a P,
02 u/)//

Journal of Nonlinear and Convex Analysis f @? Mdmm PUMISher
Volume 11, Number 3, 2010, 441-453 L ou¥ ISSN 1880-5221 ONLINE JOURNAL

Sinee 19

ON QUASI-VARIATIONAL INCLUSIONS AND
ASYMPTOTICALLY STRICT PSEUDO-CONTRACTIONS

XIAOLONG QIN, JUNG IM KANG, AND YEOL JE CHO*

ABSTRACT. In this paper, quasi-variational inclusions and fixed point problems
are considered. A general iterative process is introduced for finding a common
element in the zero set of the sum of maximal monotone operators and inverse
strongly-monotone mappings and the fixed point set of asymptotically strict
pseudo-contractions. Further, weak convergence theorems for common elements
in two sets mentioned above are established in real Hilbert spaces.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, we always assume that H is a real Hilbert space with the
inner product (-,-) and the norm || - ||. Let C' be a nonempty closed convex subset of
H. Let S : C — C be a mapping and F(S) denote the fixed point set of S. Recall
the following definitions:

(1) S is said to be nonexpansive if
Sz = Syl < ||lz —yll, Va,yeC.

(2) S is said to be asymptotically nonexpansive if there exists a sequence {k,} C
[1,00) with k, — 1 as n — oo such that

|S"x — S"y|| < knpllz —y|, Vx,yeC, n>1.

The class of asymptotically nonexpansive mappings was introduced by Goebel
and Kirk [7] in 1972. It is known that, if C' is a nonempty bounded closed convex
subset of a Hilbert space space H, then every asymptotically nonexpansive self-
mapping has a fixed point. Further, the set F(S) of fixed points of S is closed and
convex. Since 1972, a host of authors have studied the weak and strong convergence
problems of iterative processes for such a class of mappings.

(3) S is said to be strictly pseudo-contractive if there exists a constant x € [0, 1)
such that

1Sz — Syl* < ||z — y|* + &l - S)a — (I = Syl*, Vz,yeC.
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For such a case, S is also said to be k-strict pseudo-contraction. The class of
strict pseudo-contractions was introduced by Browder and Petryshyn [3] in 1967.
It is clear that every nonexpansive mapping is a 0-strict pseudo-contraction.

(4) S is called an asymptotically strict pseudo-contraction if there exist a sequence
{kn} C [1,00) with k,, — 1 as n — oo and a constant x € [0,1) such that

1572 — §™y||? < knllz — y||> + &||(I = Sz — (I — S")y|?, Vz,yeC, n>1.

For such a case, S is also called an asymptotically k-strict pseudo-contraction.
The class of asymptotically strict pseudo-contractions is introduced by Qihou [21] in
1996. It is clear that every asymptotically nonexpansive mapping is an asymptotical
0-strict pseudo-contraction.

(5) Let A: C' — H be a mapping. A is said to be monotone if
(Ar — Ay, x —y) >0, Vz,y e C.

(6) A is said to be inverse strongly-monotone if there exists a constant a > 0
such that
<AI—Aya‘T—y> ZaHAx—AyHQ, VCC;?JEC

For such a case, A is also said to be a-inverse strongly monotone.

Let M : H — 29 be a set-valued mapping. The set D(M) defined by D(M) =
{zr € H: Mz # 0} is called the domain of M. The set R(M) defined by R(M)
Uzeg Mz is called the range of M. The set G(M) defined by G(M) = {(z,y)
HxH:xeD(M),ye€ R(M)} is called the graph of M.

(7) M is said to be monotone if
<x_y7f_g>>07 V(x,f),(y,g)EG(M)
(8) M is said to be mazimal monotone if it is not properly contained in any other

monotone operator. Equivalently, M is maximal monotone if R(I +rM) = H for
all r > 0.

m |l

The class of monotone mappings is one of the most important classes of mappings
among nonlinear mappings. For a maximal monotone operator M on H and r > 0,
we may define the single-valued resolvent J, = (I +7M)~! : H — D(M). It is
known that .J, is firmly nonexpansive and M~1(0) = F(J,), where F(J,) denotes
the fixed point set of J,.

