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ABSTRACT. In this paper, we study nonlinear analytic methods for linear con-
tractive mappings in Banach spaces. Using these results, we obtain some new
strong convergence theorems for linear contractive operators in Banach spaces.
In theorems, the limit points are characterized by suny generalized nonexpansive
retractions.

1. INTRODUCTION

Let E be a real Banach space and let C' be a closed convex subset of E. For a
mapping T : C' — C, we denoted by F(T') the set of fixed points of T. A mapping
T :C — C is called nonexpansive if

[Tz =Tyl < llz -yl

for all xz,y € C. In particular, a nonexpansive mapping T : F — FE is called
contractive if it is linear, that is, a linear contactive mapping T : E — FE is a
linear operator satisfying ||7'|| < 1. From [38] and [55] we know a weak convergence
theorem by Mann’s iteration for nonexpansive mappings in a Hilbert space: Let
H be a Hilbert space, let C' be a nonempty closed convex subset of H and let
T : C — C be a nonexpansive mapping with F(T) # (). Define a sequence {z,} in
C by xy=x¢€C and

Tnt1 = nZpn + (1 —ap)Tx,, VneN,

where {a,} is a real sequence in [0, 1] such that

ian(l —ap) = 0.
n=1

Then, {z,} converges weakly to an element z of F(T'), where z = lim,_,o Pzy,
and P is the metric projection of H onto F(T'). By Reich [44], such a theorem
was proved in a uniformly convex Banach space with a Fréchet differentiable norm.
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However, we have not known whether the fixed point z is characterized under any
projections in a Banach space. Recently, using nonlinear analytic methods obtained
by [27], [28] and [21], Takahashi and Yao [56] solved such a problem for positively
homogeneous nonexpansive mappings in a Banach space. We also know that there
are many papers which discuss Reich’s theorem for another nonlinear mappings in
a Banach space; see, for instance, Kohsaka and Takahashi [35], Matsushita and
Takahashi [39] and Ibaraki and Takahashi [25]. In 1938, Yosida [59] also proved
the following mean ergodic theorem for linear bounded operators: Let E be a real
Banach space and let T be a linear operator of E into itself such that there exists
a constant C' with ||T"] < C for n € N, and T' is weakly completely continuous,
i.e., T maps the closed unit ball of F into a weakly compact subset of £. Then, for
each x € F, the Cesaro means

1 n
Spr=—) TF
;e n; x

converge strongly as n — oo to a fixed point of T'; see also Kido and Takahashi [34].

In this paper, motivated by these theorems, we study nonlinear analytic methods
for linear contractive mappings in a Banach space and obtain some new strong
convergence theorems for linear contractive operators in a Banach space. One of
them extends Bauschk, Deutsch, Hundal and Park’s theorem [7] from a Hilbert
space to a Banach space.

2. PRELIMINARIES

Throughout this paper, we assume that a Banach space E with the dual space E*
is real. We denote by N and R the sets of all positive integers and all real numbers,
respectively. We also denote by (x,z*) the dual pair of x € E and 2* € E*. A
Banach space F is said to be strictly convex if ||z 4+ y|| < 2 for z,y € E with
|lz]| <1, |ly|| <1 and = # y. A Banach space E is said to be smooth provided
o N2+ tyll — [l]

li
t—0 t

exists for each z,y € F with ||z| = ||ly|| = 1. Let E be a Banach space. With each
x € E, we associate the set

J(@) ={a" € B": (x,27) = |la]|* = |]a"||*}.

The multivalued operator J : E — E* is called the normalized duality mapping of
E. From the Hahn-Banach theorem, Jx # ) for each € E. We know that E is
smooth if and only if J is single-valued. If F is strictly convex, then J is one-to-one,
ie,z#y= J(x)NnJ(y) =0. If E is reflexive, then J is a mapping of E onto E*.
So, if E is reflexive, strictly convex and smooth, then J is single-valued, one-to-one
and onto. In this case, the normalized duality mapping J, from E* into F is the
inverse of J, that is, J. = J~!; see [50] and [51] for more details. Let E be a smooth
Banach space and let J be the normalized duality mapping of . We define the
function ¢ : F x E — R by

¢z, y) = |l|® = 2(z, Jy) + Ily®
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for all x,y € E. We also define the function ¢, : E* x E* — R by
Su(a”,y") = a2 = 2™, T 7y") + [ly*|I?
for all 2*,y* € E*. It is easy to see that (||lz — ||lyl|)? < ¢(z,y) < (|=|| + ||ly||)? for

all z,y € E. Thus, in particular, ¢(z,y) > 0 for all z,y € E. We also know the
following:

(21) (;5(5[?,:1/) :(25(13,2)+¢(Z,y)+2<$—Z,JZ—Jy>

for all x,y,z € E. Further, we have

(22) 2<$ - Y, Jz — Jw> = ¢(£17, w) =+ ¢(y7 z) - ¢(.’IJ, Z) - (Z)(y?w)
for all x,y,z,w € E. It is easy to see that

(2.3) o(z,y) = ¢:(Jy, Jz)

for all x,y € E. If E is additionally assumed to be strictly convex, then
(2.4) o(x,y) =0z =y.

The following lemma due to Kamimura and Takahashi [33] is well-known.

