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SCHUADER’S CONJECTURE ON CONVEX METRIC SPACES

T. BUTSAN, S. DHOMPONGSA*, AND W. FUPINWONG

ABSTRACT. We first prove that the Schauder’s conjecture holds for convex metric
spaces, thus compact convex subsets of a CAT(0) space have the fixed point
property for continuous mappings. We then obtain a continuous selection of a
lower semi-continuous mapping with compact convex values defined on a compact
convex subset of a convex metric space. Consequently, the Kakutani fixed point
theorem is extended to a convex metric space.

1. INTRODUCTION

In this paper we mainly work on continuous selections, fixed points of single
valued and multi-valued continuous mappings in metric spaces. One of the most
famous results on selections known as Michael selection [11] states that:

Michael selection Let X be a Banach space and E a paracompact topological
space. If T : E — 2X\() is a lower semi-continuous mapping with closed convex
values. Then T has a continuous selection, i.e. there exists a continuous mapping
t: E — X such that tx € Tz, for each x € F.

Various attempts had been made to modify or generalize this theorem. Examples
of such results can be found in Park [14, 15| and referrences theirin. We want to
point out one interesting observation from Yost [21] in which it had been shown
that Lipschitz version of Michael selection was not possible, except for some finite
dimensional cases.

One of the most resistant open problems in the theory of nonlocally convex linear
metric spaces is:

Schauder’s Conjecture Let F be a compact convex subset in a topological vector
space. Then a continuous mapping f : K — E has a fixed point.

In [13] Nhu and Tri had shown that all Roberts spaces have fixed point property.
We say that a metric space has the fixed point property for continuous mappings on
compact convex sets if every continuous mapping from its compact convex subset
into itself has a fixed point. In [12], Nhu continued his research toward the problem
by introducing the notion of weak admissibility and proved that weakly admissible
convex compact subsets have the fixed point property. Chen [3] solved this problem
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for convex continuous mappings. The problem was still open until 2001 when R.
Cauty [2] finally gave to it an affirmative answer:

Theorem 1.1 ([2]). Let E be an arbitrary convex subset of a topological vector
space, every continuous mapping f : E — E such that f(FE) is contained in a
compact subset of E (i.e. every relatively compact mapping f : E — E) has the
fixed point property.

For multi-valued mappings, we have:

Kakutani Fixed Point Theorem Let E be a nonempty compact convex subset
of R*, and T : E — 2F\() be an upper semi-continuous mapping with compact
convex values. Then T has a fixed point, i.e., a point x such that x € Tx.

This theorem has been generalized to locally convex spaces by many authors to
various types of mappings. See, e.g., Tychonoff [20], Brower [1], Fan [6], Glicksberg
[7], Himelberg [8], Riech [16], [17].

Observe that the condition on the compactness of the domains of continuous
mappings in the Schauder fixed point theorem can not be dropped. Indeed, this
is the case even we consider only for Lipschitz mappings as shown in the following
results (see also [4]):

Theorem 1.2 ([10] ). A convez set in a Banach space has the fized point property
for Lipschitz mappings if and only if it is compact.

In this paper, we extend the Schauder fixed point theorem and the Kakutani
fixed point theorem to the metric space setting.

2. PRELIMINARIES AND DEFINITIONS

Let X be a topological space, £ be a nonempty subset of X. A multi-valued
mapping T : E — 2X\() is said to be upper semi-continuous at xo € E if for each
neighborhood U of T'(xy), there exists a neighborhood V' of xy such that T'(x) C U
for each = € V, lower semi-continuous at xy € E if for each open set U such that
UNT(xg) # 0, there exists a neighborhood V' of xy such that U N T(x) # 0 for
each x € V. T is continuous at xo € F if T is upper and lower semi-continuous at
xo. And T is upper semi-continuous, lower semi-continuous, and continuous on E
if T' is upper semi-continuous, lower semi-continuous, and continuous at each point
of E, respectively. A mapping t : F — X is called a selection of the mapping T if
tr € Tx, for each x € E. And a selection t is said to be a continuous selection if it
is continuous.

