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In memory of Professor Ky Fan with greatest respect and admiration.

ABSTRACT. The purpose of this paper is to report on some results related to the
Ky Fan Finite Dimensional Invariant Subspace Theorem and related problems.

1. INTRODUCTION

In [7] (see also [5] and [6]), Ky Fan established the following remarkable “In-
variant Subspace Theorem”:

Theorem 1.1. Let S be a left amenable semigroup. Then S satisfies the following
property:

If S = {T, : s € S} is a representation of S as continuous linear operators from
a separated locally convex space E and X C FE containing an n-dimensional subspace
such that Ts(L) is an n-dimensional subspace contained in X whenever L is one and
s € S, and there exists a closed S-invariant subspace H in E of codimension n with
the property that (x + H) N X is compact convex for each x € E, then there erists
an n-dimensional subspace Ly contained in X such that Ts(Lo) = Lo for all s € S.

The purpose of this paper is to report on some results related to Ky Fan’s
Invariant Subspace Theorem and open problems.

The paper is organized as follows: In Section 2, we present some preliminaries
and notations we shall need; in Section 3, we present results on the relation between
Ky Fan’s finite invariant subspace property and amenability for semigroup of linear
operators; in Section 4, we discuss a similar property in the setting of an F-algebra
i.e. a Banach algebra A which is the predual space of a von Neumann algebra such
that set of positive functionals in A forms a semigroup. This class of Banach algebras
includes the predual algebra of a Holf-von Neumann algebra, and in particular the
group algebra L'(G) of a quantum group G. Two classical examples of L!(G) are
the group algebra L'(G) and the Fourier algebra A(G) of a locally compact group
G.

2. SOME PRELIMINARIES AND NOTATIONS

Let S be a semitopological semigroup, i.e. S is a semigroup with a Hausdorff
topology such that for each a € S, the mappings s — as and s — sa from S into
S are continuous. Let ¢°°(S) denote the C*-algebra of bounded complex-valued
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functions on S with the supremum norm and pointwise multiplication. For each
a € S and f € £2(9), let {,f and r,f denote the left and right translate of f by a
respectively, i.e ({of)(s) = f(as) and (rof)(s) = f(sa), s € S. Let X be a closed
subspace of £*°(C') containing constants and invariant under translations. Then a
linear functional m € X* is called a mean if ||m| = m(1l) = 1; m is called a left
invariant mean, denoted by LIM, if m({,f) = m(f) for alla € S, f € X.

Let C(S) denote the space of all bounded continuous complex-valued functions
on S. Let LUC(S) be the space of left uniformly continuous functions on S, i.e.,
all f € C(S) such that the mappings a — ¢,f from S into C(S) are continuous
when C(S) has the sup norm topology. Then LUC(S) is a C*-subalgebra of C(S)
invariant under translations and contains the constant functions. S is called left
amenable if LUC(S) has a LIM. Left amenable semitopological semigroups include
all commutative semigroups, all compact groups and all solvable groups. But the
free group (or semigroup) on two generators is not left amenable. Interested read-
ers should consult the fundamental paper of Day [1], the classic of Greenleaf [8],
Paterson [30] or our survey article [23].

Let AP(S) denote the space of all f € C(S) such that LO(f) = {{sf; s € S}
is relatively compact in the norm topology of C(S) and W AP(S) denote the space
of all f € C(S) such that LO(f) is relatively compact in the weak topology of
C(S). Functions in AP(S) (resp. WAP(S)) are called almost periodic (resp. weakly
almost periodic). In general the following inclusions hold:

AP(S) C LUC(S) C C(S) and AP(S) CWAP(S)C C(S).
If S is discrete, then:
AP(S) CWAP(S) C LUC(S) = £>°(S).
If S is compact then:
AP(S)=LUC(S) CWAP(S)=C(9).

Let G be a locally compact group with fixed left Haar measure A. Let C'(G) be
the space of bounded continuous complex-valued functions on G, and let Cyp(G) be
the subspace of C'(G) consisting of all those functions that vanish at infinity.