Lemma 2.1 ([33]). Let E be a smooth and uniformly conver Banach space and
let {xn} and {y,} be sequences in E such that either {x,} or {y,} is bounded. If
limy, 00 ¢(Zp, yn) = 0, then lim, o ||z, — yn|| = 0.

Let C' be a nonempty closed convex subset of a smooth, strictly convex and
reflexive Banach space E. For an arbitrary point z of E, the set

{z€C:¢(z,2) = 223 o(y,z)}

is always a singleton. Let us define the mapping IIo of E onto C' by z = llgz for
every x € E| i.e.,
¢(llgx, z) = min ¢(y, x)
yeC

for every x € E. Such ll¢ is called the generalized projection of E onto C; see
Alber [1]. The following lemma is due to Alber [1] and Kamimura and Takahashi
[33].

Lemma 2.2 ([1, 33]). Let C be a nonempty closed convex subset of a smooth, strictly
convex and reflexive Banach space E and let (x,z) € E x C. Then, the following
hold:

(a) z =Tz if and only if (y — z,Jx — Jz) <0 for ally € C;
(b) ¢(z,1lcz) + ¢(llgw, x) < ¢(z,2).

Let D be a nonempty closed subset of a smooth Banach space E, let T be a
mapping from D into itself and let F'(T") be the set of fixed points of 7. Then, 7" is
said to be generalized nonexpansive [24] if F(T") is nonempty and ¢(Tz,u) < ¢(x, u)
for all x € D and u € F(T). Let C be a nonempty subset of F and let R be a
mapping from F onto C'. Then R is said to be a retraction, or a projection if Rx = z
for all z € C. It is known that if a mapping P of F into F satisfies P2 = P, then
P is a projection of F onto {Pz : z € E}. A mapping T : E — E with F(T) # 0
is a retraction if and only if F(T) = R(T), where R(T) is the range of T. The
mapping R is also said to be sunny if R(Rx +t(x — Rx)) = Rx whenever z € E and
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t > 0. A nonempty subset C' of a smooth Banach space F is said to be a generalized
nonexpansive retract (resp. sunny generalized nonexpansive retract) of E if there
exists a generalized nonexpansive retraction (resp. sunny generalized nonexpansive
retraction) R from E onto C. The following lemmas were proved by Ibaraki and
Takahashi [24].

Lemma 2.3 ([24]). Let C' be a nonempty closed subset of a smooth, strictly convex
and reflexisve Banach space E and let R be a retraction from E onto C. Then, the
following are equivalent:

(a) R is sunny and generalized nonexpansive;

(b) (x — Rz, Jy — JRx) <0 for all (z,y) € E x C.

Lemma 2.4 ([24]). Let C be a nonempty closed sunny and generalized nonerpansive
retract of a smooth and strictly convex Banach space E. Then, the sunny generalized
nonexpansive retraction from E onto C is uniquely determined.

Lemma 2.5 ([24]). Let C be a nonempty closed subset of a smooth and strictly
convexr Banach space E such that there exists a sunny generalized nonexpansive
retraction R from E onto C and let (x,z) € E x C. Then, the following hold:

(a) z = Rx if and only if (x — z,Jy — Jz) <0 for ally € C;

(b) ¢(Rz,z) + ¢(z, Rx) < ¢(z, 2).

The following theorems were proved by Kohsaka and Takahashi [37].

Theorem 2.6 ([37]). Let E be a smooth, strictly convex and reflexzive Banach space,
let C* be a nonempty closed convex subset of E* and let llc~ be the generalized
projection of E* onto C*. Then the mapping R defined by R = J g J is a
sunny generalized nonexpansive retraction of E onto J 1C*.

Theorem 2.7 ([37]). Let E be a smooth, strictly conver and reflexive Banach space
and let D be a nonempty subset of E. Then, the following are equivalent.

(1) D is a sunny generalized nonexpansive retract of E;
(2) D is a generalized nonexpansive retract of E;
(3) JD is closed and convex.

In this case, D 1is closed.

Let E be a smooth, strictly convex and reflexive Banach space, let J be the
normalized duality mapping from E onto E* and let C' be a closed subset of E
such that JC' is closed and convex. Then, we can define a unique sunny generalized
nonexpansive retraction Ro of F onto C' as follows:

Re = J M0,

where I ;o is the generalized projection from E* onto JC.
Let C' be a nonempty closed convex subset of a smooth, strictly convex and
reflexive Banach space E. For an arbitrary point x of F, the set

ze(C:l|lz—z||=min |y —x
{ | I = min |y — =]}
is always a singleton. Let us define the mapping Po of E onto C' by z = Pox for

every z € E i.e.,
Poxr —z|| =min ||y — x
H (o] H vec ||ZU H



STRONG CONVERGENCE THEOREMS 551

for every € E. Such Pg is called the metric projection of E onto C; see [50]. The
following lemma is in [50].

Lemma 2.8 ([50]). Let C' be a nonempty closed convex subset of a smooth, strictly
convex and reflexive Banach space E and let (z,z) € E x C. Then, z = Pox if and
only if (y —z,J(x —2)) <0 forally € C.

