w1, ug € (0, 70) then
1 1

G(u1 + ug) — G(u1) — G(ug) — 59('&1)@62 — §g(uQ)u1 > 0.

Here §g is a positive constant defined in (g5).

Proof. (i) Now we have

G(ur +ug) — G(ur) — G(ug) — %g(ul)w - %g(w)ul
= [ gt -+ ) - ar)ar = Sotun)ue - o)

1 1
/ / (s + 7)dsdr — 59 g(uy)ug — Qg('U/Q)U/l.

From (g4), there exists ¢ > 0 such that ¢'(s) < cs” for all s € [0, £]. Thus we obtain

G(uy +u2) — G(u1) — G(ug) — 1g(ul)uQ - 1g(ug)ul

2 2
14+n 1+n

1+
< c(ur + u2)"ugug + cuy " ug + cuy K

1
up < cuy +n

Uy + cuy Uuq.
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(ii) Now for any € > 0, there exists d. g > 0 such that
G(ur +u2) — G(ur) — G(uz) > g(uy)ug — eus

if up € [0, €x]. Moreover choosing d. i smaller if necessary, we have
g(s) <es, G(s) < %32 for all s € [0, ¢ k]

Thus for u; € (0, %) and 0 < ug < d x, we obtain

1 1
Glur +ug) = Glur) = Gluz) = Sg(ur)uz — Sg(uz)us
>1(u)u <u—|—12—|—1 )
= — uy + = .
Z g9(un)ug — e{uz + gup + Juruy
(iii) For the proof, we refer to [3]. O

We will apply Lemma 4.1 provided K = 2max{||uo||re, [|w| L=}, u1 = up(tz)
and ug = w(x — le). As we will see later, the terms g(uj)ug and g(usz)uq will be key
terms to obtain strict inequality in (4.1). However we can not see the sign of them
readily because g(s) may change its sign.

Now let 7 € (0,T) be arbitrary given. We choose R > 2 max{Ro, R1,1} so that
uo(Tx) < %0, w(zx) < %0 for all z € RN \ Bg(0). Here Br(0) := {z € RY;|z| < R},
Ry and R; are positive constants which appear in Proposition 2.1 (iii) and Lemma
2.2 (iii) respectively. We note that if |z| > R, then ug(tx) < %0 for all t € (0,T].
Then we can obtain the following estimates.

Lemma 4.2 ([22]). Assume (f1)-(f3) and (91)-(94). Then there ezist cr > 0 and
Ir > 0 which are independent of t € [T, T] such that

ayéﬂm@mdm»+ﬂmmwu—kmmzc5é w(z — le)dz,

r(0)

(ii) /B . )g(w(:v —le))ug(tx)dx > CR/B uo(tx)dz

r(le)
for alll > 1l and t € [7,T).

Proof. First we prove (i). Integrating by parts, we obtain

/ (g(uo(tz)) + f(tx))w(x — le)dz = / (—Aup(tz) + uo(tz))w(x — le)dzx
Br(0)

Br(0)

= / Vug(tz)Vw(z — le) + up(tr)w(z — le)dr — / Iuo (tz)w(x — le)dS
Br(0)

0BR(0) on

= / uo(tx)(—Aw(x — le) + w(x — le))dx
Br(0)

ow 8u0
+/ ug(te)—=—(x — le)dS — —(tz)w(x — le)dS
g taas = [ Gt o
= / uo(tx)g(w(x — le))dx + / uo(tx)a—w(:c —le)dS
Br(0) OB (0) on

811,()
— — (tx)w(z — le)dS.
/w) 20 (oo — Ie)
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Here we denote n by the unit normal vector on 0Bg(0). We recall here that w(|z[) =
w(r). Writing 42 = @', we have
ow

—(z —le) = @' (|x — le])

on

x-(x—le)
|z — le||x]
Thus we obtain

/ (g(uo(tz)) + f(tx))w(x — le)dz :/ up(tx)g(w(x — le))dx
Br(0)

Br(0)
8u0
- —(tx)w(x — le)dS
/aBR<0> 2 (1) — 1)
x-(x—le)

+ /¢93R(0) uo(tx)w' (|x — le) o —lel[a] ds
= (I)+ (II)+ (III).

