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AN INTERIOR PROXIMAL CUTTING HYPERPLANE METHOD
FOR MULTIVALUED VARIATIONAL INEQUALITIES

PHAM NGOC ANH AND JONG KYU KIM

ABSTRACT. We present a new method for solving multivalued variational in-
equalities on polyhedra, where the underlying function is upper semicontinuous
and generalized monotone. The method is based on the special interior proximal
function which replaces the usual quadratic function. This leads to an interior
proximal algorithm. The algorithm can be viewed as combining the cutting hy-
perplane method and the special interior proximal function. We also analyze the
global convergence of the algorithm under minimal assumptions.

1. INTRODUCTION
Let C be a polyhedral set on R™ defined by
(1.1) C:={xeR"| Az <b},

where A is a (p x n) matrix, b € RP. We suppose that intC' = {x | Az < b} is
nonempty. Let F': C — 28" be a multivalued mapping. We consider the following
multivalued variational inequalities (shortly (MVI)):

Find z* € C,w* € F(x") such that (w*,z —z*) >0, Vx € C.

In this paper we suppose that F' is upper semicontinuous, generalized monotone on
C and S # (), where we denote by S the set of the solutions of (MVI).

In recent years, multivalued variational inequalities become an attractive field
for many researchers both theory and applications (see [3, 5, 7, 15, 19]). Various
methods have been developed for solving (MVI) when F' is monotone and single
valued (see [4, 6, 11, 16, 18]). In general, these methods can not be applied directly
to the case when F' is multivalued.

There exists several methods for solving (M V' I) with monotone multivalued map-
ping F. A typical method is the projection one (see [13, 17]). At each iteration k
of this method, a point z¥ € C and a point w* € F(2*) are computed and then
the vector z* — ppw”, with stepsize p; > 0, is projected on the closed convex fea-
sible domain C'. When F' is strongly monotone and the stepsizes p; tend to 0, the
method is strongly convergent. Cohen [12] gave an example involving a monotone
mapping F where the projection method does not converge. Recently, Khanh et al.
[10] developed a projection-type algorithm for (MVI). This algorithm requires two
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projections on C' only in a part of iterations (one third of the subcases). For the
other iterations, only one projection is used. Weak convergence is proved when F'
is pseudomonone on C' in a real Hilbert space.

The interior proximal regularization technique is a powerful tool for analyzing
and solving optimization problems (see [13, 14]). Recently this technique has been
used to develop proximal iterative algorithm for variational inequalities (see [11]).
In our recent papers [1], we have used the interior proximal function for variational
inequalities, and developed algorithms for solving them.

In this paper, we extend our results in [2] to generalized monotone nonlipschitzian
multivalued variational inequalities. Namely, we first use the interior proximal func-
tion to develop a convergent algorithm for (MVI) with a generalized monotone
multivalued function F'. Next we construct an appropriate hyperplane which sepa-
rates the current iterative point from the solution set. We combine this technique
with Armijo-type linesearch technique to obtain a convergent algorithm for general-
ized monotone nonlipschitzian multivalued variational inequalities. Then the next
iterate is obtained as the projection of the current iterate onto the intersection of
the feasible set with the halfspace containing the solution set.

This paper is organized as follows. In the next section, we present an interior
proximal algorithm by using the interior proximal function to implement the cutting
hyperplane method. Section 3 is devoted to the proof of its global convergence to
a solution of (MVI). An application to variational inequalities is discussed in the
last section.

2. GENERALIZED MONOTONICITY AND ALGORITHM

Now we recall well known definition of generalized monotonicity of mappings
which will be required in our following analysis (see [21]). We assume that the
mapping F' satisfies this condition.

Definition 2.1. Let z* be an element of the solution set S. The function F' is
called generalized monotone on C, if

(w,x —2*) >0, VaxeCweF(x).
It is clear that F' is generalized monotone if F' is monotone, i.e.,
(w—w' z—2') >0, Vr,2'e€Cwe F(z),w € F(a).

More generally, F' is also generalized monotone if F' is pseudomonotone, i.e., for all
z, 2’ € Ciw € F(x),w € F(z')
(whz—2)>0= (w,x—2)>0.