The dual space Cyp(G)* may be identified with M(G), the Banach space of
regular Borel measures of G with total variation norm. M (G) is a Banach algebra
with product

Gwevd) = [ [ Fayavduta)

for p,v € M(G), f € Co(G). (M(G), *) is called the measure algebra of G. Further-
more, L'(G), the space of A-integrable functions on G, may be identified with the
closed ideal in M (G) consisting of all p which is absolutely continuous with respect
to A. Then (Ll(G), *) is called the group algebra of G.

We define C*(G), the group C*-algebra of G, to be the completion of L'(G)
with respect to the norm

[[f1l+ = sup [,

where the supremum is taken over all nondegenerate *-representations m of L!(G)
as an *-algebra of bounded operators on a Hilbert space.
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A function ¢ € C(G) is called positive definite if for any A,..., A\, € € and
T1,...,Tn € G, Z Z Xl)\JgZS(JIl_l:L’]) > 0.
i=1 j=1
Denote the set of continuous positive definite functions on G by P(G), and
the set of continuous functions on G with compact support by Cpo(G). Define the
Fourier-Stieltjes algebra of G, denoted by B(G), to be the linear span of P(G). Then
B(G) may be identified with the dual Banach space of C*(G) with

6. f) = / o) f (2)dA(x)

for ¢ € B(G) and f € L'(G). B(G) is then a commutative Banach algebra. Let
A(G) denote the closed subalgebra of B(G) generated by functions with compact
support. A(G) is called the Fourier algebra of G. When G is abelian, then B(G) =
M(G) and A(G) = LY(G), where G is the dual group of G. (See [4], [9] and [10] for
details.)

If f e L>®(G) and LO(f) = {{,f; g € G} is relatively weakly compact, then
f € C(G). In particular f € WAP(G) (see [20]). In this case B(G) C WAP(G) C
LUC(G).

3. FINITE DIMENSIONAL INVARIANT SUBSPACE
PROPERTIES AND AMENABILITY

Let E be a separated locally convex space. Let S = {T; s € S} be a represen-
tation of a semigroup S as linear mappings from E into E. We assume (throughout
this section) that the map ¢ : S x E — E, (s,z2) — Ts(z), s € S and z € F is sep-
arately continuous, i.e., 1 is continuous in each of the two variables when the other
is kept fixed. Then S is jointly continuous on a subset K C FE if the map v is con-
tinuous on S X K when S x K has the product topology; S is quasi-equicontinuous
on K if the closure of S in the product space EX consists of continuous mappings
from K to F; and S is equicontinuous on K if for each y € K, U a neighbourhood
of 0 € F, there exist a neighbourhood V of 0 such that whenever x € K, t —y € V,
then Tsx — Ty € U for all s € S.

Let S be a semigroup and S = {Ts; s € S} be a representation of S as continu-
ous linear mappings on a separated locally convex space E. Let X be a subset of F,
and £,,(X) denote all n-dimensional subspaces of E. We say that X is n-consistent
if:

(a) L,(X) is non-empty and S-invariant (i.e. T5(L) C L for all s € S); and
(b) there exists a closed S-invariant subspace H of E with codimension n and
(x + H)N X is compact convex for each x € E.

Theorem 3.1. Let S be a semitopological semigroup.

(a) If LUC(S) has a LIM, then S satisfies P(n) for each n :
P(n) : Let E be a separated locally convex space and S = {Ts; s € S} is a
continuous representation of S as linear operators from E into E and jointly

continuous on compact convex subsets of E. Let X be an n-consistent subset
of E. Then there exists Ly € L,(X) such that Ts(Lo) = Lo for each s € S.
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(b) If P(n) holds for somen =1,2,... then LUC(S) has a LIM. In particular
P(m) and P(n) are equivalent for allm,n =1,2,....

Remark 3.2. Theorem 3.1(a) was proved by Ky Fan in [5] and by Lau in [17] for
semitopological semigroups (see [22, p.555] for correction). Theorem3.1(b) was
proved in [17].

