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WEAK AND STRONG CONVERGENCE THEOREMS
FOR GENERALIZED HYBRID NONSELF-MAPPINGS IN
HILBERT SPACES

WATARU TAKAHASHI, JEN-CHIH YAO", AND PAVEL KOCOUREK

ABSTRACT. In this paper, we first obtain fundamental results for a broad class
of nonlinear mappings containing the classes of nonexpansive mappings, non-
spreading mappings, and hybrid mappings in a Hilbert space. Then, we prove
weak convergence theorems of Mann’s type for the broad class of mappings in a
Hilbert space. Furthermore, we prove two strong convergence theorems by hybrid
methods for the class of the mappings in a Hilbert space.

1. INTRODUCTION

Let H be a real Hilbert space and let C be a nonempty closed convex subset of
H and let T be a mapping of C' into H. Then, we denote by F(T) the set of fixed
points of T. A mapping T : C — H is said to be nonezrpansive if

[Tz =Tyl < [lz -y

for all z,y € C. A mapping T : C — H is called quasi-nonexpansive if F(T) # ()
and
[Tz —y| < [lz -yl

forall x € C'and y € F(T'). A mapping T : C — H is called nonspreading [13] if
2Tz = Ty|* < | Tz - y|* + | Ty — x|
for all x,y € C. Further, a mapping T': C — H is called hybrid [21] if
3Tz — Tyl* < |l — yl* + 1Tz — yl* + | Ty — |?

for all x,y € C. These mappings are deduced from a firmly nonexpansive mapping
in a Hilbert space. A mapping F': C' — H is said to be firmly nonexpansive if

|Fz — Fy|?* < (z —y, Fz — Fy)

for all z,y € C; see, for instance, Browder [4] and Goebel and Kirk [6]. We also know
that a firmly nonexpansive mapping F' can be deduced from an equilibrium problem
in a Hilbert space; see, for instance, [3] and [5]. From Baillon [2], and Takahashi
and Yao [25], we know the following nonlinear ergodic theorem in a Hilbert space.
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Theorem 1.1. Let H be a Hilbert space, let C' be a nonempty closed convex subset
of H and let T be a mapping of C into itself such that F(T) is nonempty. Suppose
that T satisfies one of the following:
(i) T is nonexpansive;
(ii) T is nonspreading;
(iii) T is hybrid;
(iv) 2Tz — Ty|* < [la — y[I* + | Tz — yl?, Vz,yeC.
Then, for any x € C,

1 n—1
Spr ==Y T"
P
k=0
converges weakly to an element z € F(T').

Aoyama, Iemoto, Kohsaka and Takahashi [1] introduced a class of mappings called
A-hybrid containing the classes of nonexpansive mappings, nonspreading mappings,
and hybrid mappings in a Hilbert space. Very recently, Kocourek, Takahashi and
Yao [11] introduced a more broad class of nonlinear mappings than the class of
A-hybrid mappings: A mapping T : C' — H is called generalized hybrid if there are
«, B € R such that

ol Te = Tyl? + (1 = a)llz = Ty|* < BTz — y|* + (1 = )|z — y||?

for all z,y € C. Then, they proved a nonlinear ergodic theorem which general-
izes cases of (i), (ii), (iii) and (iv), simultaneously. Further, they defined a class
of nonlinear mappings called super hybrid containing the class of generalized hy-
brid mappings. We know that a super hybrid mapping is not quasi-nonexpansive
generally.

In this paper, we deal with fundamental properties for generalized hybrid map-
pings and super hybrid mappings in a Hilbert space. Then, we prove weak conver-
gence theorems of Mann’s type [14] for super hybrid mappings in a Hilbert space.
Further, we obtain strong convergence theorems for super hybrid mappings by using
hybrid methods which were introduced by Nakajo and Takahashi [16], and Taka-
hashi, Takeuchi and Kubota [23].

2. PRELIMINARIES

Throughout this paper, we denote by N the set of positive integers and by R the
set of real numbers. Let H be a (real) Hilbert space with inner product (-,- ) and
norm || - [|. We denote the strong convergence and the weak convergence of {x,} to
x € H by x, — x and x,, — x, respectively. From [20], we know the following basic
equality. For z,y € H and A € R, we have

(2.1) IAa + (1= Nyl* = Al |2 + (L= Nyl = A1 = V)|l — >
We also know that for z,y,u,v € H,

(2.2) 2(z —y,u—v) = |l —ol® + ly = ull® — llz = ul* — [ly — ]*.
From (2.2), we have the following equality:

(23) llz—y+u—ol* =z —y|* + u—vl® +2(z —y,u —v)
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= llz = ylI* + llu = ol* + | = ol* + ly = ul® = llz — ul|* — [ly — v]*.
The following theorem is due to Opial [17].

Theorem 2.1. Let H be a Hilbert space and let {x,} be a sequence of H such that
Tnp — x. Then, for any z € H with x # z,

liminf ||z, — z| < liminf ||z, — z||.

Let C' be a nonempty closed convex subset of H. It is well-known that the set
F(T) of fixed points of a quasi-nonexpansive mapping T : C — H is closed and
convex; see Ito and Takahashi [10]. Let C' be a nonempty closed convex subset of
H and x € H. Then, we know that there exists a unique nearest point z € C' such
that ||z — 2| = infycc ||z — y||. We denote such a correspondence by z = Pcx. Po
is called the metric projection of H onto C. It is known that Pg is nonexpansive
and

(x — Pox, Pcx —u) >0

for all x € H and u € C; see [20] for more details. Let C' be a nonempty closed
convex subset of H and let f: C' x C' = R be a bifunction satisfying the following
conditions:

(A1) f(x,z) =0, Vzed,

(A2) f is monotone, i.e., f(z,y) + f(y,x) <0, Vz,ye C,

(A3) limgyo f(tz+ (1 —t)z,y) < f(z,y), Vz,y,z € C,

(A4) for each z € C, y — f(z,y) is convex and lower semicontinuous.