An operator A C E x E* with domain D(A) = {& € F : Az # ()} and range
R(A) = U{Ax : z € D(A)} is said to be monotone if (z — y,z* — y*) > 0 for any
(z,2%), (y,y*) € A. An operator A is said to be strictly monotone if (x—y, z*—y*) >
0 for any (x,z*),(y,y*) € A (z # y). Let J be the normalized duality mapping
from F into E*. Then, J is monotone. If F is strictly convex, then J is one to one
and strictly monotone; for instance, see [50].

Let F be a Banach space and let

Tty

o0 =int {1 | 252y € Bullll = Iyl = 1. = ] =<}

We call the function ¢ : [0,2] — [0, 1] the modulus of convexity. A Banach space
E is said to be uniformly convex if §(¢) > 0 for every € > 0. A uniformly convex
Banach space is strictly convex and reflexive. In a uniformly convex Banach space,
we know the following lemma.

Lemma 2.9 ([50]). Let E be a uniformly convexr Banach space and let § be the
modulus of convexity in E. Let ¢ and r be real numbers with 0 < e¢ < 2r. Then,

o (%) > 0 and
€
— < _ _ c
Az + (1= Nyl < r{l 2A(1 — A\)§ (r)}
forall z,y € E with ||z|]| <r, ||ly|| <r and ||x —y|| > € >0 and X € [0, 1].

3. HOMOGENEOUS MAPPINGS IN BANACH SPACES

In this section, we discuss some properties for homogeneous generalized nonex-
pansive mappings in a Banach space. Let E be a Banach space and let K be a closed
convex cone of E. Then, T : K — K is called a positively homogeneous mapping
if T(ax) = aTz for all @« > 0 and x € K. Let M be a closed linear subspace of E.
Then, S : M — M is called a homogeneous mapping if T'(fz) = STz for all § € R
and x € M.

Remark 3.1. In LP spaces, 1 < p < oo, we know examples of nonexpansive and
positively homogeneous mappings; see, for instance, Wittmann [58].

We start with the following theorem.

Theorem 3.2. Let E be a smooth Banach space and let K be a closed convex
cone of E. Then, a positively homogeneous mapping T : K — K is generalized
nonezpansive if and only if for any v € K and u € F(T),

ITz|| < ||z| and (x — Tz, Ju) <O0.
Furthermore, let M be a closed linear subspace of E. Then, a homogeneous mapping
S : M — M is generalized nonexpansive if and only if for any x € M and v € F(T),

|Sz|| < ||z|| and (x — Sz, Jv) = 0.
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Proof. Since T is positively homogeneous, F'(T') must contain the origin. Further,
we have that for any z € K, u € F(T) and a > 0,

O(T(ax),u) < ¢(ow, u)
so(alTz,u) < ¢p(ax,u)
sllaTz||* - 2(aTx, Ju) < ||ox|* — 2(az, Ju)
s(|2)? = IT2]?)o® — 2a(x — Tz, Ju) > 0
(2] = 1T2]*) o — 2{x — Tz, Ju) > 0.
Letting o — 0, we obtain (z — Tz, Ju) < 0. From 0 € F(T), we have also ||z||* —

|Tz||?> > 0 and hence || Tx|| < ||z||. Conversely, if a positively homogeneous mapping
T : K — K satisfies that for any x € K and u € F(T),

|Tz|| < |z| and (x — Tz, Ju) <0,
then we have
|Tx|| < ||z] and (z, Ju) < (T'z, Ju).
So, we have
¢(Tx,u) = || Ta|* = 2(Tz, Ju) + [[ul®
< Jllf* = 2(z, Ju) + [|u]?
= ¢(z,u).
Then, T is generalized nonexpansive.

Similarly, since S is a homogeneous mapping of M into itself, F(S) must contain
the origin. Further, we have that for any x € M, v € F(S) and 5 < 0, we have

(lz]* = [[52]*) 8 = 2{x — Sz, Jv) < 0.
Letting § — 0, we obtain (x — Sz, Jv) > 0. Since (x — Sz, Jv) < 0 for § > 0, we

obtain (x — Sz, Jv) = 0. ||Sz|| < ||z|| is obvious. The reverse is obvious. O

We also know the follwing theorem from Takahashi and Yao [56]; see also Honda,
Takahashi and Yao [21].

Theorem 3.3. Let E be a smooth Banach space and let K be a closed convexr cone
in B If T : K — K 1is a positively homogeneous nonexrpansive mapping, then T
is generalized nonexpansive. In particular, if T : E — E is a linear contractive
mapping, then T is generalized nonexpansive.

From Theorems 3.3 and 3.2, we have the following corollary.

Corollary 3.4. Let E be a smooth Banach space and let K be a closed convex cone
of E. If a mapping T : K — K is positively homogeneous nonexpansive, then for
any z € K and u € F(T),

ITz|| < ||z] and (x — Tz, Ju) < 0.

Furthermore, let M be a closed linear subspace of E. If a mapping S : M — M s
homogeneous nonexpansive, then for any x € M and v € F(T),

|Sz|| < ||z|| and (x — Sz, Jv) = 0.
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Let E be a smooth Banach space and let C' be a closed subset in E. We call a
mapping 7 : C' — C a firmly generalized nonexpansive type [27] and [28] or firmly
skew-nonspreading [15] if it satisfies

(T, Ty) + ¢(Ty, Tx) + ¢(z, Tx) + ¢(y, Ty) < ¢z, Ty) + ¢(y, T'x)
for all x,y € C. By from (2.2), this inequality is equivalent to
(x =T, JTx — JTy) > (y — Ty, JTx — JTy)
for all x,y € C.