Consider on S the following finite dimensional invariant subspace property:

P'(n) : Let E be a separated locally convex space and S = {Ts; s € S} be
a continuous representation of S as linear operators from F into F. Let X be an
n-consistent subset of E. Then there exists Ly € £,,(X) such that Ts(Lg) = Lg for
each s € S.

Then clearly P'(n) = P(n).

Open problem 1: Does P(n) = P'(n)?

Let P4(n) denote the same property as P(n) with joint continuity replaced
by equicontinuity on compact convex subsets and Py (n) denotes P(n) with joint
continuity replaced by quasi-equicontinuity on compact convex subsets K of E (see
[25]).

Proposition 3.3. Let S be a semitopological semigroup. Then for any positive
integern =1,2,3, ...

(a) Pa(n) implies AP(S) has a LIM
(b) Pw(n) implies WAP(S) has a LIM.

Proof. (a) Let H = AP(S)* with the weak*-topology and F = H x IR" with the
product topology. Let M be the set of means on AP(S) i.e. all m € AP(S)* such
that ||m| = m(1l) = 1. For each m € M, let V,;, = span {(m,b); b € B} where
B ={e;} CIR", ¢; = (0,...,0,1,0,...,0) (with “1” in the i*" place), and identify
H with H x {0}, IR" with {0} x IR". Then E = H & V,,, for each m € M. Let
X = U{V;; m € M}. Consider the continuous representation S = {Ts; s € S} of S
on E defined by Ts(¢,t) = (£p,t), ¢ € H,t e IR". Then S is equicontinuous on
compact convex subsets of E. Note that TsV,, = Vi, for each s € S, m € M. Also

for each © = (¢,t) € E, ¢ € AP(S)*, t € IR", and t = ) \je;, then
=1

(x+H)ﬂX:(t+H)ﬂX:t+(Zn:)\i>M
=1

which is compact and convex. By P4(n), we can find Ly € £,,(X) such that Ts(Ly) =
Ly for each s € S. Necessarily Lo = V,,, for some m € M. Clearly m is a LIM on
AP(S).

(b) Can be proved by similar arguments. O

Open problem 2: (a) Does AP(S) have a LIM imply P4(n) for all n?
(b) Does WAP(S) have a LIM imply Py (n) for all n?
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It follows from [11] (see [27]) if S is a left reversible semigroup i.e. aSNbS # ()
for all a,b € S, then WAP(S) has a left invariant mean. But the converse is not
true (see [27]).

Open problem 3: Let S be a left reversible semigroup. Does S have the finite in-
variant subspace property P4(n) or Py (n) for each positive integer n? This problem
is not known even when S is a group.

Remark 3.4. We now consider the bicyclic semigroups Se and Ss: Ss is the semigroup
generated by {e,a,b, c} such that e is the unit element and a,b and c satisfies the
relation ab = ac = e; S3 is the semigroup generated by {e,a,b, c,d} such that e is
the unit element in S3 and ac = e, bd = e. Then as shown in [27]:

(a) Both Sy and S3 are not left amenable;

(b) Sy is right amenable, but S5 is not right amenable;
(c) Ss is not left reversible but WAP(S2) has a LIM;
(d) WAP(Ss3) does not have a LIM.

Open problem 4:

(a) Does Sy have property Pa(n) or Py (n) for each n?
(b) Does the bicyclic semigroup Ss have the property P4(n) for each n?

Note that S5 cannot have property Py (n) for any n by Proposition 3.3.

In a conference on Analysis and Semigroups held in Richmond, Virginia 1984,
Theodore Mitchell [28] (see also [23] and [27]) showed that the bicyclic semigroups
Sy and S3 are not left reversible, but AP(S2) and AP(S3) have a LIM.

Let S be a semitopological semigroup. The existence of LIM on LUC(S),
WAP(S) and AP(S) can be characterized by the following Markov-Kakutani type
fixed point properties.

Theorem 3.5. LUC(S) has a LIM if and only if S has the following fized point
property:

(Fy) Whenever S is a jointly continuous representation of S as affine mappings on
a non-empty compact convex subset X of a separated locally convex space, then X
contains a common fized point for S.