We know the following lemma; see, for instance, [3] and [5].

Lemma 2.2. Let C be a nonempty closed convexr subset of H and let f be a bifunc-
tion from C x C into R satisfying (A1), (A2), (A3) and (A4). Then, for anyr >0
and x € H, there exists a unique z € C' such that

1
f(z,y)+;<y—z,z—x>20, VyGC
Further, if
1
Tra::{zeC’:f(z,y)—i—;(y—z,z—a:) >0,YyeC}, VexeH, reR,

then the following hold:
(1) T, is single-valued;
(2) T, is firmly nonexpansive, i.e.,

T2 = Toyl|* < (Trw — Try,x —y), Va,ye H.
Using (2) in Lemma 2.2 and (2.2), we have
2| Tox — Toyl* < 2(Tyx — Try,z — y)
=T = yll* + 1Ty — 2|* = | T — 2|® = | Toy — o>
So, for y € F(T,) and = € H, we have
(2.4) I1Tra = yl* < ly — «l* = | Trx — 2.
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If f(z,y) =0, then we have T, = P¢, i.e.,
(2.5) |Pox = ylI* < |ly = z||* — || Pox — «|?

for all y € C and x € H, where P¢ is the metric projection of H onto C.

For a sequence {C,} of nonempty closed convex subsets of a Hilbert space H,
define s-Li,C, and w-Ls,C, as follows: z €s-Li,C),, if and only if there exists
{z,} C H such that {z,} converges strongly to = and that z,, € C,, for all n € N.
Similarly, y ew-Ls, C), if and only if there exist a subsequence {C,,} of {C,} and
a sequence {y;} C H such that {y;} converges weakly to y and that y; € C,,, for all
1 € N. If Cy satisfies that

(2.6) Co =s-Li,,C,, =w-Ls,,C,,,

it is said that {C),} converges to Cp in the sense of Mosco [15] and we write Cy =M-
lim;, 00 C,. 1t is easy to show that if {C), } is nonincreasing with respect to inclusion,
then {C),} converges to N2>, C), in the sense of Mosco. For more details, see [15].
We know the following theorem [26].

Theorem 2.3. Let H be a Hilbert space. Let {C,} be a sequence of nonempty
closed convex subsets of H. If Co =M-lim,,_,, C,, exists and is nonempty, then for
each x € H, {Pc, x} converges strongly to Pc,x, where P, and Pc, are the mertic
projections of H onto C,, and Cy, respectively.

3. NONLINEAR OPERATORS

In this section, we first start with defining a wide class of nonlinear mappings con-
taining the classes of nonexpansive mappings, nonspreading mappings, and hybrid
mappings in a Hilbert space. Let H be a Hilbert space and let C' be a nonempty
subset of H. Then, a mapping T': C' — H is called generalized hybrid [11] if there
are a, 8 € R such that

(3.1) al Tz = Tyl? + (1 = a)llz = Ty||* < BTz — y|* + (1 = Bz — y|

for all x,y € C. We call such a mapping an («, [3)-generalized hybrid mapping.
Notice that the mapping above covers several well-known mappings. For example,
an («a, ()-generalized hybrid mapping is nonexpansive for « = 1 and § = 0, non-
spreading for a = 2 and 8 = 1, and hybrid for a = % and 8 = % We can also show
that if x = Tz, then for any y € C,

allz =Tyl + (1 = a)|z = Tyl* < Blla — ylI* + (1 = B) |z — y||?

and hence ||z — Ty|| < || — y||. This means that an (a, 3)-generalized hybrid
mapping with a fixed point is quasi-nonexpansive. Next, let us define a more general
class of mappings than the class of generalized hybrid mappings in a Hilbert space.
Let C be a nonempty subset of a Hilbert space H. A mapping S : C — H is called
super hybrid [11] if there are a, §,v € R such that

(32) allSz—Syl* + (1 —a+9)]z - Sy|?

< (B+B-a)|Sz—yl? + (1 =B~ (B—a—1)y)|z -yl
+(a = B)yllz — Sz|® +lly — Syl
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for all z,y € C. We call such a mapping an («, 3, v)-super hybrid mapping. We
notice that an («, (3, 0)-super hybrid mapping is («, [3)-generalized hybrid. So, the
class of super hybrid mappings contains the class of generalized hybrid mappings.
A super hybrid mapping is not quasi-nonexpansive generally. In fact, let us consider
a super hybrid mapping S with a =1, 5 =0 and v = 1. Then, we have

ISz — Sy||* + ||z — Syl* < ~||Sz — y|* + 3llz — yl* + |z — Sz||* + |y — Syl
for all x,y € C. This is equivalent to

1Sz — Sy||* + 2(x — y, Sz — Sy) <3|z — y|*

for all z,y € C. In the case of H = R, consider Sz = 2 — 2z for all x € R. Then,

1Sz — Sy|*> 4+ 2(x—y, Sx — Sy) = | — 22 + 2y|* + 2(x — y, —2z + 2y)
=4z —y|? +4{z —y,y —2)
=0 <3z -yl

and hence S is super hybrid. However, S is not quasi-nonexpansive. Further, we
have that

1 1 1 1 1
x 25$+ 57 2( x) + 5% 57

and hence T is nonexpansive. In general, we have the following theorem.