Theorem 3.5. Let E be a smooth Banach space, let K be a closed convex cone of
E and let T : K — K be a positively homogeneous firmly generalized nonexpansive
type mapping. Then, (x — Tz, JTx) > 0 for all x € K.

Proof. From the definition of a firmly generalized nonexpansive type mapping, we
have
(x =Tz, JTx — Ju) >0
for any € K and u € F(T). Then we have
(x = Tx,JTz) > (x — Tx, Ju).
Fixx € K and u € F(T). Let a = (x — Tz, JTz) and b = (x — Tz, Ju). From the
assumption of T', we have that for any a > 0,
o’a = (ax — T(ax), JT (az)),
ab = (ax — T(ax), Ju)

and

a’a > ab.
From this, we have a > éb. Letting @ — oo, we have a > 0, i.e., a = (x—Tx, JTx) >
0. This completes the proof. O

From Theorem 3.2, we introduce the following concept.

Definition 3.6. Let E be a smooth Banch space, let x € E and let F' be a nonempty
subset of E. The Sizihwan region between x and F' is the set

R(x;F)={z€ E:{(x— 2z Ju) =0 for all w € F and ||z|| < ||z|}.

Lemma 3.7. Let E be a strictly conver and smooth Banch space, let x € E and
let F be a nonempty subset of E. Then R(x; F) is nonempty, closed, convex and
bounded, and F'N R(x; F') consists of at most one point.

Proof. For any x € F and F' C E, x is always an element of R(xz; F'). Then R(z; F)
is nonempty. From the definition, it is obvious that R(x; F') is convex and bounded.
We show that R(x; F') is closed. Let {z,} be a sequence in R(x; F') and z, — zp.
Then, we have that for all v € F,

0= (x— zp, Ju) — 0= (xr — 2o, Ju)

and ||zo|| < ||z||. So, 20 € R(x; F).

Let z1,20 € FNR(z; F). Then (x — z1,J21) = 0 and (x — 22,J21) = 0. So,
we have (21 — 22, Jz1) = 0. Similarly, we have (z; — 22, Jz2) = 0. Then we obtain
(21 — 29,21 — Jz2) = 0. Since F is strictly convex, we obtain z; = zs. O
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Let F' be a nonempty subset of a Banach space E¥ and z € E. Then,
dist(z, F) = inf{||z — y|| : y € F}.

Lemma 3.8. Let E be a uniformly conver and smooth Banach space, let x € E and
let F' be a nonempty closed subset of E. Suppose {x,} is a sequence in R(x; F) such
that limy, o0 dist(zy, F') = 0. Then F N R(x; F) is nonempty and {x,} converges
strongly to a unique point in F N R(x; F).

Proof. Choose {y,} in F such that ||z, — y,|| — 0. By Lemma 3.7, both {z,} and
{yn} are bounded. Then, there exists a positive number M such that

for any n € N. Since {y,} C F, we have (z — x,, Jym) = 0 for any n,m € N. So,
we have
{z = Yn, Jym)| = (T — Tn, JYm) — (Yn — Ty JYm)|
= [(Un — Tn, JYm)|
< Mllzn = ynll-
Similarly, we have that [(x — yy, Jyn)| < M||zy —yn|| for any n € N. Then, we have
that for any n,m € N,
(@ = Yn, Jyn — Jym)| < (& = yn, Jyn)| + (2 = yn, Jym)|
< 2M||zn — ynl|.
Since ||z, — yn|| converges to 0 as n — oo, there exists a positive sequence t,, with
tn, ¢ 0 such that
<yn _CCaJyn - Jym> <t
for all n,m € N. Similarly, we have
Ym — T, JYm — Jyn) < tm
for all n,m € N. Then, we have
(Y Ym) + G(Yms Yn)
2
Since E is uniformly convex and smooth, from Kamimura and Takahashi [33] there

exists a continuous, strictly increasing and convex function g : [0, 00) — [0, 00) with
9(0) = 0 such that

= (Yn — Yms JYn — JYm) < tn +tm.

and
9Ulyn = ymll) = gUlym — ynll) < ¢(Ym,yn)
for all n,m € N. Then, we have

g(Hyn - ym“) <tn+itm

for all n,m € N. Therefore, from the properties of g, {y,} is a Cauchy sequence
in F. So, {z,} is also a Cauchy sequence in R(z;F). Then both {y,} and {z,}
converge to a same element z € E. Since both F' and R(z; F) are closed, the limit
z belongs to F'N R(z; F). O

Using Corollary 3.4, we have the following result.
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Lemma 3.9. Let E be a smooth Banach space, let M be a closed linear subspace
of E and x € M. For any homogeneous nonexpansive mapping T : M — M, Tz is
an element of R(x; F(T)) N M, where F(T) is the set of all fized points of T.

The finite composition of homogeneous nonexpansive mappings is also a homo-
geneous nonexpansive mapping. Then, using Lemma 3.8 we have the following
theorem.