On the other hand, recall that the classical variational inequality problem is to
find x € C such that

(1.1) (Az,y —x) >0, VyeC.

Denote by VI(C, A) the solution set of the problem (1.1). It is known that x € C
is a solution of the problem (1.1) if and only if x is a fixed point of the mapping
Po(I — AA), where A > 0 is a constant and [ is the identity mapping.

Recently, many authors have considered the weak convergence of the iterative
sequences for the variational inequality (1.1) and fixed point problems of nonlinear
mappings (see, for example, [1, 5, 8-11, 13, 14, 16-20, 25-27)).
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For finding a common element in the solution set of the variational inequality
(1.1) and the fixed point set of nonexpansive mappings, Takahashi and Toyoda [26]
proved the following weak convergence theorem:

Theorem 1.1. Let C be a closed convex subset of a real Hilbert space H. Let A
be an a-inverse strongly-monotone mapping of C into H and S be a nonexrpansive
mapping of C into itself such that F(S)NVI(C,A) # 0. Let {x,} be the sequence
generated by

xg € C,
Tnt+l = Qndn + (]' - an)SPC(xn - AnAxn)v vn Z 07

where A, € [a,b] for some a,b € (0,2a) and o, € [c,d] for some ¢,d € (0,1). Then
the sequence {x,} converges weakly to a point z € F(S)NVI(C,A), where

z = lim Pps)nvi(c,a)Tn-
n—oo

Let S : C — C be an asymptotically strict pseudo-contraction, A : C' — H be
an a-inverse strongly-monotone mapping, M : H — 29 be a maximal monotone
operator such that D(M) C C, where D(M) is the domain of M, B : C — H be
a f-inverse strongly-monotone mapping and W : H — 2¥ be a maximal monotone
operator such that D(W) C C, where D(W) is the domain of .

In this paper, motivated by Theorem 1.1, we consider the problem of finding a
common element in the following set:

F(S)N(A+ M)~L0)n(B+W)"}0),

where (A + M)~1(0) is the zero point set of A + M and (B + W)~1(0) is the zero
point set of B + W, prove some weak convergence theorems of common elements
are established in real Hilbert spaces. The results presented in this paper improve
and extend the corresponding results announced by Takahashi and Toyoda [26] and
others.

In order to prove our main results, we also need the following lemmas:
Lemma 1.2 ([12]). Let C be a nonempty closed convex subset of a Hilbert space H
and S : C — C be an asymptotically k-strict pseudo-contraction. Then

(1) S is Lipschitz continuous.
(2) I — S is demi-closed, this is, if {xn} is a sequence in C' with x, — = and
Ty, — Sxy — 0, then x € F(9).

Lemma 1.3 ([24]). Let H be a Hilbert space and 0 < p <t, < q<1 foralln > 1.
Suppose that {x,} and {y,} are sequences in H such that

limsup ||z, <r, limsup ||ly,|| <r
n—00 n—00

and

lim |tpzy + (1 —tp)ynl =7
n—oo

for some r > 0. Then limy,_, |2, — yn|| = 0.
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Lemma 1.4 ([2]). Let C be a nonempty closed convex subset of a Hilbert space H

and A : C — H be a mapping and M : H — 2 be a mazimal monotone mapping.
Then

F(J.(I —rA) =(A+M)"0), Vvr>o.
Lemma 1.5. In a real Hilbert space H, the following inequality holds:
laz + (1 — a)y||* = allz|* + (1 = a)lly[* — a(l — a)|x —y|?, Vae€[0,1], z,y € H.
Lemma 1.6 ([28]). Let {ayn}, {bn} and {c,} be three nonnegative sequences satis-
fying the following condition:
ant1 < (1 +bp)ap, + ¢y,  Vn > no,

where ng is some nonnegative integer, > > 1 by, < 0o and Y o2 | ¢p < 00. Then the
limit lim,— o a,, exists.