Theorem 3.1. Let C be a nonempty subset of a Hilbert space H and let o, B
and 7 be real numbers with v # —1. Let S and T be mappings of C into H such

that T = ﬁs + ﬁl. Then, S is (a, B, v)-super hybrid if and only if T is («,

B )-generalized hybrid. In this case, F(S) = F(T).
Proof. Put A\ = ﬁ # 0. Then, T'= AS + (1 — \)I. We have that for any z,y € C,
a|Ta = Ty|l” + (1 = a)llz = Ty||* < BTz —y)|* + (1 = B)||= — y[?
= a|A(Sz = Sy) + (L = N)(z = y)|* + (1 = a) Mz = Sy) + (1 = N)(z —y)||?
< BIMST =) + (L= A& = y)lI* + (1 = B)l|lz — y[|*.
From (2.1), this inequalty is equivalent to
a(A|Sz = Sy|I* + (1 = N)llz = ylI* = A1 = N)[|Sz — Sy — = +y|*)
+ (1= a)(Alz = Syl + (1 = N)llz = ylI” = A1 = Ny - Syl*)
< B8z =yl + (1 = Nz = yl* = A1 = Nl|lz = Sz|*) + (1 = B) |z — y]?
= a(A|Sz — Sy[I* = Az — y[* = AL = N)[|Sz — Sy —z +y|*)
+ (1= a)Az = Sy[* = Al — > = A1 = Nly — Sy[?)
< BASz =yl = Mz = ylI> = AL = V)|l — Sz[|)
= a)||Sz — Sy|I” + (1 — a)A[|z — Sy||?
< BASz =yl + (1 = B)Allz =yl = BAL = N[l — Sz||?
+ (1= )AL= Ny — SylI*> + ar(1 = N)||Sz — Sy — z + y||*.
Dividing by A%, we have from A\=! =~ 4 1 that
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a(y + ISz = Syl + (1 = a)(y + 1)|lz — Sy|*
< By + DSz =yl + (v + DA = B)l|lz -yl - Byllz — Sz|?
+ (1= a)ylly = Syl* + ay||Sz — Sy — o + y|*.
We know from (2.3) that
Sz — Sy — x +y|* = ||Sz — Sy||* — ||« — Sy||* — | Sz — y|]?
+lz =yl + 1Sz — 2] + [|Sy — yII*.
So, we obtain
allSw = Syl + {(1 — a) + 7}z — Syl
< {8+ (B — Sz — gl + {1 - B— (8 —a— D}z —y|?
T (a— B)yllz — Sol? +4lly — Syl

Then, S is (a, 8, v)-super hybrid if and only if T" is («, §)-generalized hybrid. From
T =M\S+ (1 —M\)I, we also have F(S) = F(T). This completes the proof. O

From [11], we know the following fixed point theorem for generalized hybrid
mappings in a Hilbert space.

Theorem 3.2. Let C' be a nonempty closed convex subset of a Hilbert space H and
let T : C — C be a generalized hybrid mapping. Then T has a fized point in C if
and only if {T"z} is bounded for some z € C.

As a direct consequence of Theorem 3.2, we have the following result.

Theorem 3.3. Let C' be nonempty bounded closed convex subset of a Hilbert space
H and let T be a generalized hybrid mapping from C' to itself. Then T has a fized
point.

Using Theorems 3.1 and 3.3, we have the following fixed point theorem [11] for
super hybrid mappings in a Hilbert space.

Theorem 3.4. Let C be a nonempty bounded closed convex subset of a Hilbert space
H and let o, p and 7 be real numbers with v > 0. Let S : C — C be an («, S,
v )-super hybrid mapping. Then, S has a fized point in C.

4. WEAK CONVERGENCE THEOREM

In this section, we first prove a weak convergence theorem of Mann’s type for
super hybrid nonself-mappings in a Hilbert space. Before proving it, we need the
following lemma for generalized hybrid nonself-mappings in a Hilbert space.

Lemma 4.1. Let H be a Hilbert space and let C' be a nonempty closed convex subset
of H. LetT : C' — H be a generalized hybrid mapping. Suppose that there exists
{zn} C C such that x,, = z and x, — Tx, — 0. Then, z € F(T).

Proof. Since T : C' — H is a generalized hybrid mapping, there are o, 5 € R such
that

(4.1) alTe = Tyl* + (1 = a)llz = Ty|* < Bl|Tz — y|* + (1 = B)]lz — y|*
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for all z,y € C. Putting T'=1 — A, we have
allz — Az — (y — Ay)|*+(1 = a)llz — (y — Ay)||”
< Bllz — Az —y[* + (1 = B) |z — yI?
and hence
afllz — yl* = 2(x — y,Az — Ay) + || Az — Ay|]*}
+ (1= a){llz —yl|* +2(z —y, Ay) + | Ay|I*}
< B{llz = ylI* = 2(x —y, Az) + || Az[|*} + (1 = B) ]z — y[*.
So, we have
af = 2(x -y, Az — Ay) + [|Az|? — 2(Az, Ay) + [|Ay|*}
+ (1 - a){2(x -y, Ay) + || Ay[|*}
< B{ 20 — y, Az) + | Ax]?).
Then, we have
(o = B)[|Az|* + [|Ay|)?* < 2a(Ax, Ay) + 2(z — y, (a — B) Az — Ay).
From A=1—T, we have
(= B)l|lz = T|* + ||y — Tyl|?
Suppose z,, — z and x,, — T'x,, — 0. Let us consider
(@ = B)llzn — Tznl® + ||z — Tz|?
<2a(xy —Txn,z—Tz) +2(a — B)(xy — 2,2, — Tay)
—2xy — 2,2 —T2).
Letting n — oo, we have ||z — Tz||*> < 0. Then Tz = 2. O

Using Lemma 4.1, we prove a weak convergence theorem of Mann’s type [14]
for super hybrid mappings in a Hilbert space. The proof is due to the technique
developed by Ibaraki and Takahashi [7] and [8].