An equivalence statement of being upper semi-continuous of a mapping 7' is that
the mapping has a closed graph, i.e., for each sequence {x,} converging to x, for
each y, € Tx, with y, — y, one has y € Tx.

If F is a nonempty subset of a metric space (X,d), z € X, we shall denote
by d(z,F) = inf,cpd(z,a) the distance from the point z to the subset E, and
diam(E) = sup, ye g d(a, ) the diameter of E. If E is the closure of E, we can see

that d(x, E) = d(z, E), and diam(E) = diam(FE). Moreover, if E is compact, then
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there exists a € E such that d(z,a) = d(x, F). Write B(x,¢) for the closed ball
centered at x with radius e.

Following Kirk [9], we suppose (X, d) is a metric space containing a family £ of
metric segments such that (a) each two points x,y in X are endpoints of exactly one
member [z,y] of £ and (b) if p,z,y € X and if m € [z, y] satisfies d(z,m) = ad(z,y)
for o € [0, 1], then

(2.1) d(p,m) < (1 — a)d(p,z) + ad(p, y).

Spaces of this type are said to be of hyperbolic type. Takahashi [19] called these
spaces convex metric spaces, and for convenience, we shall follow his terminology
throughout the rest of this paper. CAT(0) spaces as well as normed linear spaces
and hyperconvex metric spaces are convex metric spaces. A subset of X is said to
be convex if every segment in £ joining two points in the set entirely lies in the set.

3. MAIN RESULTS

3.1. Schauder’s conjecture for convex metric spaces. In this section we ob-
tain the fixed point property for continuous mappings on compact convex subsets
of a convex metric space. We introduce some more terminologies.

Ifa+p=1,q,p8€]0,1], and z,y € X, we shall denote by ax® Sy the element m
in [z,y] € £ such that d(z,m) = Bd(z,y) and d(y,m) = ad(x,y). Let {a1,..., a4}
be a subset of X. For 2 <n <¢q,if Y I | ain =1, vy, € [0, 1], we write

[0 (6% Oy
@?:lamai = (1 — ann)( 1n ai & 2n as PD---P ﬂan—l) ) pnQn
1*0[7-”7/ ].*Oénn 1*ann
(3.1) = (1 — ann)k] ® apnan

as long as apy, # 1.
Thus, for examples,

a12a1 @ aggaz is a point in the segment [a1, as] and

13 23
a1 b
(013 + a23) (o3 + a3

The defition of @ in (3.1) is an ordered one in the sense that it depends on the order

a13a1 ® aoszag @ aszaz = (o3 + a23)< )a2> @ assas.

of points ai,...,aq. We can see that if A is a convex subset of X and a; € A, for
each i € {1,2,...,n}, then & ,a;a; € A. Moreover, from relation (2.1), we have

n
(3.2) d(®j_ya, ) < Zaid(ai, x),

i=1

for each z € X.
We need the operation @ to satisfy the following condition:

If{an} is a sequence in [0, 1] and {x,} is a sequence in X such that a,, — a,
(33) 2, =z, for some a € [0,1] and x € X, then anz,®(1—an)y — azd(1—a)y,
for each y € X.
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From its definition in terms of comparison triangles, we can see that the operation
@ on CAT(0) spaces satisfies condition(3.3).

For any metric space (X, d), there defines a natural embedding i : X — [*°(X) by
i(x) = (d(z,y) — d(xo,y))yex , where g € X is fixed. Thus X can be isometrically
embedded into the space [°°(X) under supremum norm ||||«. For each finite subset
{v1,...,v;} of X, write

i
co(vy, ..., v;) = { 69;-:1 ajvj i {ar, o0, 01 C [0, 1],Zozj = 1}
j=1
as a subset of X, and

i 7
CO(Ul,...,UZ‘) = {ZOZ]‘U]' : {al,ag,...,ai} C [07 1]720@‘ = 1}
j=1 J=1

as a subset of [*°(X).
Define a mapping
B :co(v,...,v;) = co(vr, ..., v;)
by

(3.4) 5(20@"03‘) = EB;-:lajfuj.
j=1

By condition(3.3), it can be shown that j is continuous.