First we claim that there exists cg > 0 such that (I) > —crw(—le)!*" for large
[. In fact by (g4), we have

— u X w\r — e X —C u .Z'U}l'—61+ X.
(1) > /BR@ o(t2)|g(w(z — le))|da > /BR@ o(tz)w(z — le)+7d

Now we recall that if [ is large, then for = € Bg(0),

< w(a:N—_lle) <
‘z — le|_Te*‘x*l€|
2
by Proposition 2.1 (iii). We also observe that lim;_, % =1,

I ( —|z|? n 211 )
= lilm =X
oo N[z —le| +1 |z —le| +1 !
for z € Br(0). Thus there exist ¢, ¢ and Iy > 0 such that if [ > [y, then

lim (—|z — le| + | — le|)
l—o0

(4.3) de™ < um < ce™ for z € Bg(0).
Using (4.3), we obtain
(1) > —cluo|| 1~ / 0D o 5 a(—1e) 7 = —cpu(—le) .
Br(0)

Next we prove that there exists ¢, > 0 such that (IT) > cdpw(—le) for large I.
Now by Lemma 2.2 (ii), it follows (Vug - n) < 0. Then from (4.3), we obtain

(II) > —c sup sup (Vug- n)(tac)/ e"1dS x w(—le) =: dpw(—le).
te[r,T] x€0BR(0) OBR(0)
Finally we claim that (I11) > c;w(—le) for large I. Now by Proposition 2.1 (iii), it
follows if [ is large, then for x € 9BR(0),
W' (|z — le|)

w(r —1le) ~ -
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We also have
x-(x—le) x

lim — 7L
oo |z —lel|z| 7]

Thus there exists [1 > 0 such that if [ > [, then

e — e x - (x—le) :ﬁ)’(|x—le|)w(x—le) T (z—le)
W (|z = le]) |z — le||z| w(z —le) w(—le) (—le) |z — le||z|
> %xlemw(—le) for x € OBR(0).

Hence we obtain

(I11) > C/ up(tz)z1e™dS x w(—le).
9BRr(0)

By Lemma 2.2 (ii), we observe that

/ up(tz)r1e™dS = ug(tx)x1e™dS
0BRr(0) 8BR(O)U{J)1>O}

+ / ug(tx)x1e™dS
OB R(0)U{z1 <0}

ug(tx)x1e™dS

/8BR(0)U{x1 >0}

— / ug(tx)xie” *1dS
O0BRr (O)U{xl >0}

> inf  inf ug(tm)/ z1(et — e *)dS
te[r,T] x€0BR(0) dBR(0)U{z1>0}
>0.

Thus we have (I1I) > cjw(—le) for some ¢ > 0. Consequently, we have
/ (g(uo(tz)) + f(tx))w(z — le)dr > cw(—le)(1 — w(—le)")
Br(0)

for | > max{lp,l1}. Since w(—le) decays exponentially as [ — co, we may assume
that w(—le)" < 1 for all | > lz. We also observe that from (4.3),

/ w(x —le)dr < c/ e“tdr x w(—le) =: cgrw(—le).
Br(0) Br(0)

Thus we obtain

/ (g(uo(tz)) + f(tx))w(x — le)dx > < w(x — le)dx for all [ > Ip.
Br(0) €R JBR(0)
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Next we prove (ii). In a similar calculation, we obtain

/ g(w(x — le))ug(tz)dx :/ g(w(x))ug(t(x + le))dx
Br(le)

BRr(0)

[ wl@glute +10)do
Br(0)
+ /BR(O) w(z) f(t(z + le))dx
_ / gw(x)uo(t(x—i-le))dS
dBRg(0) 91
auo
+ /{)BR(O) w(az)%(t(x +le))dS

> /BR(O) w(z)g(uo(t(x + le)))dx

—w'(R) / uo(t(z + le))dS
0BR(0)

uo

0BRr(0) In

Here we used w(x) = w(r) and w(x)f(t(x + le)) > 0. We claim that

+ w(R) (t(z +le))dS.