Theorem 4.2. Let H be a Hilbert space, let C' be a closed convex subset of H
and let Pc be the metric projection of H onto C. Let o, B and v be real numbers
with v # —1 and let S : C — H be an (o, B, v)-super hybrid mapping with
F(S) # 0. Let {an} be a sequence of real numbers such that 0 < a, < 1 and
liminf, o0 an(l — ) > 0. Suppose {x,} is the sequence generated by 1 =z € C
and

1
Tpt1 = Pc(ana:n +(1- an)(mb’xn + 1 1 'yx"))’ n=12....

Then, the sequence {x,} converges weakly to an element v of F(S), where v =
limy, 00 Pr(s)Zn and Pp(gy is the metric projection of H onto F(S).
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Proof. Put T = ﬁS + ﬁ]. Then, we have from Theorem 3.1 that T is an

(e, B)-generalized hybrid mapping and F'(S) = F(T). Let z € F(T'). Since T is
quasi-nonexpansive, we have

i1 — 211 = [ Pol@nzn + (1 — an)Tay) — 2|
< lanxn + (1 — )Tz, — 2|2
< apllzn — 2”2 + (1 —an)|| T2y — ZH2
< apllzn — Z”Z + (1 — an)llzn — Z||2
= [lan — 2|?

for all n € N. Hence, lim,, o ||z, — 2||? exists. So, we have that {x,} is bounded.
We also have from (2.1) that

041 = 2[|* = | Pe(anan + (1 — an)Ty) — 2||?
< apllzn — ZH2 + (1 — ap) || Ty, — zH2 —an(l —ap)|| T, — xn”Q
< aplln — ZH2 + (1 —an)flzn — ZH2 —ap(l = ay)|| T2, - $nH2
= llzn = 2l* = an(l — an) | T2y — 24,
So, we have
an (L = an) [Tz — zal® < 2n — 2] = llent1 — 2]

Since limy, oo |7, — 2||? exists and liminf, o an(1 — ) > 0, we have ||Tz, —
7,> — 0. Since {z,} is bounded, there exists a subsequence {z,,} of {z,} such
that z,, — v. By Lemma 4.1, we obtain v € F(T'). Let {xy,} and {x,,} be two
subsequences of {x,} such that z,, — v; and x,; — va. To complete the proof,

we show vy = vg. We know that vy,ve € F(T) and hence lim,,_,oo ||, — v1||* and
limy, o0 || 20 — v2||? exist. Put

a= lim ([Ja, — 1] = [|lzn — val*).
n—o0
Note that forn =1,2,...,
l2n = vrl|* = [l2n = val|* = 2(zn, v2 — v1) + [Jor]|* = fJua]®.

From z,, — v; and Tp; — V2, We have

(4.2)  a=lim ([Jzg, —v1]* = 20, — v2)*) = 2(vi, 02 — v1) + [[01]* = [Jv2||?
21— 00

and

(4.3)  a= lim (|, —v1]* = |20, — v2]l*) = 2(v2,v2 — v1) + [Jo1]|* = [Jva]*.
j—o0

Combining (4.2) and (4.3), we obtain 0 = 2(vy—wv1,va—v1) and hence |lva—v1||? = 0.
So, we obtain ve = v;. This implies that {z,,} converges weakly to an element v of
F(T). Since ||zp41 — 2| < ||xn — 2|| for all z € F(T) and n € N, we obtain from
Takahashi and Toyoda [24] that {Pp(r)x,} converges strongly to an element p of
F(T). On the other hand, we have from the property of Pp(ry that

(Tn — PF(T)-Tm PF(T)-Tn —u)>0
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for all u € F(T) and n € N. Since z,, = v and Pp(yTn — p, we obtain
(v—p,p—u)>0

for all w € F(T'). Putting u = v, we obtain p = v. This means v = lim,,_, Pr(ryxn.

This completes the proof. O

As direct consequences of Theorem 4.2, we obtain the following results.

Corollary 4.3. Let H be a Hilbert space, let C be a closed convex subset of H and
let Po be the metric projection of H onto C. Let v be a real number with v # —1
and let S : C — H be an (2, 1, v )-super hybrid mapping, i.e.,

25z — Syl + 2v(x — y, Sz — Sy} < & — Syll? + 1z — yl* + 24z — ]
for all x,y € C. Let {a,} be a sequence of real numbers such that 0 < a,, < 1 and
liminf, o an(l — ) > 0. Suppose {x,} is the sequence generated by x4 =z € C
and

Y

mSwn + 1+
If F(S) # 0, then the sequence {x,} converges weakly to an element v of F(S),
where v = limy, 00 Pp(syTn and Pp(g) is the metric projection of H onto F(S).

$n+1:PC(anxn+(1_an)( .Q?n)), n=12,....

Corollary 4.4. Let H be a Hilbert space, let C' be a closed convex subset of H and
let Po be the metric projection of H onto C. Let v be a real number with v # —1
and let S: C — H be an (%, %, v )-super hybrid mapping, i.e.,

3115z — Syl> + 43(x — y, Sz — Sy) < |l — Syl|? + Sz — yl2 + (1 + 4]l — |
for all x,y € C. Let {a,} be a sequence of real numbers such that 0 < a,, < 1 and

liminf, o0 an(l — o) > 0. Suppose {x,} is the sequence generated by v, =z € C
and

1
Tpyl = Pc(oznxn +(1- an)(mSCL‘n + 77%1))’ n=12....

If F(S) # 0, then the sequence {x,} converges weakly to an element v of F(S),
where v = limy 00 Pr(s)Tn and Pp(gy ts the metric projection of H onto F(9).

Next, we prove a weak convergence theorem of Mann’s type for a class of mappings
containing the class of nonexpansive mappings in a Hilbert space. Before proving
it, we state the following lemma [20].