However, even if F' is generalized monotone, F might not be monotone or pseu-
domonotone. It is not difficult to check such examples (see [21]).

A classical method to solve these problems is the proximal point algorithm (see
[14]), which starting with any point 2° € R? := {u € R" | u; > 0 Vi = 1,...,n}
and A\, > A > 0, iteratively updates z*+1

(2.1) 0e T () + VmQ(x,xk),

conforming the following problem
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where )
(e, 2) = 3 lle - 2.

Fory e R}, := {u € R" [ u; > 0Vi = 1,...,n}, Auslender et al. in [9] have
proposed a new type of proximal interior method through replacing function ¢(z, z*)
by d(z,x"*) which is defined as
n
1 2 2(T; T; z; :
sllT — + “(Ttlog™t — = +1) if x >0,
400 otherwise,

with p € (0,1). It is easy to verify that d(-,y) is a closed proper convex function,
nonnegative and d(z,y) = 0 if and only if x = y. One of the motivation behind the
specific form of the function d(-, ) is as follows: The function ||z — y||? is an usual

n
regularization term used in a proximal method, while the function yf(%log% —
’L:l K3 K3
% + 1) is added to enforce the method to become an interior one, i.e., to generate
iterates staying in interior of R .
Applying this idea to C' defined by (1.1), for y € intC, let a; be the rows of the

matrix A, we define the quantities,
lz(.%') = bi — <ai,a:),
T
(@) = (@), o), .. pl@))
P li(z li(z li(z . .
Do) — 4 3o =l 40 X 2 (§lost — i +1) it w € e,
400 otherwise.

We denote by V1D(z,y) the gradient of D(-,y) at x for every y € C. It is easy to
see that

ViD(z,y) =z —y— ,uATXylog@,
I(y)
where X, = diag (ll(y), e lp(y)) and log% = (10g2§8, . ,logézg).

Otherwise, if F' is a point-to-point mapping, then (MVI) can be formulated as
the following variational inequalities, shortly (VIP), it can be written in:

Find x* € C such that
(F(z*),z —2*) >0, VreCl.

In this case, it is known that solutions coincide with zeros of the following projected
residual function
T(z) =z — Pro(z — F(x)).

In other words, 2z € C is a solution of (VIP) if and only if T(2°) = 0 (see
[20]). Let x* be a current approximation to the solution. First, we compute
w* = argsup{(w, 2*) | w € F(zF)} and Prg(zF — cw”) for some positive constant c.
Next, we search the line segment between 2* and Pr¢ (2% — cw?) for a point (w*, 2¥)
such that the hyperplane 0Hy = {x € R" | (w¥,z — 2F) = 0} strictly separates
z¥ from the solution set S of the problem. To find such (w¥, 2*), we may use a
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computationally inexpensive Armijo-type procedure. Then we compute the next
iterate £+ by projecting z* onto the intersection of the feasible set C' with the
halfspace
Hp = {z e R" | (@",z — 2*) < 0}.
Using the interior proximal function D(-,-) to implement the cutting hyperplane
method for (MV) is defined as follows.

Algorithm 2.2.

Step 0: Choose 2° € C,w’ € F(2°),k=0,0< 0 < g, and vy € (0,1).
Step 1: Compute

w” = argsup{(w, z*) | w € F(z*)},
(2.3) y* := argmin{(w*,y — 2*) + BD(y,2") | y € C},
r(:vk) =gk yk.

Step 2: (Cutting hyperplane) Find the smallest nonnegative number my, of m
such that

(2.4) v = sup{(w,r(mk» | we F(:):k - vm’“r(:ck))} > O’H’r‘(l‘k)Hz.

Choose wF € F(ack — kar(a:k)) such that (w¥,r(z*)) = vy.
Set 2% := g% — 4™k (2¥) and

Hy = {z e R" | (@, 2 — 2*) <0}.
Step 3: Find 2%*! := Pronp, (2%). Set k := k + 1, and go to Step 1.
3. CONVERGENCE OF THE ALGORITHM
In the next lemma, we justify the stopping criterion.
Lemma 3.1. If r(z¥) = 0, then (2*,w¥) is a solution to (MVI).

