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A PROOF OF FRITZ JOHN’S ELLIPSOID THEOREM

SHENG-YT HSU AND MAU-HSIANG SHIH*

In Memory of Professor Ky Fan

ABSTRACT. We present a simple proof of Fritz John’s ellipsoid theorem using a
projection theorem proved by the Hahn-Banach theorem.

Fritz John showed in 1948 that any symmetric convex body in R lies between two
concentric homothetic ellipsoids of ratio 1/y/n, and the parameter 1/y/n is optimal
[5]. This basic result in convex geometry is of great impact on geometry of Banach
spaces [6, 7], complexity of algorithms [2], and a classification of the existence of
Liapunov quadratic form for switched linear system [1].

John’s proof was based on Lagrange’s multiplier rule where the subsidiary con-
ditions are inequalities [5]. A proof based on differential equations is seen in [4].
Functional-theoretic proofs of the complex version of John’s ellipsoid theorem may
be found in [1, 6, 7]. Here we present a simple proof of this result based on a
projection theorem proved by the Hahn-Banach theorem.

Let C™ be the n-dimensional Hilbert space equipped with the inner product

n
k=1

and the associated norm
]| = (2, )"/,
For a Hermitian matrix A, A > 0 denotes that A is positive definite.
We shall establish the following:

Theorem 1. Let ||| - ||| be a norm on C™ and xy € C™ such that |||zol||| = 1 and
(xo, ) = |||nhi|n (x,z). Then
z|||=1

|{(x, x0)| < (xo,x0) for all |||z]|| < 1.
Proof. By the Hahn-Banach theorem, there is a linear functional f on C™ such that
f(zo) = l[zoll| and [f(z)] < [||]| for all z € C".
By the Riesz representation theorem, there is a y € C” such that

f(z) = (z,y) for all x € C".
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Since xg # 0, we have y # 0. Denote by W the subspace generated by zy. According
to the orthogonal decomposition
Cr=WaoWw,
y can be written as axg + z for some a € C and z € W, Then
L= [[|zoll] = f(z0) = a{xo, o),
so « is real and
1
<.Z'0,£L‘0> = E

It follows from (y,y) = f(y) < |||y||| and (xo,zo) < (x,z) for all |||z||| =1 that

l§<y,y>_ ! < Lo : gl.
a = I Myl = Myl = wy) at+(22) ~ «
From these we conclude that z = 0. Thus
Y= (w0, z0)
and the assertion follows from
<$7x0> ‘
= |f(x)| < |||z]|| for all x € C".
| = |f(a)| < e
O
Theorem 2 (Fritz John’s Ellipsoid Theorem). Let ||| - ||| be a norm on C™ and

o ={A>0; (Az,z) < |||z|||* for all z € C"}.
Then there exists a unique Ag € & such that

det Ap = maxdet A.
A€o

Moreover,
(nAoz, x) > |||z|||* for all z € C™.
Proof. For each A € o and ||z|| < 1, we have
1A 22| = (Az, )" < |||=|]l,

SO

41 < A2 < ] for all A € o
T||>

Thus & is bounded. It follows that there exists an Ay in the closure of & such that
det Ag = sup det A.
Aed

Since the right part of the above equation is positive, we conclude that Ag is in <.
To prove the uniqueness assertion, we apply the following determinantal inequality
[3]:

If A and B are n X n complex matrices with A >0, B >0 and A # B, then

det((1 —t)A + tB) > (det A)~!(det B) for all t € (0,1).
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If By € & is such that det By = max det A and By # Ay, then det %(AO + By) € o
€
and
1
det (Ap + Bo) > (det Ap)?(det By)'/? = det Ay,

contradicting the maximality of det Ay, proving the assertion. To prove the “more-
over” part, we first consider the case of Ay = I. Let |||xo||| =1 and

(xo,x0) = min (x,z).
lll=[l|=1

We have to prove that (nzo,zo) > 1. Suppose not, i.e., « = (o, zo) < +. Let

Zo
u = —-—
T {w, 20) 12
and ug, ..., u, be such that {us,...,u,} forms an orthonormal basis of C". Let
1 —1 —1
B:diag e n S i R
na’ n(l — «) n(l —a)
and By = P*BP where P is the matrix with row vectors uj,...,u}, i.e.,
uy
P = :
u*

n

We now claim that By € &7, i.e., (Boz,z) < 1 for all |||z||]|] < 1. Let |||z||| < 1.
Using the basis {zg, ug, ..., u,} of C" we obtain

T = cC120 + Coug + - -+ + Crup
= civauy + caus + -+ - + cptin
for certain ¢; € C, i =1,...,n. According to Theorem 1, we deduce the inequality
aler| = [(z, z0)| < (z0, 70) =
so |e1| < 1. Tt follows from (z,z) = (Agz, ) < |||z|||* that
leal? -+ 4 |cn)® < 1= |e1]?a.

Consequently,
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This shows that By € «/. However, by the arithmetric-geometric means inequality,

we have
1 I n(l —a)
(det By)t/n n—1

1 1-— 1-—
< — na—l—in( a)+”'+7n( %) =1
n n—1 n—1

n—1 1/n

Here the equality holds if and only if o = % Thus det By > 1, in contradiction to
the maximality of det Ag, proving the case of Ag = I.

For the general case of Ay, there exist a unitary matrix () and a diagonal matrix
D such that

Q" A)Q = D.
Put U = QD_%. Consider the set
B ={B>0; (Bzx,z) < |||Uz|||* for all z € C"}.

Then A € & if and only if B = U*AU € #A. Thus Ay € 7 is such that det A <
det Ag for all A € o if and only if U*AgU =1 € P and det B < 1 for all B € £.
Applying the case of Ag =1 € o to U*AgU = I € A, we conclude that

(nAgUz,Uz) < |||Ux|||? for all 2 € C",

and the theorem is proved. Il
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