Lemma 4.5. Let {a,} C [0,00) and {B,} C [0,00) be sequences of real numbers
such that Y 07 ay =00 and Y 0 | By < 00. Then liminf,, o o = 0.

Theorem 4.6. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let v be a real number with v # —1 and let S : C'— H be a mapping
such that

ISz — Sy|* + 2v{x — y, Sz — Sy) < (1 +27) ||z — y|?
for all x,y € C. Let {a,} be a sequence of real numbers such that 0 < a,, < 1 and
oo on(l — ay) = co. Suppose {x} is a sequence generated by xy =z € C' and

ST, +

T xn), n=12,....
1+~ 1+~

Tpt1 = Qpxy + (1 — an)PC(
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If F(S) # 0, then the sequence {x,} converges weakly to an element v of F(S),
where v = limy, o Pp(syTn and Pp(g) is the metric projection of H onto F(S).
Proof. We have that for any =,y € C,
1Sz — Sy||* + 2v(x — y, Sz — Sy) < (1+29) ||z — y|”
= ||z = Sy|? + ([la = Syl* + 1Sz =y = 1Sz — «||* = [ly — Sy[*)
< (1+29) ]z - y?
= ||Sz = Sy|? + 7z - Sy?
< =[Sz —yl* + (1 + 29)l|z — y|* + 7Sz — 2[|* + vlly — Syl|*.

So, S'is a (1, 0, )-super hybrid mapping of C' into H. Put T' = ﬁé%— ﬁ[. Then,

we have from Theorem 3.1 that T is a (1, 0)-generalized hybrid mapping of C' into
H,i.e., T is a nonexpansive mapping of C' into H. Further, we have F'(S) = F(T).
Let z € F(T). Since T is quasi-nonexpansive, we have

|Zns1 — 2| = l|anzn + (1 — an)PeTz, — 2|
< apll@n — 2)|? + (1 — o) | PcTxy — 2|?
e z||2 + (1 —an)llzn — Z||2
= [lzn — 2”2

for all n € N. Hence, lim,, o ||z, — 2||? exists. So, we have that {z,} is bounded.
We also have from (2.1) that

[@n1 — Z”2 = |loman + (1 — an)PeTay, — ZHZ

a|zn — ZHQ + (1 —an)[[PeTay — 2”2
— an(1 = o) ||PeTzn — 20|
< apllzn — ZH2 + (1 — an)lfan — ZH2 —an(l —ap)||[PcTa, — xn”Q
= |lzn — 2||> — an(1 — a)||PeTx, — 0|
So, we have
an(1 = an) | PeTen — @nl* < llzn — 2] = ||zp41 — 2.

Summing up these inequalities with respect to n =1,2,..., N, we have
N
D an(l = ap)||[PoTan — za|* < [lz1 — 2[* = [lon1 — 2]
n=1
Putting ¢ = lim,, oo ||z, — 2||? and letting N — oo, we obtain

o0
Zan(l — ap)|PcTan — x0|)* < |lz1 — 2)* — ¢ < o0

n=1
From the assumptions of {ay,} and Lemma 4.5, we have

liminf || PoT 2, — x,]|* = 0.
n—oo
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On the other hand, we have from z,41 — 2, = (1 — o) ||PcTx, — x| that

| PeT@n41 — Tnt |
= ap||PcTTnt1 — Tnl| + (1 — ap)||PcTxpy1 — PoTzy||
< an([[PeTxnt1 — o || + [[2n+1 — zall)
+ (1 — ap)||PocTzp+1 — PoTxy,||
< an||PeTzns1 — Tptall + anllzntr — 2ol + (1 — an) |41 — 20|
= an||PcTont1 — Tng1 || + |Tn41 — 20|
= ap||PcTTn+1 — Tnt1| + (1 — an) || PeTxn — x|
So, we have (1 — ay)||PcTzn+1 — Tt < (1 — ap)||PeTxy, — xy,||. Then, we have

|PeTzns1 — sl < [|[PoTxn — xp||. So, limy, oo || PeTxy — 2,|)? exists. Then, we
obtain that

lim || PeTay, — 2, = liminf || PeTz, — 2, )|* = 0.
n—00 n—r00

Since {z,} is bounded, there exists a subsequence {z,} of {z,} such that x,, — v
for some v € C. Since lim,,_, |[|PcTxy — x,|| = 0 and PoT is nonexpansive, we
have from Theorem 4.1 that v is a fixed point of PoT, i.e., PcTv = v. We have
from (2.5) that for u € F(T),

2ljv — ul|* = 2| PeTv — ul|?
< 2(Tv —u, PeTv — )
= |Tv —u|* + | PeTv — ul* — ||Tv — PcTo|

and hence
20lv —ul* < lv—ull®+ lv—ul]* = | Tv— o>

So, we have 0 < —||Tv — v||?. and hence Tv = v.

Let {z,,} and {z,,} be two subsequences of {z,} such that z,,, — v1 and z,,; —
vy. To complete the proof, we show v = vo. We know vq,v9 € F(T) and hence
lim,, o0 |2, — v1]| and lim, o || — vo|| exist. Assume v; # ve. Then, we have
from Theorem 2.1 that

lim [z — o1]) = lim [}zn, — o1
n—oo 71— 00
< lim [lzn, — 2l
1—00
= lim |l@, — vo|
n—oo

= lim [jzn; — vol
—00

< lm ||zg, —vi|
J]—00

= lim |@, — v
n—oo

This is a contradiction. So, we obtain ve = v;. This implies that {z,,} converges
weakly to an element v of F(T). Since ||zp+1 — 2|| < ||z, — 2| for all z € F(T)
and n € N, we obtain from Takahashi and Toyoda [24] that {Pg()z,} converges
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strongly to an element p of F(T'). On the other hand, we have from the property
of PF(T) that
(Tn — Pp(r)Tn, PpiryTn —u) >0
for all u € F/(T) and n € N. Since z,, = v and Pp(1yTn — p, we obtain
(v—pp—u) =0

for all u € F(T'). Putting u = v, we obtain p = v. This means v = lim,, o Pp(1)Zn-
This completes the proof. O

5. STRONG CONVERGENCE THEOREMS

In this section, using the hybrid method by Nakajo and Takahashi [16], we first
prove a strong convergence theorem for super hybrid mappings with an equilibrium
problem in a Hilbert space.