Proof. Since y* is the solution to problem (2.3) and an optimization result in
convex programming (see [13]), we have

(" + BVID(y*, a*),y =) > 0 vy e C.
Replacing y* = 2* in this inequality, we get
(w* + BV D2, 2%),y —2*) >0 Wy e C.

Since
T I(z)
(3.1) ViD(z,y) =z —y— pA Xylog@ Ve, y € C,
we have
ViD(zk, 2F) = 0.
Thus

(wh,y—a*) >0 Wy e,
which implies that (z*,w¥) is a solution to (M V).
O
In Algorithm 2.2, we need to show the existence of the nonnegative integer my.
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Lemma 3.2. Forvy € (0,1),0 <0 < g, if r(z¥) > 0 then there exists the smallest
nonnegative integer my such that
(3.2) sup{ (w, r(z")) | w € F(:ck - ’ymkr(xk))} > o||r(z®)|%

Proof. Assume on the contrary, (3.2) is not satisfied for any nonnegative integer i,
ie.,
(w,r(z%)) < o||r@z®)]? Yw e F(xk - fym’“r(:ck)).
As k — oo, from the upper semicontinuity of F', we have
(w,r(z%)) < o||r@@®)|? Yw e F(zb).
Substituting w = w* € F(a*), we get
(3.3) (@*,r(zh)) < o).

For each t > 0, we have 1 — % < logt. We obtain after multiplication by flgzg >0

foreachi=1,...,p,
Li(y*) Li(y")
Li(zF) = Li(zh)

Li(y®)

log Z(xk’)

DO ) = Sl 3 (g s P~ 0 1)

1 k
(34) > ()2
Since y* is the solution to the strongly convex program (2.3), we have

(W, y — %) + BD(y,2*) > (W, y* — 2*) + BD(y*, %) vy € C.

Substituting y = 2* € C, we get

(3.5) —(w*,r(z™)) + BD(y*, %) < 0.
Combinating (3.4) with (3.5), we obtain
(3.6) Ble@)IP < (wh,r(ah)).

2
Then, inequalities (3.3) and (3.6) imply that
gHT(%k’)H2 < (w”, (@) < oflr(a")|?.

Hence it must be either r(z¥) = 0 or o > g The first case contracdicts to r(z*) # 0,
while the second one contracdicts to the fact o < g O

The following results perform some property of the cutting hyperplane Hy.

Lemma 3.3. Let {z*} be a sequence generated by Algorithm 2.2. Then the follow-
ings hold:

i) 2% ¢ Hy, S C C N Hy.

ii) "1 = Prenm, (%), where §* = Pry, ().
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Proof. i) By noting r(z*) # 0, we have
(@, a* —2%) = (@F,a" — (2" =™ r(a)))
= (@F,y"rr(ab))
> oy |r(a")|* > 0.
This implies 2% ¢ Hy. Since F is assumed to be generalized monotone,
(WF, 2P —2*) > 0= (@ 2" — 2F) <0 = z* € Hy.
ii) We know that

H={zcR"|(w,z -2 <0}, Prg(y) =y — Ww.
Hence,
gk = Per(xk)
— gk <wkaﬂi—22k>wk
[[w*]]
ok <wk774(xk)>wk.
lw* (>

Otherwise, for every y € C' N Hy, there exists A € (0, 1) such that
i =M*+ (1= Ny e CnoH,
where 0H), = {x € R" | (@*, z — 2zF) = 0}, because 2* € C but z* ¢ Hj,.
Therefore,
ly=g"1* = @=2?ly - 7"
12 = Az® — (1= \)g*|?
(@ —5") = A" = g")|?
12 = 7°)1% + A?|la® — g*|1* — 2\ — ", 2" — 7F)
= &= 7" 1” + A?)la" — g*))?
(3.7) > |12 - "%,
because §* = Pry, (z¥). Also we have
k||2

= |l& - 7"+ 5" -2
= Iz = 7"I° —2(@ - §", 2" — ") + |lg" — 2"
= & —g"I* + 7" — "%

|z — =z

Since z**1 = Pren H, (%), using the Pythagorean theorem we can reduce that
12 =5*1°> = & —a"* — g - 2|
R e A
(3.8) = [l =g,

From (2.3) and (3.8), we have
=" =gl < lly = g° vy € CnHy,
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which implies

ﬂfk+1 = PrCmHk (gk)

In order to prove the convergence of algorithm 2.2, we give the following key
property of the sequence {x*} generated by the algorithm.