Theorem 3.10. Let E be a uniformly conver and smooth Banach space, let M be
a closed linear subspace of E and let {T,, : n € N} be a sequence of homogeneous
nonexpansive mappings of M into itself such that NpenF(T),) # 0. Let {z,} be a
sequence of M defined by x € M and

Tp=1po0Typ_10---Thx
for alln € N. Then, {x,} converges strongly to an element of NpenF (1)) if and
only if limy, oo dist(zy, NpenF (1)) = 0.

Proof. Let x € M and put S,, = T, oT,_10---T7 for all n € N. Since S5, is a
homogenuous nonexpansive mapping of M into itself, we have that ||z,| < [|z| and
(x —xp, Ju) =0 for all u € F(S,). So, we have ||z,| < ||z| and (z —z,, Ju) = 0 for
all u € NyenF (Sy,) and n € N. This implies x,, € R(x; NpmenF (Sp)) for all n € N.
If limy, o0 dist (2, NimenF (Sm)) = 0, then from Lemma 3.8 we have {z,,} converges
strongly to a unique point z of NyenF (Sm) N R(x; NimenF (Sm))-

Conversely, if {z,,} converges strongly to an element of N,enF(Sy,), then it is
obvious that lim,, o dist(2y, NpmenF(Sm)) = 0. O

4. STRONG CONVERGENCE THEOREMS

Let Y be a nonempty subset of a Banach space E and let Y* be a nonempty
subset of the dual space E*. Then, we can define the annihilator Y of Y* and the
annihilator Y of Y as follows:

Yi={zeFE:f(x)=0foral feY"}
and
Yit={feE :f(z)=0forallzecY}.
We know the following result from Megginson [41].
Lemma 4.1 ([41]). Let A be a nonempty subset of E. Then
(A"). =spanA,
where Spand is the smallest closed linear subspace of E containing A.

Let T : F — FE be a bounded linear operator. Then, the adjoint mapping
T* : E* — E* is defined as follows:

(x, T*x*) = (Tx,x")

for any x € F and x* € E*. We know that T™ is also a bounded linear operator
and [|T'|| = ||T*|]. If S and T are bounded linear operators form E into itself and
a € R, then (S +T)" = S*+T* and (aS)" = «(S)". Let I be the identity operator
on E. Then, I'* is the identity operator on E*. Let T** : E** — E** be the adjoint
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of T*. Then we have T**(7(FE)) C n(E) and 7~ 'T**7 = T, where 7 is the natural
embedding from E into its second dual space E**; see [41].

Lemma 4.2. Let E be a strictly convex, smooth and reflexive Banach space, let T’
be a linear contractive operator of E into itself, i.e., T : E — E is a linear operator
such that ||T|| < 1 and let F(T) be the set of fixred points of T. Then JF(T) is
a closed linear subspace in E* and JF(T) = F(T*) = {z — Tz : z € E}*, where
J : E— E* is the normalized duality mapping and T™* is the adjoint operator of T

Proof. From Corollary 3.4, we have
(x =Tz, Ju) =0
for any x € E and u € F(T'). We also have that
(x =Tz, Ju) =0 < (z,Ju) = (Tx, Ju)

& (z, Ju) = (z, T Ju)

& (z,(I" =T")Ju) =0,
where I* is the identity operator in £*. Since this equation holds for all z € E, we
have (I* —T*)Ju = 0. Then, T*Ju = Ju and hence JF(T) C F(T™).

Since ||T%|| = ||T]| < 1, we can get the same fact about T*. So, we obtain that
J.F(T*) C F(T*),
where J, : B* — E** is the duality mapping in £*. Under assumptions on E, we
know that J, = J~! and T** = T. Then, we have
F(T*) c JF(T*) = JF(T).

So, we obtain that F(T™) = JF(T) and hence JF(T) is a closed linear subspace of
E*.

Finally, we show that F(T*) = {# =Tz : z € E}*. Let S = I — T, where
I: E — FE is the identity operator on E. If 2* € {z € E* : S*z = 0}, then we have
(Sy,z*) = (y,S"z*) =0
for any y € E. This implies 2* € {z — Tz : z € E}*. We know that S$* = I* — T*
and {z € E* : §*z = 0} = F(T*). So, we have F(T*) C {z =Tz :z € E}*. On
the other hand, if 2* € {z — Tz : 2 € E}*, then we have (Sy,z*) =0 for all y € E.

Since

(y, S*x™) = (Sy,z*) =0
for all y € E, we have S*z* = 0 and hence z* € F(T*). This implies {z — Tz : z €
E}Yt ¢ F(T*). Then, we have F(T*) = {z — Tz : z € E}*. This completes the
proof. O

Theorem 4.3. Let E be a strictly convex, smooth and reflexive Banach space, let
T be a linear contractive operator on E and let {S, : n € N} be a sequence of
contractive linear operators on E such that F(T) C F(Sy) for all n € N. Suppose
ToS,=58,0T for alln € N. Then, the following are equivalent:

(1) Spx converges to an element of F(T') for each x € E;
(2) Spx converges to 0 for each x € (JF(T)),;
(3) Spx — T o Spx converges to 0 for each x € E.



STRONG CONVERGENCE THEOREMS 557

Furthermore, if (1) holds, then S,z converges to Rpryr € F(T), where Rpry =
J_lﬂJF(T)J and I jp(ry is the generalized projection of E* onto JF(T).