Theorem 5.1. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let f : C x C — R be a bifunction satisfying (A1), (A2), (A3) and
(A4). Let o, B and ~y be real numbers with v # —1 and let S : C — H be an («, S,
v )-super hybrid mapping such that EP(f) N F(S) # 0. Let {x,,} C C be a sequence
generated by xr1 = x € C' and

f(zmy)—ki(zrn—xmy—zn) >0, Vyed,
Yn = Qpy + (1 — an)(ﬁSzn + ﬁzn),
Co={2€C:|lyn — 2| < llzn — 2[l},
Qn={z2€C:(xy,—2z,2x—x,) >0},

Tptl = Pcannx, Vn € N,

where Pc,nq, 1is the metric projection of H onto Cy, N Qy, and {oy,} C [0,1] and
{A\n} C [0,00) satisfy

0<a,<a<l and 0<b< ),
for some a,b € R. Then, {x,} converges strongly to zy = Prs)nep(s)x, where

Pr(s)nep(f) i the metric projection of H onto F(S) N EP(f).

Proof. Put T = ﬁs + ﬁ[. Then, we have from Theorem 3.1 that 7T is an

(ar, B)-generalized hybrid mapping of C into H and F(S) = F(T). Since F(T) is
closed and convex, F(S) N EP(f) is closed and convex. So, there exists the mertic
projection oh H onto F'(S) N EP(f). Further, we have

UYn = QpTp + (1 - an)TZn
for all n € N. From
lyn — 2|I* < [lan — 2|
= yall® = llzall® = 2(yn — 20, 2) <0,

we have that C,,, @, and C, N @, are closed and convex for all n € N. We next
show that C,, N Q,, is nonempty. Let z € F(T) N EP(f). Put z, = T\, x, for each
n € N. From z = T,z and Lemma 2.2, we have that for any n € N,

(5.1) l2n = 217 = 1Ty, 20 — 2I* < 2w — 2]
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Since T is quasi-nonexpansive, we have from (5.1) that
lyn = 2II* = lanzn + (1 — an)Tzy — 2||?
< apllzn — 2”2 + (1 —an)llzn — Z||2
< apllzn — 2”2 + (1 = an)lzn — Z||2
= llan — 2|

So, we have z € C,, and hence F(T)NEP(f) C C, for all n € N. Next, we show by
induction that F(T) N EP(f) C Cp, N Qy, for all n € N. From F(T)NEP(f) C Q1,
it follows that F'(T) N EP(f) C C1 N Q1. Suppose that F(T)NEP(f) C Cr N Qy
for some k. From x,11 = Po,ng,, we have

(xpy1 — 2,2 —xp31) >0, Vz e CpN Q.
Since F(T) N EP(f) C Cx N Qg, we also have
(Tp41 — 2,0 —xp11) >0, Vze F(T)NEP(f).

This implies F(T) N EP(f) C Qg+1- So, we have F(T) N EP(f) C Cry1 N Qpr1-
By induction, we have F(T) N EP(f) C C,, N @y, for all n € N. This means that
{zy,} and {z,} are well-defined. Since z,, = Py, x and z,+1 = Pc,nQ,* C Qn, we
have from (2.2) that

0<2x—xp,Tn — Tpni1)
=& = zns1|* = |z — zall® = |20 — Tnga|?
< & = zpial® = |2 — 2.

So, we get that

(5.2) lz = zal® < llo = znll.
Further, since x, = Pg,x and z € F(T) N EP(f) C Qn, we have
(5:3) lz — 2] < llz — 2%

So, we have that lim,, o |* — 2,]|? exists. This implies that {x,} is bounded.
Hence, {yn}, {zn} and {T'z,} are also bounded. From (2.5), we have

|2 — xn+1”2 = [Py, — xn-&-l”z
< l& = zp|* = Iz — Pg,z|?
= ||z = zpa® = [l = 2> = 0.
So, we have that
(5.4) |zn, — Tpt1]] — 0.

From z,,4+1 € Cp, we have that ||y, —znt1]| < ||€n—2nt1]|. So, we get ||yn—Tpt1]| —
0. We also have

(5.5) lyn — 2ol < lyn — Totall + (|21 — 20l = 0.

From ||z, — ynl|| = ||2n — an®n — (1 — apn)Tzn || = (1 — ) ||xn — Tzp|| and 0 <« <
a < 1, we have that

(5.6) | Tz, — zpn|| — 0.
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Let z € F(T)N EP(f). Using z, = Ty, z, and Lemma 2.4, we have that
l2n = 211 > [len — To, 2l + 1T, 20 — 2|
= |lzn = zal® + |20 — 2|2
and hence
120 = znll* < 2 — 2I* = [l2n — 2]
From ||y, — 2|2 < an||zn — 2]|? + (1 — o) |20 — 2||? and hence

lyn — ZH2 — apllT, — 2”2

HZTL_ZHQ > )

1—a,
we have
[yn — 2| — anl|zn — 2|

ln = all? < 1 — 2| - o

_ Nlzn =2l = llyn — 212
1—ay, '

We also have
lzn = 2l1* = [lyn = 2II* = llzall® = 2(zn, 2) + 121 = [gnll* + 2(yn, 2) — [12]]?
= llzal® = llynll? = 2(zn — yn, 2)
< llaal® =yl + 2(zn = yn, 2)]
< len = ynll(lznll + lynll) + 2lzn — yallll=]-

Since ||z, — 2||? — ||yn — 2||? > 0 and lim,, o0 |2n — yu|| = 0, we have
5.7) T (flon — 21 = flg — 2)I = 0.