Lemma 3.4. The sequence {x*} generated by Algorithm 2.2 satisfies the following
inequality.

2
k k k k V"o k
B9 e < b et - () I

M1 = Pronm, (y*), we have

Proof. Since x
(yF — 2Ft 2 —2Fty <0 vz e onH,.
Substituting z = z* € C' N Hy, then we have

s ) W Y Sy s )

which implies

||CCk+1 . yk||2 < <$k+1 - yk’x* o yk>

Hence,
kaﬂ _ 33*H2 _ kaﬂ _ yk +yk _ $*||2
= [ =Pl - 20—y )
< <.Cl?* - yk,$k+1 o yk> + ”yk o x*HQ + 2<xk+1 o yk,yk - .CL‘*>
— Hyk _ x*HQ + (.Z'k+1 _ yk7yk; - 33‘*>
(3.10) = |ly" = 2P = ]2 = )2

Since z* = 2% — 4™k (2¥) and

ko (", 2% —2F) |

k _ ky _ 7
y" =Pry, (2%) =2 2 w",
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we have
ly* — |
* <wk7xk_zk>2 — 2<wkaxk_zk> — *
= ka - ”2 + HwkH4 HwkH2 - HwkHQ <wk7xk - >
- 2 —k k
_ k %12 mG<wk77ﬂ(xk)> 27mk<w ,7“(.%' )> ~-k _k *
=ttt (PG - P et et
_ 2
= ka _ x*”Q _ <7mk<wkar(l‘k)>>
lw* |
_ _ 2
-2 ’ymk<wk’r($k)> <u—)k l‘k . $*> o <7mk<wkar(xk)>>
[[w*|[? ’ [w*|
_ 2
— ka 1:*”2 . (7 <wk7r(xk)>>
[
2yme (a, r(zh)) * i
T (A B A )]
_ 2
— ”l'k _ x*HQ _ (7 <wk7’r(xk)>>
[w*|
2yt r(2h)) "
Hu—)kHQ <wkax -z _’ymkr(xk»
2
] (@R, r(aF)) 29" (", r(a*)) N
(3.11) = |2% —2*|? - . —~ — (0", 2 — )
[w*]| [[w*]]

From the generalized monotonicity of F, we see that (w*,2* — z*) > 0. This,
together with @w* € F(2*), imply

(@, r(ah)) > ollr(®)]*.

Thus, (3.11) reduces to

2
: ()
A T R
o]
2
" "o
(312) < et f? = (Tt ) Il
Combining (3.10) and (3.12), we obtain (3.9) O

Theorem 3.5 (Convergence theorem). Let F be upper semicontinuous, compact
valued and generalized monotone on C. Then the sequence {x*} generated by Algo-
rithm 2.2 converges to a solution of (MVI).

Proof. The inequality (3.9) implies that the sequence {||z* — z*||} is nonincreasing
and hence convergent. Consequently, the sequence {z*} is bounded.

Since w* € F(z%), r(z¥) = 2 — Pro(a¥ — cw®), 2¥ = 2F — 4™k (2F) and F is
upper semicontinuous and compact valued on C, the sequence {zk} is also bounded
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(see [8]). Hence, the sequence {w"} is bounded, i.e., there exists M > 0 such that
Jwb| <M Vk=1,....
This, together with (3.9), implies

2
313 T ST NAIT SIS ST S e tcd k14
(3.13) |z 7 < 2 =27 — |z yell Y [[r(z®))™

Since {||lz* — 2*||} converges to zero, it is easy to see that
lim »™*||r(z%)| = 0.
k—o0

The cases remaining to consider are the following.

Case 1. limsupy™ > 0. This case must follow that liminf ||r(2*)|| = 0. Since
k—o0 k—oo

{2*} is bounded, there exists an accumulation point Z of {z*}. In other words, a
subsequence {z"%} converges to some # such that r(Z) = 0, as i — oo. Then we
see from Lemma 3.3 that T € S, and besides we can take x* = Z, in particular in
(3.13). Thus {||z* — Z||} is a convergent sequence. Since 7 is an accumulation point
of {z*}, the sequence {||z* — 2*||} converges to zero, i.e., {z*¥} converges to z € S.