/ %(t(x +le))dS > cruo(tle)
9Br(0) N

for large [ and some ¢r > 0. Now we have
~x)(t le)) t le) -
/ %(t(ﬂc +le))dS = t/ (Vuo - z)(t(w +le)) Hatle) o ds.
oBR(0) 0N 8B 1r(0) t(z + le) |t(x + le)]|z|
By Lemma 2.2 (iii), there exists la > 0 such that for [ > I,

e < ol )
—  wup(tle)

, (Vug - z)(t(x + le))
S i+ 1)t + Ly = ¢ for @ € 9Br(0).

Moreover it follows

< ce * for x € Bg(0),

t(x+le)-x x1
—————— — — for x € BR(0).
t(z +le)l|z|  |x]

Thus we have

/ %(t(:r +1e))dS > ¢ / —z1e” "1 dS X ug(tle) =: cruo(tle).
6BR(0) mn 8BR(O)

Here we used

/ —zx1e "1dS = —z1(e” " —€e")dS > 0.
8BR(O) aBR(O)U{.Z‘1<O}
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Finally we can see that there exists I3 > 0 such that for [ > I3,

/ up(tx)dr < c/ e dx x up(tle).
Br(le) Br(0)

Thus for [ > max{ly, 3}, it follows
/ U0 (40 4 16))dS > ¢ / uo(tz)dz.
oBr(0) On Br(le)
Arguing similarly as (i), we obtain
/ g(w(x — le))ug(tz)dx > c/ uo(tx)dz.
Br(le)

Br(le)

Putting [ := max{ly, (1, 12,13}, the claims follow. O

Now we state the main result of this section.

Proposition 4.3. There exist [* > lg and 0 < tg < 1 such that for all I > 1*,

(i) tes(lérzo} I(uo(x) + w(% - le)) <0,
(ii) 1( olz )—i—w(f—le)) <0,
(iii) tes[;tl,)ﬂ I(uo( )+ w(; - le)) < I(up) + Coo-

Proof. Step 1: [Decomposition of the energy]. Now we have
(ol -19)) =4 7o 51
+ ;/RN (10 +w(5 - le)>2d:v
= /RN G(uo +w (3 ~le) ) da
. /}RN 7)o +w(§ —le))ds
=I(uo) + Ins (w(%)) + 1/}@ VuOVw<% ~le)da
+ /RN uow(E - le)dw -, f(:v)w(% - le)daz

+ RNG U dx+/RNG<w<f fle>>dm

o G uo + w ; — le))dm.
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Since I'(up) = 0, we have
1 T 1 T
% . V’LLQVU)<? —le)da:—— 2/1[@’ umv(; —le)da:

+;/RN g(ug)w(%—le)d:p
+;/]RN fw(% —le)dw.

3 Jow VUQVw(f—le)dx:—;/RNuow(f—le)dx+;4Ng<w(f—le))uodaz.

Thus we obtain

I(uo —I—w(% - le)) — I(ug) — Io(w) < Iw(w<?>) — Io(w)
N tN

7 Jon ftx)w(x — le)dx + 7(1 —t) /RN

N

—1—7(1 —t) /]RN g(w(x — le))ug(tz)dz + ¥ /]RN G(ugp(tz))
+G(w(z —le)) — G(up(tz) + w(z — le))dx

N
—i—% /]RN g(uo(tx))w(z — le) + g(w(x — le))uo(tr)dr

Since I’ (w) = 0, we also have

up(tx)w(z — le)dz

T N
< Iw (w(;)) — Io(w) — % o fltz)w(x — le)dx
(4.4) +ctNV)t — 1 . uo(tz)w(z — le)dz — tV /RN J(x)dx.

Here we put
J(x) := G(up(tx) + w(z —le)) — G(up(tr)) — G(w(z — le))

- %g(uo(m))w(:n —le) — %g(w(m —le))ug(tx).

0
Step 2: [Proof of (i)]. From (4.4) and by Lemma 4.1 (i), it follows

I(uo—l—w(%—le)><l(uo)+1’ |1 t\/ uo(tz)w(x — le)d

+ = / f(tz)w(x — le)dx + ct / uo(tz) w(x — le)
2 JrN RN
+ ug(tz)w(z — le) Tdx
< (VT ) / uo(tz)w(x — le)dx
RN
N

+5 [ fywie = le)dz + I(uo) + o (w (7 ) ).