Since 0 < ay, < a < 1, from (5.7) we have lim,, oo ||, — 2,]|> = 0. So, we have
(5.8) |xn — 20| — 0.
Since yp, = any + (1 — ayn) Tz, we have y, — Tz, = an(xy, — T'2y). So, from (5.6)
we have
(5.9) lyn — Tzl = anllzn — Tzyn|| — 0.
Since
[2n — Tall < ll2n — 2ol + lzn — ynll + lyn — T2nl;
from (5.5), (5.8) and (5.9) we have
(5.10) l|zn, — T2y — 0.

Since {xy,} is bounded, there exists a subsequence {z,,} C {z,} such that x,, — z*.
We have from (5.8) and x,, — z* that z,, = z*. From (5.10), we have z* € F(T).
Next, let us show z* € EP(f). Since z, = T\, zn, we have that for any y € C,

1

f(zn7y)+)\7<y_znazn_$n> > 0.

From (A2), we have

1
/\7 <y — ZnyRn — $n> > f(ya Zn)-
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From 0 < b < A, and (5.8), we have

. Zn — Tp
lim =0.
n—oo

n

So, from (A4) we have

(5.11) 0> f(y,2").
Put zf = ty+ (1 —t)z* for all t € (0,1] and y € C. Since C is convex, we have
zf € C. From (Al), (A4) and (5.11), we have

0=f(z,2) <tf(z,y) + (1 =) f(z,27)

<tf(z,v)
and hence
0 < f(z,y)-
Letting t — 0, from (A3) we have that for each y € C,
(5.12) 0< f(z",y).

This implies 2* € EP(f). So, we have z* € F(T)NEP(f). Put 20 = Pp(r)ngp(f)T-

Since 20 = Pr(1)ynep(s)T C Cn N Qpn and xn41 = Pe,ng,*, we have that

(5.13) lz = nia]* < llz — 20l

Since || - ||? is weakly lower semicontinuous, from z,,, — z* we have that
lz = 2|2 = flz]l? - 2(z, 2*) + 12"

< liminf(||z|% — 2(z, zp,) + [|zn, ||?)
71— 00

= liminf ||z — z,, |
71— 00

< [l — zof*.

From the definition of zg, we obtain z* = zy. So, we obtain z,, — 2. We finally
show that z,, — z9. We have

|20 — :anQ = |20 — a:H2 + ||z — an2 +2(z0 —x,x —xp), VneN.
Since z, = Py, x and zp € F(T) N EP(f) C Qn, we have
(5.14) 2 — 2 ||” < [z — 20|
and hence

lim sup ||zg — :Cn||2 = limsup(||zo — x||2 + |l — asn||2 +2(z0 —x,x — xp))
n—oo n—oo

< limsup(||z0 — z||* + [l — 20[1* + 2(20 — x, & — @)
n—oo

= |lz0 — 2| + [|lz — 201> + 2(20 — 2, 2 — 20)

= |lz0 — zo]* = 0.

So, we obtain lim,_,~ |20 — Z»|| = 0. Hence, {x,,} converges strongly to zy. This
completes the proof. O

Next, we prove a strong convergence theorem by the shrinking projection method
[23].
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Theorem 5.2. Let H be a Hilbert space and let C' be a nonempty closed convex
subset of H. Let f : C x C — R be a bifunction satisfying (A1), (A2), (A3) and
(A4). Let a, B and ~ be real numbers with v # —1 and let S : C — H be an

(o, B, v)-super hybrid mapping such that EP(f) N F(S) # 0. Let C1 = C and let
{zn} C C be a sequence generated by x1 = x € C' and

f(zn,y) + i (zn —Tn,y —2n) >0, VyeC,

Yn = QnTp + (1 — an)(ﬁSzn + 1jj/zn),

Cry1 ={2 € Cn: [lyn — 2| < [lzn — 2[},

Tny1 = Po, .z, VneN,
where Pc, , is the metric projection of H onto Cy41, and {a,} C [0,1] and {\,} C
[0,00) are sequences such that

liminfa,, <1 and 0<b< )\,
n—oo

for some a,b € R. Then, {x,} converges strongly to zy = Pr(s)nep(s), where
Pr(s\nep(f) is the metric projection of H onto F(S) N EP(f).

Proof. Put T = ﬁs + ﬁ[. Then, we have from Theorem 3.1 that T is an («,

B)-generalized hybrid mapping of C' into H and F'(S) = F(T). Since F(T) is closed
and convex, so is F'(S). Then, F(S)NEP(f) is closed and convex. So, there exists
the mertic projection of H onto F(S) N EP(f). Further, we have

UYn = QpTp + (1 - an)TZn
for all n € N. Put z, = T),x, for each n € N and take z € F(T) N EP(f). From
z =T,z and Lemma 2.2, we have that for any n € N,
(5.15) lzn = 2ll = T, 20 — 2|l < [lan — z].
We shall show that C, are closed and convex, and F(T) N EP(f) C C,, for all
n € N. It is obvious from the assumption that C'y = C' is closed and convex, and
F(T)NEP(f) C Ci. Suppose that Cj, is closed and convex, and F(T)NEP(f) C C.
From Nakajo and Takahashi [16], we know that for z € Cj,

ly — 2)1 < llag — 2|
= lyxll® = lloxl? = 2(yx — 21, 2) <O
So, Ck41 is closed and convex. If z € F(T)NEP(f) C Cy, then we have from (5.15)
that
lyn — 2l = [lanzn + (1 — an) Tz, — 2|