Case 2. klim A"k = (. Since my, is the smallest nonnegative integer, mi — 1 does
—00

not satisfy (2.4). Hence, we have

(w,r(z")) <ollr@@®)|* Yw e F (2" — 4™ r(zb)),
and besides
(3.14) (w,r(xki» < aHr(aﬁki)HQ Yw € F(xkl — ’ym’“flr(xki)).

Passing onto the limit in (3.14) as i — oo and using the upper semicontinuity of F,
we have

(3.15) (w,7(z)) < ollr(2)|? Yw € F(z).
From (3.6) we have

B kiy2 ki ki
Slr@™IT < (W™, r@@™)).
Since F' is upper semicontinuous, passing onto the limit as ¢ — oo we obtain

B i~ o
Slr@1* < (@, r(@)).
Combining this with (3.15), we have
B i . _
Slr@1* < (@, r@) < olir @),
which implies r(z) = 0 or o > g The second case contracdicts to the fact 0 < o < g

and hence r(z) = 0, Z € S. Letting 2* = Z and repeating the previous arguments,

we conclude that the whole sequence {z¥} converges to z € S.
O
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4. APPLICATIONS TO VARIATIONAL INEQUALITIES

The aim of this section is to consider the proposed algorithm on a class of the
multivalued variational inequalities, where

C:={xeR"| Az <b},
and the function F' : C' — R" is of the form:
Find z* € C such that (F(z¥),z —2*) >0 Vz € C.

We now apply Algorithm 2.2 to the variational inequalities (VIP). Note that in
this case, at iteration k, we have

wk = F(z"),
" F($k - ym’“r(:vk)),
ok = <F($k — 'ym’“r(xk)),r(:ck».

Then, the algorithm for (VIP) can be written in the following.

Algorithm 4.1.
Step 0: Choose 2° € C,k=0,0< 0 < g, and v € (0,1).
Step 1: Compute
(4.1) y" = argmin{(F(z"),y — 2*) + 8D(y,2") | y € C},
r(z®) = a® — o,

Step 2: (Cutting hyperplane) Find the smallest nonnegative number my of
m such that

(12) o > ollr(@)].
Set ¥ := zk — y™mrp(2F), and
Hy = {z e R" | (@, z — 2*) < 0}.
Step 3: Find 2%*! := Pronp, (2%). Set k := k + 1, and go to Step 1.

Validity and convergence of this algorithm is immediate from Algorithm 2.2.
Subproblems (4.1) and (4.2) can then be solved efficiently, for example, by the
Matlab Optimization Toolbox.

To illustrate our algorithm, we consider an academic numerical test of the func-
tion F' withn = 7 and F(z) := Mxz+G(x)+q, where G is defined by the components
of the G(z) are Gj(x) = djarctan(x;) V4 > 1, d; is chosen by d = (3,2,1,4,9,1,2)T.

1234567 1 3
10056 2 3 3 2
0092345 0 0

M:=[3334111|,q=]|1],d:=[4
3451223 5 9
01001109 6 1
2 341 2 3 4 9 2
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and
z €R”,
4 < x4+ 229 + 23 + 325 + 27 < 10,
7
C:=29< > x;, <15,
=1
6 < xo+ a3+ 224 + 27 <13,
(1 <zy+ 23 <5.

Then, the function F is generalized monotone (but not monotone), continuous and
differentiable on C.

Lemma 3.1 shows that if r(2*) = 0 then 2" is a solution to (VIP). So that we
can say that * is an e-solution to (VIP) if we have ||r(z*)|| < e with ¢ > 0. Take
p=05¢e=10%+v=073=20=1and 2° = (1,1,05,1,3,1,3)T € C. We
perform the Algorithm 2.2 in Matlab R2008a running on a PC Desktop Intel(R)
Core(TM)2 Duo CPU T5750@ 2.00GHz 1.32 GB, 2Gb RAM. The tolerance is taken
by € = 1075, The approximate solution obtained after 9 iterations is

2* = (0.5836, 1.2555,0.4890, 0.7737, 2.6514, 0.7825, 2.7080) .
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