RN t
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Now we have
| wottayote = tepde < £ il uo] 12
Combining with (4.2), we obtain
I(uo + w(% - le)) < I(ug) + c(t% N AR +tN*2).
Since N > 2, we can take small ¢ty > 0 so that
I(uo) + c(t% bzt N 4 tN*2) < %I(uo) <0

for all 0 <t < ty. Thus we obtain (i). O
Now We decompose

RY = QU Bg(0) U Bg(le), Q:= RN\ (Br(0) U Bg(le)).

As we mentioned earlier, it follows ug(tz) < %, w(z) < % on Q.

Step 3: [Estimate of J]. By Lemma 4.1 (ii), it follows

—/ Jdr < — 1/ g(uo(tx))w(x — le)dx
Br(0) 2 JBr(0)
+e/ w(a:—le)+}w(:c—le)2
Br(0) 2

1
+ iw(m — le)ug(tx)dz.

Now we can apply Lemma 4.2 provided 7 = ¢y because t( is independent of [. Then
for [ > lr, we obtain

1
—/ Jdr < — Ch w(x — le)dr + / fltz)w(x — le)dx
BR(0) 2 JBr(0) 2 JBr(0)

1 1
+ 6/ w(x — le) + ~w(x — le)? + ~w(x — le)ug(tx)dz.
Br(0) 2 2
Now we choose € > 0 so that
1 1
e(1+ ol + Slluoll ) < =F.
Then we have

(4.5) / Jdz < R w(z — le)dr + L / f(tz)w(x — le)dx.
Br(0) 4 I 2 JBr(0)

Similarly we have

(4.6) —/ Jdzx < R ug(tz)dz.
Br(le) Br(le)
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Finally by Lemma 4.1 (iii), it follows J(z) > 0 for z € Q. Thus from (4.4), (4.5)
and (4.6), we obtain

I(uo —l—w(% - le)) — I(ug) — Io(w) < Ioo(w(§>) — Io(w)

+ctN |t —1] / uo(tz)w(x — le)dx
RN

(4.7) _GGN (/ w(z — le)dx + uo(tx)dx).
4 Br(0) Br(le)
Here we dropped the term f(tz)w(z — le) because f(z) > 0 and w(x) > 0. O

Step 4: [Exponentially decay estimate]. Here we use the exponential decays of
up and w. We choose 0 < § arbitrary. By Proposition 2.1 (iii) and (2.2), we have

/ ’LU(IE — le)dgp > C/ e—(1+5)|$—le|dx > ce_(1+5)l,
Br(0) Br(0)

/ uo(tx)dr > c/ e tA9)lel g > e t(1+O)
Br(le) Br(le)

Moreover it follows

(4.8) / up(tr)w(xr — le)dx < c/ e t(A1=0)|z| ,—(1=8)|z—le] j,.
RN RN
If £ > 1, then
rhis. of (4.8) < / o~ (10 (e +lz—Le]) g
RN

< ce—(1-20)1 / o0zl Ha—tel) g,

< -

< ce—(1-20)1,

If to <t <1, then

rhus. of (4.8) < / o~ t(1-8) (el Hz—lel) g

</,
< cet-20)1 / o108l +la—lel) g
< N

< pet(1-20)1

Thus we obtain

/ uo(tz)w(z — le)dr < ce” (17201 4 e t(1-20)1,
RN

O
From (4.7) and by step 4, we obtain
(o +w( ~1e) ) = I(uo) — Loo(w) < ™!t = 1](e™" 072 4. =200
— otV (em (O o—tAHD)]y 4 1 (w(%)) ~ Io(w).

Now we choose 0 < § so that § < é
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Step 5: [Proof of (ii)]. From (4.9), we obtain

I(uo + w(% — le)) < I(up) + I <w(%>> — TN (e~ (IHL 4 =T+
—|—CTN_1‘T |( T(1-26)1 —|—€_(1_26)l).
By Young’s inequality, we have
I(uo + w(% — le)> < I(up) + I (w(%)) + e(eTN YT — 1))?
F e (e A2 | =2(1-20)0)
_ CTN(ef(lJré)l + efT(1+5)l)'
First we take € > 0 so that e(cTV YT — 1])? + I(uo) + Ioo(w(%)) < 0. Next we
observe that § < % implies 2(1 — 26) > 1+ J. Thus we can choose ly > [g so that
I(uo +w(F —le)) <0 for all [ > Io. O
Step 6: We claim that there exists A > 0 such that

(4.9) I @(%)) ~Io(w) < —A(t — 1)2 for all ¢ € (0,T].