< apllzn — 2] + (1 — an)llzn — 2|

< apllzn — 2] + (1 — ap) ||z, — 2|

= [[zn — 2.
Hence, we have z € Ciy1. By induction, we have that C), are closed and convex,

and F(T) N EP(f) C C, for all n € N. Since C), is closed and convex, there exists
the metric projection P, of H onto Cy,. Thus, {z,} is well-defined.
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Since {C),} is a nonincreasing sequence of nonempty closed convex subsets of H
with respect to inclusion, it follows that

(5.16) 0 # F(T)NEP(f) C M- lim C, = ) Cn.
n=1

Put Cy =(,—; Cn. Then, by Theorem 2.3 we have that {Pc,z} converges strongly
to g = Po,z, i.e.,

xn = Pc,x — x0.

To complete the proof, it is sufficient to show that o = Prynpp(r)®. Since
r, = Po,z and x, 1 = Po,,, 7 € Chy1 C Oy, we have (2.2) that

0<2(x—ap,Tn — Tpni1)
= Iz = x| = |2 = 2nll® = 20 — 2ppa|®
<z = zppa|)* = o — 2.

So, we get that

(5.17) Iz = zall? < llz = 2|
Further, since x,, = Po,x and z € F(T) N EP(f) C C,, we have
(5.18) lz — 2]l < llz — 2%

So, we have that lim, o |2 — 2,||? exists. This implies that {x,} is bounded.
Hence, {yn}, {zn} and {T'z,} are also bounded. From Lemma 2.5, we have

lzn = znial® = |Po,x = 24 |?
< |lz = @ni1l® — llz = Po,z?
= llo = zp41 ] = |z — 2> — 0.
So, we have that
(5.19) |2n — Zpy1]|® = 0.

From x,41 € Cpy1, we also have that ||y, — 2nt1]| < ||@n — znt1]|- So, we get that
|y — ns1]| = 0. Using this, we have

(5.20) lyn — znll < lyn — Tns1ll + [[Zns1 — 20|l — 0.

From liminf, ,o a;, < 1, there exist a subsequence {ay,} of {a,} and ap with
0 < ap < 1 such that oy, — ap. Since ||zy, — yn|| = |20 — anzn — (1 — an)T2y|| =
(1 — ap)||zn — Tzy||, we also have that

(5.21) T 2n, — xn,|| — 0.

Let z € F(T) N EP(f). Using z, = T,z and Lemma 2.4, we have that
lzn = 2[1* > llzn = Tx, 2all* + 1T, 20 — 2
= ||z — znl® + |20 — 2|
and hence

|z = 20l < llzn = 217 = [l2n — 2%
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We also have ||y, — 2||? < anllzn — 2|2 + (1 — an)||2zn — 2]|? and hence

2 ||ym _ZH2 _O‘ninm _2H2
— > .
2, — 2[I* = 1 — om,
['herefore, we have

Hx — ||2 < ||CC _ Z||2 _ ||yn2 — ZH2 — O‘nszm — Z||2
n; n;ll = [|4n;

1—ay,
Ml = 2012 = llyn, — 2117
1— o, ’

1

We also have
zn = 201> = llyn — 2l1° = lzall® = 2(zn, 2) + 121> = lyall® + 2(yn, 2) — ||z
= [lznll® = llynll* = 2(zn — yn, 2)
< Nznll® = lynll®l + 2[(2n = yn, 2)|
< lzn = yullUllznll + llynll) + 2llzn — yullll2]-
Since 0 < ||z, — 2[|> = [lyn — 2]|?, from (5.20) we have
(5.22) tim (2 — 22 = llgo — 2)|> = 0.
n—o0
Since oy, — a9 and 0 < g < 1, we have
(5.23) |Tn;, — zn; || — 0.
From y, = apxy, + (1 — an)T'zy, we have y, — Tz, = an(xy, — T2p). So, from (5.21)
we have
(5'24) ||ym - Tzni” = ani”‘rni - TZniH — 0.
Since
Hzni - TZ?%‘H < Hzni - x”z” + me - ynz” + Hynz - TZMH’
from (5.20), (5.23) and (5.24) we have
(5.25) llzn; — Tzn,|| — 0.

Since x,, = Pe, x — w0, we have z,, — xo. So, from (5.25) and Lemma 4.1 we
have xg € F(T'). Next, let us show zg € EP(f). We know z,, — xo. We have from
zn = T, Tp that for any y € C,

1
f(znay)+)\7<y_znazn_xn> ZO

From (A2), we have

1
. (Y = 20, 20 — Tn) > f(Y, 2n)-
n
From 0 < b < A, and (5.23), we know
. Zni - wni _
T,

7

So, we have

(5.26) 0> f(y,xo).
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Put z; = ty + (1 — t)xp for all t € (0,1] and y € C. Since C is convex, we have
z € C. From (A1), (A4) and (5.26), we have

0= f(zta Zt) < tf(Zt,y) + (1 - t)f(Zt,.CUo)

< tf(zt7 y)
and hence
0 S f(zt7 y)
Letting t — 0, we have from (A3) that for each y € C,
(5.27) 0 < f(zo,y).

This implies z9 € EP(f). So, we have that =y € F(T) N EP(f). Put zy =
Prrynep(p)T- Since 20 = Ppr)nep()® C Cnt1 and xn11 = Po, @, we have that

(5.28) Iz = zp41]® < Jlz = 20]*.
So, we have that
lz = ol|? = lim [|lz — 2|* < ||z — 20|
n—0o0

So, we get zgp = xo. Hence, {x,} converges strongly to zp. This completes the
proof. O
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