Theorem 3.1. Let E be a compact convex subset of a convex metric space X. Then
E has the fized point property for continuous mappings.

Proof. Since E and i(E) are isometric, it suffices to prove that i(E) has the fixed
point property for continuous mappings. Let t : i(E) — i(E) be continuous and
let A > 0. Since i(E) is compact, there exists a finite subset {a1,as,...,a,} of
i(E) such that i(E) C Jf_; B(a;, \/8). Consider the convexhull co(ai,...,ap). At
each point a; (latter will be called a vertex), draw a ball centered at a; with ra-
dius A/4. Color each of these balls in red. Draw segments (later will be called
edges) of the form [a;,a;] whenever d(a;,a;) < A/2, and color these edges in red.
Moreover, if the convexhull co(aii,...,a;;) (later called a red subface) for some
air, € {ai,a2,...,ap},k =1,...,7, has all edges colored in red, we color the con-
vexhull in red as well. Denote such the maximal convexhull by C(A), where A
is some set of vertices, and call it a component generated by A. Clearly, its di-
ameter is at most A\/4 + A\/2+ A/4 = A. Let {C(A1),...,C(Ay)} be all distinct
components where A; C {ai,...,a,} for each i = 1,...,¢. Denote the set of points

of intersection of edges and faces of C(4;) and C(4;) by {b},... YL f it ex-

157 » Vg
ists. Thus {b}j, R bf}j } is exactly the points of intersection of edges and faces of
co(A;) and co(A;j). On each co(A;) = co(vi,...,vn), each point of intersection b;;
lies on the boundary (with respect to the topological subspace co(ai,...,ap)) of
co(A;). We can define a continuous function a from co(ay, ..., ap) onto itself such

that the restriction on (J!_; C(4;) is a retraction onto the union J.; co(4;). So
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a sends each ball B(a;, A/4) into itself. For examples, an isolated ball B(a;, A\/4)
(i.e., B(ai, A\/4) N B(aj, A\/4) = 0 for all j # i) is sent to its center, and an isolated
component C(4;) (i.e., C(A4;) NC(A;) =0 for all j # i) is sent to co(A;). Thus, we
observe that

(3.5) d(z,ax) < N/4 for each point x in the red region.

This follows from the fact that each point z in the ball B(a, A/4) satisfies d(x,a) <
A/4. We are going to map each point x in set co(A) to Sz in i(E) so that d(x, Sx)
is sufficiently small. Triangulate (J!_; co(4;) by induction on i using all vertices
{a1,...,ap}. Then extend this set of simplices to obtain a complete triangulation
{AY . AT} of co(ay, ..., ap). Order the vertices of co(41),...,co(4,) in such a
the way that the order of the vertices of faces of A/ common to the ones of A’ for
J < i are unchanged. This can be easily done by induction. If bj; = > ayv;, lies in
a face co(vj,,...,v;, ) of A% put Bij = ®ayv;,. Thus a@; = a; for each i. Note by
(3.2) that d(vk,, bij) < A\/2 for each kg € {i1,...,in}. Therefore, for b;; and by in
a face of A, we have

(3.6) d(gl],gzk) < d(gij, vko) + d(vk)075’ik) < )\/2 + /\/2 = A,
where vy, is a vertex of Al
Refine the triangulation {AY, ..., A"} of co(ay, ..., aq) by using intersection points
bi;’s appearing in each simplex in {A!,... A"}, Let {Al,...,A®} be a complete
triangulation of co(ay, ..., a,) using all vertices {a1,...,a,} and all b;;’s.
Define a mapping 8 on co(ay,...,a,) so that the restriction of 8 over A’ =
co(vi1, . .., Vin,) is the mapping defined by
n;
(3.7) I3 < Z ajvij) = @?;1(13@5.
j=1
As above, we can show that § is continuous. Moreover,
q
(3.8) d(x,Bz) < 3X\/2 for each z that lies in U co(A;).
i=1

To verify (3.8), we let z € AJ C co(A4;) for some i and j. Let = > agu;, , where
for each k, u;, is a vertex in A; = {vj1,...,vin,} or a point of intersection b;; lying
in a face AJ. Thus (3.6) implies that

d(z,Bz) < d(m,uiko)—l—Zakd(uiko,uik)
k

< A24 X =3)\/2.