Theorem 3.6. WAP(S) has a LIM if and only if S has the following fized point
property:
(Fy) Whenever S is weakly continuous representation of S as T-equicontinuous affine

self-maps on a non-empty weakly compact convex subset X of a separated locally
convex space E with topology T, then X has a common fized point for S.

Theorem 3.7. AP(S) has LIM <= S has the following fized point property:

(F3) Whenever S = {Ts : s € S} is a continuous representation of S as affine
equicontinuous mappings from a non-empty compact convex subset X of a separated
locally convex space into X, then X contains a common fized point for S.
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Remark 3.8. Theorem 3.5 was due to Day [2] (see also [3]) for discrete semigroup,
and Mitchell [29] for semitopological semigroup. Theorem 3.6 is proved in [15]
and Theorem 3.7 is proved in [14]. See [27] for related fixed point properties for
semigroup of nonexpansive mappings.

4. ALGEBRAS OF LINEAR OPERATORS

By an F-algebra we shall mean a complex Banach algebra A such that A*
is a C*-algebra and the identity of A*, denoted by I (which always exists), is a
multiplicative linear functional on A. Examples of F-algebras include the predual
algebra of a Holf-von Neumann algebra, the group algebra L!(G), Fourier algebra
A(G) and the Fourier Stieltjes algebra B(G) of a locally compact group G. It also
includes the measure algebra M (S) of a locally compact semigroup S.

Let S4 denote the set of all positive functionals in A C A** with norm one.
Then Sa = {u € A;||p|]| = (1) = 1}. Hence, as readily checked, (S4,*), where
denotes the multiplication of A, is a semigroup. A is called left amenable if A* = M
has a topological left invariant mean (abbreviated as TLIM), i.e. an m € M* such
that [[m|| = 1, m > 0 and m(F - u) = m(F) for each p € Sy and F € M, where
F -y e M is defined by (F - p,v) = (F,u*v) for all v € A (see [16] and [18] for
details).

A representation of an F-algebra A as operators in a locally convex space E
isamap T : A x E — E denoted by (u,x) — T,(z) such that (1) 7, : £ — E
is continuous and linear, (2) p — T),(x) is continuous and linear with respect to
the norm topology in A for each z € E and (3) Tys, =T, 0T,V i, v € A, where *
denotes multiplication in A. Also, let X be a subset of F containing an n-dimensional
subspace. We say that £,(X) is Ss-invariant under T" if T),(L) € L, (X) for each
L e L£,(X)and p € Sa. A closed subspace H in FE is called Ss-invariant under 7'
if T,(H) C HYp € Sa (and hence Vi € A as well). Denote by ¢ : E — E/H the
natural map such that ¢(z) =z, =z € E.

The action of S4 on F is called inversely equicontinuous modulo H if given any
neighborhood U in E, there is some neighborhood V' in E such that V' C T,,(U)+ H
for any p € Sa.

Theorem 4.1. Let A be an F-algebra.

(a) If A is left amenable, then A satisfies property T(n) for n =1,2,... where
property T'(n) is defined as follows. Let E be a separated locally convex space
and T : A X E — E be a representation of A as linear operators in E. Let
X be a subset of E such that there exists a closed Sa-invariant subspace
H of E of codimension n and (x + H) N X is compact convex for each
x € E. If the action of Sa on E is inversely equicontinuous modulo H and
L, (X) is nonempty and Sa-invariant, then there exists Ly € L,(X) such
that TM(L()) =LoVueSa.

(b) If A satisfies property T(1), then A is left amenable (hence A satisfies T'(n)
for every n).
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Corollary 4.2. Let G be a locally compact group. If G is amenable, then the group
algebra LY(G) and the measure algebra M(G) satisfy T'(n) for eachn =1,2,3,... .
Conversely, if either L1(G) or M(QG) satisfies T(1), then G is amenable.

Corollary 4.3. Let G be a locally compact group. Then both the Fourier al-
gebra A(G) and the Fourier Stieltjes algebra B(G) have property T(n) for each
n=12,....