Proof. Suppose (1). Then, for any = € E, Spyx € R(z; F(Sy,)) C R(x; F(T)) for all
n € N. We know from Lemma 3.7 that R(z; F(T)) N F(T) consists of at most one
point. Since R(z; F(T)) is closed and S,x converges strongly to an element z of
F(T), R(x; F(T)) N F(T) = {z}. Let Rx be the unique element z of R(z; F(T)) N
F(T). Then, a mapping R : E — F(T') defined by z = Rz is a retraction of E onto
F(T). Further, we know from Corollary 3.4 that (x —S,z, Ju) = 0 for all u € F(S,)
and n € N. So, we have

(4.1) (x — Rz, Ju) =0
From Rx € F(T'), we also have (x — Rz, JRz) = 0 and thus
(4.2) (x — Rz, JRx — Ju) =0

for any w € F(T'). So, from Lemmas 2.3 and 2.4, R is the unique sunny generalized
nonexpansive retraction of £ onto F'(T"). Therefore, from Theorem 2.6, we have

R = Rpery=J "WypJ,
where I1;p(r) is the generalized projection of E* onto JF(T). If » € (JF(T)),
then we have (z, Ju) = 0 for all w € F(T). From (4.1), we also have (z— Rz, Ju) =0
for all uw € F(T'). So, we get (Rz,Ju) = 0 for all w € F(T). This implies Rz €
(JE(T)),. From Rz € F(T)N (JF(T)), and F(T)N (JF(T)). = {0}, we have
that S,z — Rpryz = 0 as n — oo. Then, we obtain (2).
Suppose (2). From Lemma 4.2, JF(T) is a closed linear subspace of E*. Then,
we have from [2, 3, 20, 19] that for any = € F,
v = Rpayz + Pup). 2,
where Pjp(1y), is the metric projection of E onto (JF(T))L. So, we have from (2)
that
Spx = Sn(Rpm® + Purr), ©)
= SnRpr)® + SnPyrr)), ®
= Brayz + SnPpm).
— RF(T)I' S F(T),
as n — oco. Then, we obtain (1). Furthermore, we know from Corollary 3.4 that

x—Tx € (JF(T)), for all z € E. So, we have from (2) that S,(z — Tz) — 0 as
n — 00. So, we have from T 0 S, = .5, oT that for any = € F,

Spx —T o Spx =Sz —S,0Tx
=Sp(z —Tx) — 0,
as n — oo. Then, we obtain (3).
Suppose (3). We have from (3) and T o S,, = S, o T that for any x € E,
Sp(x —Tx) = Spx — Sp(Tx)
= Spx — SpoT(x)
= Spx —T o Sy(z)
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— 0.

So, we have S,y converges to 0 for any y € {x — Tz : x € E}. From Lemmas 4.2
and 4.1, we have

(JE(T), =({z—-Tz:2€ E}), =span{z —Tx:z € E}.

Take x € (JF(T')),. Then, for any € > 0, there exists an element y € {z — Tz : z €
E} such that ||z — y|| < e. So, we have

[Snz ]l = [1Sny + (Snz — Sny)|
< [1Snyll + 1Sz = Sny
< [1Snyll + llz = wll
< [ISnyll + €

and hence
limsup || Spx|| < limsup(||Spyll +€) = e.
n—oo n—oo

Since € > 0 is arbitrary, we have that for any x € (JF(T))., S,z converges to 0.
Then, we obtain (2).

Furthermore, if (1) holds, then we have from the proof of (1) that for any z € E,
Spx converges strongly to Rpmyz € F(T). O

Using Theorem 4.3, we have the following useful result.

Theorem 4.4. Let E be a strictly convex, smooth and reflexive Banach space, let
T be a linear contactive operator on E, let {T; : i € N} be a sequence of linear
contractive operators on E such that F(T) C F(T;) for all i € N. Let S,, = T, o
Th_10---0Ty for alln € N and suppose that T o S, =Sy, oT for alln € N. Then,
the following are equivalent:

(1) Spx converges to an element of F(T) for each x € E;

(2) Spz converges to 0 for each x € (JF(T))L;

(3) Spx —T o Spx — 0 for each x € E;
Furthermore, if (1) holds, then Syx converges to Rpyx € F(T), where Rpry =
J*IHJF(T)J and 1L yp(7) is the generalized projection of E* onto JE(T).

Proof. For any n € N, S,, =T, 0T, _10---07T} is a linear contractive operator on
E and F(T') C F(S,). for all i € N. Further, from the assumption, 70 S,, = S, 0T
for all n € N. So, we have the desired result from Theorem 4.3 [l

5. APPLICATIONS

In this section, using Theorems 4.3 and 4.4, we obtain some strong convergence
theorems for linear contractive mappings in a Banach space.
In 2003, Bauschk, Deutsch, Hundal and Park showed the following theorem [7].

Theorem 5.1. Let T be a contractive linear operator on a Hilbert space H; i.e.
IT|| < 1, and let M be a closed linear subspace of H. Consider the following
statements;

(1) limy, 00 [|T"x — Pyz|| = 0 for each x € H;

(2) M = F(T) and T"x converges to 0 for each x € M~*;
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(3) M = F(T) and T"x — T" 'z — 0 for each x € E.

Then, all statements are equivalent.

Using Theorem 4.3, we can obtain an extension of the above theorem to a Banach
space.