Let m : i(E) — co(aq,...,ap) be the mapping defined by w(z) = co({y €
co(at,...,ap) Ni(E) : d(z,y) = d(x,co(ai,...,a,) Ni(E))}). Note by the com-
pactness of co(ai,...,ap) Ni(E) that 7(x) # 0. Note also that d(z,y) < /8
for all y € w(x). Clearly, 7(z) is compact and convex and w(z) = {z} for x €
co(at,...,ap) Ni(E). Using the fact that each neighborhood of m(x) contains a
neighborhood of the form Ne(m(z)) = Uyery) By, €), it is straightforward to
show that 7 is upper semi-continuous. For each z € i(F), m(x) lies in the red
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region. For suppose x € B(a;, A\/8) for some i and for each y € 7(x), we have
d(z,y) < d(z,a;) < A/8 and hence d(a;,y) < d(a;,x) + d(z,y) < N\/8+ \/8 = \/4.
Therefore 7(x) C B(a;, A/4) which is a part of the red region.

Now the mapping 7tfSa is upper semi-continuous on co(ay, ..., a,) and has com-
pact convex values. Kakutani fixed point theorem then guarantees that = € wtfax
for some x. Since tfax € i(E), so wtfax lies in the red region and hence x lies in
the red region.

Now, by (3.5) and (3.8), d(tBax, fax) < d(tfax,x) + d(z,az) + d(ax, fax) <
A/8+A/4+3)\/2 =15)\/8. Finally, as \ is arbitary and E is compact, ¢ has a fixed
point. O

For R-trees, and for nonexpansive mappings, the domain of a continuous mapping
can only assume to be closed and convex. For example, Espinola and Kirk [5] had
shown that:

Theorem 3.2 ([5]). Let (X,d) be a complete R-tree, and suppose E is a closed
conver subset of X which does not contain a geodesic ray. Then every commuting
family & of nonexpansive mappings of E — E has a nonempty common fixed point
set.

This result was extended by Shahzad [18] by proving that:

Theorem 3.3 ([18]). Let X be a nonempty geodesically bounded closed convex subset
of a complete R-tree. & a commuting family of nonexpansive self-mappings of X,
and T : X — 2% almost lower semi-continuous, where for any v € X, Tx is
nonempty closed bounded and conver. If & and T commute weakly, then there
exists an element z € X such that z =t(z) € T(z) for allt € 3.

As a corollary of Theorem 3.1 we autometically have the following result:

Corollary 3.4. Compact convex subsets of a CAT(0) space have the fized point
property for continuous mappings.

3.2. Continuous selections. The following known result plays a major role in the
proof of our main result in this section:

Lemma 3.5. Let X be a metric space and 1 : X — R be an upper semi-continuous
mapping. Then there exits a decreasing sequence of continuous mappings {dn}
conveinges pointwise to .

Remark 3.6. It is easy to see that if |¢)| < M on a compact subset of X, then
|| < M on that set for all large n.

We now present a continuous selection theorem for mappings which are lower
semi-continuous:

Theorem 3.7. Let E be a nonempty compact convex subset of a convex metric
space (X,d), and T : E — 2E\® be a lower semi-continuous mapping with compact
convez values. Then there exists a continuous functiont : E — FE such thattx € Tz,
for each x € E.
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Proof. Given e > 0. Since F is compact, so there exists a finite subset {z1, 22, ..., 2n}
of E such that
(3.9) E c UY,|B(z,¢/4).

Define ¢n;(x) = d(z;,Tz) for x € E and for i = 1,...,N. Since T is lower
semi-continuous, it is easy to see that ; is an upper semi-continuous mapping.