Let G = (M,T,p,v) be a von Neumann algebraic locally compact quantum
group in the sense of Kustermans and Vaes ([12], [13]). By definition, (M,I") is a
Hopf-von Neumann algebra, ¢ is a normal semifinite faithful left invariant weight
on (M,TI'), and v is a normal semifinite faithful right invariant weight on (M,T").
Since the co-multiplication I' is a normal isometric unital *-homomorphism from
M into M@)M, it is well known that its pre-adjoint I, : M,M, — M, induces
an associative completely contractive multiplication * on M, . Here, @ denotes the
von Neumann algebra tensor product, and & denotes the operator space projective
tensor product. In particular M, is an F-algebra. Classical examples of quantum
group includes the group algebra L!(G) and the Fourier algebra A(G) of a locally
compact group. In this case, * is the usual convolution and pointwise multiplication
on LY(G) and A(G) respectively.

Given a quantum group G = (M, T, ¢,v) the von Neumann algebra M is
written as L>°(G) and the Banach algebra as L'(G). We say that G is amenable if
LY(G) is left amenable. As a consequence of Theorem 4.1, we have the following of
amenable quantum group:

Theorem 4.4. Let G be a quantum group, and

(a) If G is amenable, then the Banach algebra L' (G) satisfies property T(n) for
n=12...

(b) If LY(G) satisfies T(1), then G is amenable, and hence L*(G) has properties
T(n) foralln=1,2,....

Theorem 4.5. For any locally compact group G, the Fourier algebra A(G) has the
following fixed point property:

(A): For any representation of A(G) on a separated locally convex space E and

any compact P (A(G))—z'm)am'ant subset S of E, then S contains a common

fixed point for {7‘¢; ¢ € P (A(G))}

Remark 4.6. Theorem 4.1 is proved by Lau and Wong in [21] and Theorem 4.5 is
contained in [24, Theorem 3.4].

Open problem 5: Does every quantum group G satisfy a fixed point property of
type (A) above with an appropriate representation as in Theorem 3.67

Note this is the case for the Fourier algebra A(G), or the group algebra of an
amenable group L!'(G) (see [31]). Also note that for any locally compact group G,
W AP(G) has a LIM (see [8]) and hence has fixed point property (F3). See also [26]
for related fixed point property for amenable representations.



594

]
2l
]

(10]
(11]
(12]
(13]
(14]

(15]

[16]
(17]
18]
(19]
20]
(21]
(22]
23]

24]

[25]

ANTHONY TO-MING LAU

REFERENCES

M. Day, Amenable semigroups, Illinois J. Math. 1 (1957), 509-544.

M. Day, Fized-point theorems for compact convez sets, Illinois J. Math. 5 (1961), 585-590.
M. Day, Correction to my paper “Fized-point theorems for compact convez sets”, lllinois J.
Math. 8 (1964), 713.

P. Eymard, Lfalgebre de Fourier d’un groupe localement compact, (French), Bull. Soc. Math.
France 92 (1964), 181-236.

K. Fan, Invariant subspaces of certain linear operators, Bull. Amer. Math. Soc. 69 (1963),
T73-777.

K. Fan, Invariant cross-sections and invariant linear subspaces, Israel J. Math. 2 (1964),
19-26.

K. Fan, Invariant subspaces for a semigroup of linear operators, Indag. Math. 27 (1965),
447-451.

F. P. Greenleaf, Invariant Means on Topological Groups and Their Applications, Van Nostrand
Reinhold Co., New York-Toronto, Ont.-London, 1969.

E. Hewitt and K. A. Ross, Abstract Harmonic Analysis, Vol. I: Structure of Topological Groups,
Integration Theory, Group Representations, Second edition, Springer-Verlag, Berlin-New York,
1979.

E. Hewitt and K. A. Ross, Abstract Harmonic Analysis, Vol. II: Structure and Analysis for
Compact Groups. Analysis on Locally Compact Abelian Groups, Springer-Verlag, New York-
Berlin, 1970.