Theorem 5.2. Let E be a strictly convex, smooth and reflexive Banach space,
let M be a closed linear subspace of E such that there exists a sunny generalized
nonexpansive retraction R of B onto M and let T be a contractive linear operator
on E. Then the following are equivalent:

(1) T™x converges to the element Rx of M for each x € E;

(2) M = F(T) and T"x converges to 0 for each x € (JM), ;

(3) M = F(T) and T"z — T" 'z — 0 for each x € E.
Furthermore, if (1) holds, then R = Rpry = J*IHJF(T)J, where I ;pr) is the
generalized projection of E* onto JF(T).

Proof. 1f (1) holds, then it is obvious that F(T') C M. Conversely, take z € M.
Then we have Rz = z. Since T"z converges to the element Rz = z and T is
continuous, we have 7" %1z converges to the element Tz. On the other hand, 77!z
converges to the element z. So, we have Tz = z. This implies M C F(T'). Then we
get M = F(T). Define S,, = T" for all n € N. Then, we have F(T) C F(T;) and
ToS, =8,0T for all n € N. So, we have the desired result from Theorem 4.3. [J

Remark 5.3. If M is a closed linear subspace of a Hilbert space H, then there exists
the metric projection P of H onto M. In a Hilbert space, the metric projection P
of H onto M is coincident with the sunny generalized nonexpansive retraction R,
of H onto M.

Applying Theorem 4.4, we obtain a strong convergence theorem of Mann type
for contractive linear mappings in a Banach space.

Theorem 5.4. Let E be a smooth and uniformly convex Banach space and let T
be a contractive linear operator on E. Let {ay,} be a sequence of real numbers such
that 0 < o, <1 and Y02 an(l — ) = 0o0. Then a sequence {x,} generated by
r1=x € FE and

Tpt1 = nZn + (1 —ap)Tx,, n=123,...,

converges strongly to the element Rx of F(T), where R = Rp() = J_IHJF(T)J
and U jp(ry is the generalized projection of E* onto JF(T).

Proof. Let T; = a;1 + (1 — ay)T for all i € N, where I is the identity operator on
E andlet S, =T,0T1T,-10---07Tj for all n € N. Then, we have that z,11 = Spx.
Since T is a linear cotractive operator, F'(T') is a closed linear subspace of E. For
any i € N, we have ||T;|| <1 and F(T') = F(T;). Indeed, we have

T3]l = llewd + (1 = i) T|| < el ]| + (1 = ) | T < 1.
We show F(T) = F(T;). If x € F(T), then Tjx = aj—1Iz + (1 — aj—1)Tz = = and
hence F(T) C F(T;). Conversely, if x € F(T;), then since 1 — ;1 > 0, we have

r=Tr=c=ole+(1—a;)Tx
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=1-a)r=01—-a)Tx
= ="Tz.

Then, we have F(T;) C F(T). Using these results, we obtain that |S,|| < 1 and
F(T) C F(Sy) for any n € N.
Next, we shall show that T o S,, =5, cT. When n = 1, we have

ToSi=ToTy
=T (a1l + (1 —a1)T)
=T+ (1 —ay)T?
=TioT =510T.
Suppose that for some k € N, T 0 S, = S, oT. Then, we have
ToSgy1=To0Tgy10Sk

=T (oSk + (1 — ag)T o Sg)

=T oS+ (1—a)T? oSy

=opSpoT+ (1 —ag)ToS,oT

=Tgi108, 0T = Skrq107T.

Then, by induction, we have that T o S,, =S, oT for any n € N.
By Theorem 4.4, it is sufficient to show that

|z, — Txy|| — 0 as n — oo
for any g = x € E. Let u € M. Then, for fixed xg = x € F, we have
[Zn1 — ull = [lanzn + (1 — an)Ten — ul
< affzn —ull + (1 = an) | T2n — ull
< alflzn —ull + (1 = an)||lzn — ull
= l[an —ull.
So, im0 ||y, — | exists. Putting lim_, ||, — u|| = ¢, without loss of generality,

we can assume that ¢ # 0.
Using Lemma 2.9, we have that

|znt1 — ul| = [|lazn + (1 — apn) Tz, — ul|
= |la(zy, —u) + (1 — o) (Txy, —u)||
Ty, —
< |#n — ul {1 — 20 (1 — )0 <”$n$n”) } .
”xn - UH
Then, we obtain

- [Tz — 0|
2Zan(1 —an)d <H> < lzr — ul] — ¢ < +o0.
2 T

From the assumpusions of {«,}, we have liminf, . 0 <%) = 0. Then we
have

liminf | Tz, — z,|| = 0.
n— oo
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On the other hand, we have
[Tzn+1 — znga |l < anl|[Teni1 — zall + (1 — )| Tzns1 — T
< oapl|Tzns1 — Tnsall + [[Tnt1 — 20|
< anl|Tzns1 — Tpal| + (1 — )| Tzn — 0.
Then, we have [|[Tzp+1 — Tpt1|| < [|T2n — zn|. So, we obtain that

lim | T2, — 2| = liminf || Tz, — x,|| = 0.
n—00 n—00

By Theorem 4.4, {x,} converges strongly to the element Rx of F(T'), where R =
Rp(r) = J_ll_.[JF(T)J and Il ;p(7y is the generalized projection of E* onto JF(T).
This completes the proof. O

From Theorem 4.3, we can show a mean strong convergence theorem for contrac-
tive linear operators in a Banach space; see Yosida [59].