In fact by Proposition 2.1 (ii), we have
x LN 2
Ioo<w(t)) Lo(w) = 5(t 1)/RN|vw| dx
1
+ (N — 1)/ w?dr — (tN — 1) G(w)dx
2 RN RN
1
=— —((N=2tV = NtNV=2 4 92) / |Vw|*dx
RN

2N
1

— ﬁ(t_ 1) a(t )/RN |Vw|2d:£,

where a(t) = (N — 2)tN=2 4+ SN 3 2(k + 1)t*. We can see that a(t) > 0 for all
€ (0,7]. Thus we obtain

Too((%)) = Teolw) < ~(t 17 % (ivtei(%’fua(t) /RN Vuldr).

Step 7: [Proof of (iii)]. From (4.9) and (4.10), we obtain
x 2
z _ _ < _ _
1(u0 + w(t ze)) I(ug) — Ino(w) < — A(t —1)
btV - 1|(em (20 | o—t1-20)]y
N (e (A ot
By Young’s inequality, we obtain
I(uo + w@ - le>> — I(up) — Io(w) < — Alt — 12 + (TN 1)2|t — 1)
+ (€202 _ =140y

+ ce(ef2t(1726)l . eft(1+5)l).



136 TATSUYA WATANABE

Now we choose € > 0 so that e(cTV~1)% < %. Next we take large l3 > I so that
e~ (1=50)tol> < %. Then we have

ce(e 207200 _ o= (14a)ly < Lo, (e~2(1-20) _ o—t{143)l) < _%e—t(l-&-é)l
for all t € [tg,T] and [ > l3. Thus for | > I3, we obtain

A e, -
sup I(up+ w(% —le)) < —§|t —1)? - %(e e L
te(to,T)

Putting I* = max{ls, 3}, the proof is complete. O

Hereafter in this paper, we fix [ > [*.

5. EXISTENCE OF THE SECOND SOLUTION

In this section, we prove the existence of another nontrivial critical point of I.
To this aim, we use the Monotonicity Trick.
Now by Proposition 4.3, we know that

x x
(5.1) igg[(uo + w(; - le)) < I(ug) + Coo, I(uo + w(f — le)) < 0.
For )y € (0,1), we put
I, (u) == [Vul* + (1 + M)u“dx — Xo G(u) + —udx — fudz.
2 RN RN 2 RN

Here M is a positive constant defined in (2.4). We choose Ao < 1 sufficiently close
to 1. Then from (5.1), we have Iy, (ug) < 0,

(5.2) I, (uo(ac) +w<% — le)) <0, tes[l(ipﬂ I, (uo(az) —|—w<% — le)) < I(ug) + Coo-

For X\ € [\o, 1], we define

I(u) = 1/ IVul|? + (1 + M)u?dz — X G(u) + %qux - fudzx.
2 RN RN 2 RN
We define
. 1mNyY. _ — o
[ = {y € C([0,1], H (RY)): 7(0) = uo, /(1) = uo + v (= — le) |

;= inf I .
o= Inf max A(v(®))

Since G(s) + & s? > 0, it follows
I(u) = I (u) < Ix(u) < Iy, (u) for all u € HY(RY),

and hence c; < ¢\ < ¢y,. Moreover we have |lug|| < po < [[uo +w(F — le)||. Then
for all v € T, we have v([0,1]) N {u € HY(RY); ||u|| = po} # 0. Thus by Lemma 3.1
and from (5.2), we obtain

(5.3) 0<cr <ex<en <I(up)+ Coo-
Next we introduce the Monotonicity Trick due to [15] and [20].
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Proposition 5.1 ([15], [20]). Let X be a Banach space with the norm || - ||x and
A C (0,00) be an interval. We consider a family {Ly}xen of C'-functional on X
of the form:

Ly(u) = A(u) — AB(u), X € A,
where B(u) > 0 for all u € X and either A(u) — oo or B(u) — oo as ||u||x — oo.
We assume there exist vy, v1 € X such that

my = inf max Ly(y(¢t)) > max{Ly(vy), Lx(v1)} for all X\ € A,
v€l'x tel0,1]

where
I'x ={y(t) € C([0,1], X);7(0) = vo, ¥(1) = v }.
Then for almost every A € A, there exists a sequence {u)} C X such that
(1) La(ud) — my, (1) Lh(u)) — 0, (iii) ||Ju)||x is bounded.
Moreover a map A +— my is left-continuous with respect to A.