Observe that the set Ey; := {x € E : ¢1;(x) < ¢} is open, and it is seen by
(3.9) that F = UﬁvzlEli. Writing E1; as a union of open balls in F we see by the
compactness of F that E C Ujj‘/ilB(wlj,rlj) =5, Uj]\/il B(wj,715 — 1/n). Again
by compactness, & C Ujﬂilﬁ(wu,rlj —1/ng) = Uf\LlFM , for some ng, where Fy; is
closed in X and Fy;NE C Fq;. Remark 3.6 provides us the existence of a continuous
mapping ¢ satisfying 1 > 111 and 1 < e on Fj1 N E.

Define Siz = B(21,1(x) + &) N Tx. Notice that Syz is compact and convex for
each x. We now show that S is lower semi-continuous.

Let {x,} be a sequence in F converging to some x € E. Let y € S1z and choose
wp € Tz, such that d(y,Tz,) = d(y,wy) for each n. Since Tz is convex, we
may assume that d(z1,y) < ¢1(x) + &. Since T is lower semi-continuous, and since
wn, — Y, we have d(z1,wy) < p1(x) + € for all large n. Consequencely w,, € Sizy,
for all large n. Thus for those n, d(y, S1z,) < d(y,wn), and d(y, Siz,) — 0 as
desired.

Consider a closed set Eq := {x € E : ¢1(x) > €}. Note that

(3.10) Ey c UN {z € E:hi(z) < €}
The validity of (3.10) follows from the observation that Ey; = Ué\f:l (F1;NE4;). Define
upper semi-continuous mappings ¥9;(x) = d(z;, S1z) for x € F and fori =2,...,N.

The sets Ey; := {z € E : ¢»i(r) < e} is open for each i = 2,..., N. Moreover,
By = UN, ;. To see this, let x € Ey. By (3.10) we see that 11;(z) < ¢, for some
i =2,...,N.If for this i, ¥9;(x) > €, then B(z,e) N Tz N B(z1,p1(x) + )¢ # 0.
Therefore by (3.9) and by convexity of Tx there must be some j # i such that
Yoj(x) < €,i.e.,x € Eyj. Since Es is compact, the above argument garuantees that
Es C Ui]\izFZi , where Fy; is closed in X and Fy; N E C Es;. Choose a continuous
mapping o such that pg > 129 and o < € on Fos N E.

Then define Sex = B(zz, p2(z) + €) N Siz. Observe that Ssx is compact and
convex for each x and Sy is lower semi-continuous.

By induction, we can define mappings S;,7 = 1,..., N, such that

Tx::SO:cDSlxDngD"-DSNx,

for each z € E.

Write T. = Sy. Since for each z € E, if p;(x) < ¢, then T.x C S;x C B(z;, pi(x)+
g) C B(z;,2¢). Therefore diam(T.z) < 4e, for each z € E.

Taking ¢ = 1/n and write T,, for 11/, sO that T,,x C T,,—1z for all n and x. Since
diam(Tyx) < 4/n, Np,Thx = {t,} is a singleton for each x.

Define t : E — 2E\() by z ~ t,. Clearly tx € Tx for each z € E. It remains to
show that ¢ is continuous. Let € > 0 and let {z,,} be a sequence in F with z,, — x¢
for some xg € E. Choose ng € N so that 8/n < e. Since tzg € Tp,zo and T}, is
lower semi-continuous, there exists n; € N such that d(txo, Tn,zn) < £/2, for each
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n > ny. Let {a,} be in X such that a,, € T}, x,, and

d(tzg, an) = d(txo, Tnyxn),

for each n € N. Hence

d(txg, tey) < d(tzg, an) + d(an, tx,)
< d(txo, Tnorn) + diam (T, zy)
<e/2+¢e/2=c¢,

for each n > ny. Thus tx,, — txg. So we conclude that ¢ is continuous. [l

It is a common argument showing that an upper semi-continuous mapping can
be approximated by lower semi-continuous mappings. Theorem 3.7 and Theorem
3.1 combine give us the Kakutani fixed point theorem on CAT(0) spaces:

Corollary 3.8. Let E be a nonempty compact convex subset of a CAT(0) space

X.

Let T : E — 2X\() be an upper semi-continuous mapping with compact convex

values. Then T has a fized point.
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