R. Hsu, Topics on weakly almost periodic functions, Dissertation, SUNY at Buffalo, 1985.

J. Kustermans and S. Vaes, Locally compact quantum groups, Ann. Sci. Ecole Norm. Sup. 33
(2000), 837-934.

J. Kustermans and S. Vaes, Locally compact quantum groups in the von Neumann algebraic
setting, Math. Scand. 92 (2003), 68-92.

A. T.-M. Lau, Invariant means on almost periodic functions and fized point properties, Rocky
Mountain J. Math. 3 (1973), 69-76.

A. T.-M. Lau, Some fized point theorems and their applications to W™ -algebras, in Fixed Point
Theory and Its Applications (Proc. Sem., Dalhousie Univ., Halifax, N.S., 1975), Academic
Press, New York, 1976, pp. 121-129.

A. T.-M. Lau, Analysis on a class of Banach algebras with applications to harmonic analysis
on locally compact groups and semigroups, Fund. Math. 118 (1983), 161-175.

A. T.-M. Lau, Finite-dimensional invariant subspaces for a semigroup of linear operators, J.
Math. Anal. Appl. 97 (1983), 374-379.

A. T.-M. Lau, Uniformly continuous functionals on Banach algebras, Colloq. Math. 51 (1987),
195-205.

A. T.-M. Lau, A. L. T. Paterson and J. C. S. Wong, Invariant subspace theorems for amenable
groups, Proc. Edinburgh Math. Soc. 32 (1989), 415-430.

A. T.-M. Lau and J. C. S. Wong, Weakly almost periodic elements in Loo(G) of a locally
compact group, Proc. Amer. Math. Soc. 107 (1989), 1031-1036.

A. T.-M. Lau and J. C. S. Wong, Invariant subspaces for algebras of linear operators and
amenable locally compact groups, Proc. Amer. Math. Soc. 102 (1988), 581-586.

A. T.-M. Lau and J. C. S. Wong, Finite-dimensional invariant subspaces for measurable semi-
groups of linear operators, J. Math. Anal. Appl. 127 (1987), 548-558.

A. T.-M. Lau, Amenability of semigroups. The analytical and topological theory of semigroups,
de Gruyter Exp. Math., 1, de Gruyter, Berlin, 1990, pp. 313-334.

A. T.-M. Lau, Fourier and Fourier-Stieltjes algebras of a locally compact group and amenability
in Topological vector spaces, algebras and related areas (Hamilton, ON, 1994), Pitman Res.
Notes Math. Ser., 316, Longman Sci. Tech., Harlow, 1994, pp. 79-92.

A. T.-M. Lau, Fized point and finite-dimensional invariant subspace properties for semigroups
and amenability in Nonlinear and Convex Analysis in Economic Theory (Tokyo, 1993), Lecture
Notes in Econom. and Math. Systems, 419, Springer, Berlin, pp. 203—-213.

M.
M.
M.



FINITE DIMENSIONAL INVARIANT SUBSPACE PROPERTIES AND AMENABILITY 595

[26] A. T.-M. Lau and A. L. T. Paterson, Group amenability properties for von Neumann algebras,
Indiana Univ. Math. J. 55 (2006), 1363-1388.

[27] A. T.-M. Lau and Y. Zhang, Fized point properties of semigroups of non-expansive mappings,
J. Funct. Anal. 254 (2008), 2534-2554.

[28] T. Mitchell, Talk in Richmond, Virginia, Conference on Analysis and Semigroups, 1984.

[29] T. Mitchell, Topological semigroups and fized points, Illinois J. Math. 14 (1970), 630-641.

[30] A. L. T. Paterson, Amenability, Mathematical Surveys and Monographs, 29. American Math-
ematical Society, Providence, RI, 1988.

[31] J. C. S. Wong, Topological invariant means on locally compact groups and fized points, Proc.
Amer. Math. Soc. 27 (1971), 572-578.

Manuscript received August 26, 2010
revised December 16, 2010

ANTHONY TO-MING LAU
Department of Mathematical and Statistical Sciences, University of Alberta
Edmonton, Alberta, Canada T6G 2G1

E-mail address:  tlau@math.ualberta.ca