Theorem 5.5. Let E be a smooth, strictly convex and reflexive Banach space and
let T be a contractive linear operator on E. Then, for each x € E, the Cesaro means

1 n
Spx = - ;Tka:

converge strongly to the element Rx of F(T), where R = Rpry = J_1HJF(T)J and
ey is the generalized projection of E* onto JF(T).

Proof. For any n € N, the operator S, : E — FE is a contractive linear operator.
Further, we have F(T) C F(S,) and T o S,, = S, o T for any n € N. In fact, for
any x € F and n € N, we have

R R

TSww=—Y THlz == "T'Tzr =S,Tx.

" k=1 " k=1
To complete the proof, it is sufficient to show that S,z — T o S,z — 0 for each
x € E. We have

R 1=
Snx—ToSnx—nZTx—T<nZTx
k=1 k=1
n+1

L, 1 k

=D Tha——) The

k=1 k=2

1

=— (Tx - T"'Hx) .
n

Then, for any n € N, we have
1 1 2
152 =T 0 Snzl| = — [Tz — Tz < - Tzl + 1T ])) = Tzl

So, we obtain that S,z — T o S,z — 0 for each € E. Using Theorem 4.3, {S,x}
converges strongly to the element Rz of F(T'), where R = R;p) = J_IHJF(T)J
and II;p(7) is the generalized projection of E* onto JF(T). This completes the
proof. O
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Remark 5.6. In Theorem 5.5, note that the point z = lim,,_,, S, is characterlized
by the sunny generalized nonexpansive retraction R = Rp) = J -1, r(r)J of £
onto F(T'). Such a result is still new even if the operator T is linear.

In [10], Bruck introduced and discussed a firmly nonexpansive mapping in a
Banach space. All norm one linear projections, all sunny nonexpansive retractions,
and all resolvents of an accretive operator are firmly nonexpansive; see also [4]. Let
E be a Banach space and let C' be a nonempty closed convex subset of E. Then a
mapping 7' : C' — F is said to be firmly nonexpansive [10] if

[tz —y) + (1 = t)(Tz = Ty)|| = [Tz = Ty||

for all z,y € C and t > 0. It E is smooth, it is not hard to check that a mapping
T : C — FE is firmly nonexpansive if and only if

(t —Tx—(y—Ty),J(Tx —Ty)) >0

for all z,y € C, where J is the duality mapping on E. In a smooth Banach space,
a linear operator T : F — F is firmly nonexpansive if it satisfies

HTﬂUH2 <Az, JTx)

for any z € E. For any nonexpansive mappings S on a Hilbert space, the mapping
T = %(I + S) is firmly nonexpansive, where I is the identity mapping; see [17].
From Theorem 3.5, we have the following result.

Theorem 5.7. Let I/ be a smooth Banach space and let T be a linear operator on
E. If T is a firmly generalized nonexpansive type, then T is firmly nonexpansive.

Finally, we prove strong convergence theorems for firmly nonexpansive linear
operators in a Banach space.

Theorem 5.8. Let E be a strictly convex, smooth and reflexive Banach space, let T’
be a linar firmly nonexpansive operator on E, let F(T') be the set of all fixed points
of T. Then, for any v € E, limy oo T"x = Rpr)T, where Rp(r) is the sunny
generalized nonezpansive retraction of E onto Rp(r).

Proof. From Ibaraki and Takahashi [27] and [28], we can define the sunny general-
ized nonexpansive retraction Rg(r) of E onto F' (T'). We also know from Reich and
Shafrir [47] that if T is firmly nonexpansive, then for all z € E and k € N,

Tn—l—k —_Tn ™
lim |72 — T"z| = lim | ‘ I = lim ‘ =
n—00 n—o00 k n—00 n
Since {T™z} is bounded for any = € E, we have
T'fl
lim |72 — T"z|| = lim H Tl =o.
n—00 n—00 n
Then, by Theorem 5.2, we obtain limy, . 7"z = Rp()z for any = € E. g

From Theorem 3.10, we also obtain the following theorem.
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Theorem 5.9. Let E be a strictly convex, smooth and reflexive Banach space, let
M be a closed hyperplane of E such that for some z* € E* \ {0}

M={z€eFE:(z,z")=0}

and let {T,, : n € N} be a sequence of homogeneous nonexpansive mappings of E
into itself with F(T,,) = M, n € N. For x € E, define a sequence {x,} in E by

Tp=Tpno0Tyh_10---Thx.

Then {x,} converges strongly to an element y € M if and only if it converges weakly
toy e M.

Proof. Tt is sufficient to show that if {z,} converges weakly to y € M, then it
converges to y € M strongly. Let Pj; be the metric projection of E onto M.
Suppose x,, =~y € M. If z,, € M for some m € N, then z,, = x,, for any n > m.
So, we have z,, -y € M. If {z,} C E\ M, then we have from [49] that

1 _
Pyxp = xpn — W(a}n,z*)J Lox.

So, we have

1
- P = — ).
Since ,, =~y € M = {z € E : (z,z*) = 0}, we have ||z, — Pyay,|| — 0. From
Theorem 3.10, {x,} converges to an element of M strongly. Then, we have z,, — y.
O
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