Since G(s) + 252 > 0 for all s > 0 and

1 1 1
3 [ IVl e = [ fude = (5= )l = LI

for any € > 0, we can apply Proposition 5.1. Then for a.e. A € [Ag, 1], there exists
{un} € HY(RY) such that

In(un) = ex, Ii(un) — 0, {u,} is bounded in H'(RY).

Now we fix A € [A\g,1]. Then we may assume that u, — uy in H*(RY) for some
uy € HY(RY).
Lemma 5.2. uy satisfies I3 (uy) = 0 and In(uy) < cx. Moreover it follows either
Ix(ux) = ex or [[ua| = po-
Proof. The proof of the first part is rather standard. Applying Concentration Com-
pactness Principle to Iy, we have

k

In(un) = cx = Iy(un) + Y I (wh),
=1

k
Up — U) — wa\( —yfw\)H — 0 as n — oo,
i=1

I3 (w}) = 0, lyhal = 00, [yy,\ — yz,ﬂ — oo for i # 4’
for k e NU {0}, {y;)\} C RV, wi € HY(RY)\ {0}. Here

I°(u) == 1/ |Vu|> + (1 + M)u?dz — X [ G(u) + M 2y,
2 RN RN 2
We can see that for any nontrivial critical point u of I%°, it follows I{°(u) > 0. Thus
we have ¢y > I (uy).
Now we have to distinguish into two cases. (i) The case kK = 0. In this case, we
have ¢y = I\(uy).
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(ii) The case k > 1. In this case, it follows ||uy|| > po. Now we have

k
(5.4) ox=Ii(un) + > TP (wh) > In(un) + ke > I(uy) + ke,
i=1
where c3° is the least energy level for I°. We can see that c§° > co for A < 1.
Thus from (5.4), we obtain ¢y > I(u)) + Coo-
On the other hand from (5.3), it follows ¢y < ¢, < I(up) + ¢. Thus we obtain

(5.5) I(UO) > I(u,\) + (k: - 1)600 > I(’LL)\).
If |luxll < po, then we have
I(ug) > I(uy) > inf I(u) = I(up).

u€ By,

This is a contradiction. Thus it follows ||uy| > po. O

Now for a non-decreasing sequence \; — 1 as j — oo, we apply Proposition 5.1.
Then by Lemma 5.2, there exists {(\j,u;)} C [Ao,1] x H'(RY) with \; * 1 as
j — oo such that

(5.6) If\j (uj) = 0, 1), (u;) < ey, and either [ug]] > po or Iy, (uj) = cy,-
Next we prove the boundedness of {u;}.
Lemma 5.3. {u;} is bounded in H*(R").

Proof. We argue as in [16]. Now we have

1 9 1+(1—=X)M 9
ex; > Iy (uy) = 2/1RN |V, dx—i—f o ujdz
—Aj G(uj)dx —/ fujdx.
RN RN
On the other hand, by Lemma 2.3, it follows
N -2 9 N 9
— \Vujl*de = ——1+(1—X;)M) uidx + N G(uj)dx
2 RN 2 RN J RN

+N fujdx—l—/ Vf-aude.
RN RN

Thus we have
(5.7) / |Vu;2dz = Ney, — / Vf-xujde.
RN RN

Now by (£2), it follows Vf -z € L%(RN). Then from (5.7), we have
IVujlzs < Nexy + IVF - all ax llull ax, < Nexg + el VF -2l an [Vullze.

N-z
By Young’s inequality, we have
(5.8) |Vu;l|2 < ¢ for some ¢ > 0.

Next by (g3) and (g4), we have for all e > 0, there exists ¢ > 0 such that

g(s) <es+ ces% for all s > 0.
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Since I;\j (uj)uj =0, we have

HVUJH%Q +(1+(1— )\j)M)uida; = )\j/ g(u]')u]'dl' + / fujdz.
RN RN

Since A € [Ag, 1] and M > 0, we have
lwle < [ swuds+ [ fuds
RN RN

2N
< o e+ edulFado+ |zl

2N _
< ellugllze + Vgl 57 + elluglize + 117

for some ¢, ¢/ > 0. Thus we have
) 2N
(1= 26)Jujllzz < el Vuyll ™ +c.
Combining with (5.8), we obtain the boundedness of {u;}. O

Next we show that {u;} is a Palais-Smale sequence for I.

Lemma 5.4. {u;} is a bounded Palais-Smale sequence for I and it satisfies
limsup I(u;) < ¢1. Moreover it follows either I(uj) — c1 or ||u;|| > po.
Jj—00

Proof. Now by the definition of Iy, we have

i — 1M
Gy =DM wide + (A — 1) G(u;)dz,

RN RN

I'(uj) =I5 (uj) + (\j = DMuj + (A = 1)g(uy) in H .

We observe that [pn G(u;)dz and |g(u;)|| -1 are bounded because of the bound-
edness of [lu;||. Since A\; — 1 and Iy, (u;) = 0, we obtain I'(u;) — 0. Moreover we
have
limsup I (u;) = limsup I, (u;) < limsupcy;.

Since cy is left-continuous with respect to A, it follows lim;_,o cy; = ¢1. Thus we
obtain limsup;_, . I(u;) < c1.

Finally we show either I(u;) — ¢1 or ||uj|| > po. From (5.6), we have ||u;| > po
or Iy, (uj) = ex;- If |luj]] > po, we have nothing to prove. If I, (u;) = cy;, then it
follows

lim I(uj) = lim Iy, (u;) = lim cy; = c.

Jj—o0 Jj—00 o j—00

g

Now we may assume that u; — up in HY(RY) for some u; € H'(RY) because of
the boundedness of {u;}. Then by a standard argument, we have I'(u;) = 0.

Lemma 5.5. uy # ug, that is, uy and ug are different critical points of I.
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Proof. We suppose by contradiction that u; = ug. Applying Concentration Com-
pactness Principle to I, we have

k
(5.9) lim I(u;) = I(u1) + Y Too(w'), [Ju; —ug — Zw c—yh)|l = 0.

— 00
J i—0

We distinguish into three cases: (i) kK > 1. (ii) £ = 0 and I(u;) — ¢;. (ili) k=0
and [lus]] = po.
(i) From (5.3), (5.9) and by Lemma 5.4,

k
I(ug) + coo > ¢1 > limsup I(u;) = I(u1) + Zfoo(wi) > I(ug) + kcoo-
Jj—00 i—0
Thus we have (k — 1)coo < 0. Since k > 1 and ¢, > 0, this is a contradiction.
(ii) From (5.3) and (5.9), it follows

0 < ¢ = lim I(u;) = I(u1) = I(uo).
j—o00

This contradicts to the fact I(up) < 0.
(iii) From (5.9), we have

po < liminf [ju;l} = flur || = [luoll < po-
J]—00

This is a contradiction. Therefore it follows uy Z ug. O

Remark 5.6. Suppose that f(z) = f(|x|). Then we can obtain two critical points
easily. Indeed if f(z) = f(]z|), then all positive solution of (1.1) should be radially
symmetric. Thus critical points of I(u) belong to H! ,(RY) = {u € HY(RN);u(z) =
u(ja])}.

In a same argument, we can prove the existence of a local minimizer whose energy
is negative. To obtain the second critical point, we set

[ = {y € O([0, 1], H,g(RY):7(0) = 0,7(1) = w()},

ex irellf“ i Iy L(v(2)).
Then we can see that Iy(y(1)) < 0 and ¢ > 0 if T is sufﬁciently large. Since the
embedding H}, ,(RY) < LP(RY) is compact for 2 < p < 255 it follows I(u;) — &
where u; is a bounded Palais-Smale sequence for I constructed by the monotonicity
trick. Especially we don’t need the interaction estimate. Using the compact embed-
ding again, the weak limit u; of u; satisfies I(u;) = ¢ > 0 and I’(u1) = 0. Thus
we obtain two different critical points.
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