2. MAIN RESULTS
Now, we give our main results in this paper.

Theorem 2.1. Let C' be a nonempty closed convex subset of a real Hilbert space
H, S:C — C be an asymptotically k-strict pseudo-contraction with the sequence
{kn} C [1,00) such that Y o7 (kn — 1) < 00, A: C — H be an a-inverse strongly
monotone mapping and B : C — H be a (-inverse strongly monotone mapping.
Let M : H — 2H and W : H — 29 be maximal monotone operators such that
D(M) c C and D(W) C C, respectively. Assume that F := F(S)N(A+M)~1(0)N
(B+W)~Y0) # 0. Let {x,} be the sequence generated in the following manner:

xg € C,

2n = Js, (Tn — SpBxy),

Yn = Jr, (Zn - TnAZn)a

Tntl = QpZp + (1 - an) (ﬂnyn + (1 - Bn)Snyn)a Vn >0,
where J,, = (I +r, M), Jg = (I +r,W)7L, {r.} is a sequence in (0,2a), {s,}

is a sequence in (0,203) and {a,} and {B,} are sequences in [0,1]. Assume that the
following restrictions are satisfied:

(a) 0 <a<a, <b<1, wherea,b€ R are two constants;

(b) 0 <k < B, <c<1, where c € R is a constant;

(¢c)d<rpn<eand f<s,<g, where )0 <d<e<2aand0< f <g<20 are
four constants.

Then the sequence {x,} converges weakly to a point T € F.

Proof. First, we show that {z,} is bounded. In fact, note that (I —r,A) and (I —
spB) are nonexpansive for each fixed n > 0. Indeed, it follows from the restriction
(c) that

1T = rA)z — (T = r AVl = Il — o2 = 2raf — , Az — Ag) +72]| Az — Ay]?
< lo = yl? = ru(2a —1p) || Az — Ay|)?
<|lz—yl? Va,yecC.
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This shows that (I —r,A) is nonexpansive for each fixed n > 0 and so is (I — s, B).
Put
Spx = Ppr + (1 — fy)S"x, Ve C.

Fix p € F. In view of Lemma 1.5, it follows from the restriction (b) that
1Snyn — plI?

= Bullyn = pII* + (1 = Ba)l[1S™yn — pII* = Ba(1 = Ba) 15"y — yu®

< Bullyn = plI” + (1 = Badkallyn — plI* + (1 = Ba) (5 = B)l1S™yn — vl

< knllyn — plI*.

Since J,. , Js,, I —r, A and I — s, B are nonexpansive, we see from (2.1) that

(2.1)

2011 = plI* < anllzn — plI* + (1 = an) [ Suyn — plI?
< anllzn = pl* + (1 = an)knllyn — pll®
< apllzn = plI* + (1 = om)knllzn — pl1?
< (14 (ko — 1)) |lzn — pll*.

In view of Lemma 1.6, we see that the limit of the sequence {||x,, — p||} exists. This
shows that the sequence {x,} is bounded and so are {y,} and {z,}. Without loss
of generality, we may assume that lim, . ||z, —p|| = d > 0. Notice from (2.1) that

|znt1 — pl®
< anllzn = pl* + (1 = ) [|Snyn — pII?
< apllzn _pH2 + (1 — an)kpl[(zn — rnAzpn) — p||2
+ (L= an)kn(llzn = plI* = rn(20 = 73) || A2 — Apl|*)
— (

1 — an)knrn(2a —1y)|| Az — Ap||2,

< anllzn —p?
< knllzn — pl|?
which implies that
(1 — )kt (200 — 7,) || Az — Apl|?
<lwn = plI” = a1 = 21 + (B = Dz — pl*.

In view of the restrictions (a) and (c), we see that

(2.2) lim ||Az, — Ap| = 0.
n—00
Notice from (2.1) that
41— p?
< anllzn = plI* + (1 = @)l Suyn — pl1?
< anllzn = pl* + (1 = an)kallyn — 2l
< ap|lzy _sz 1 — an)kn|l2n — pH2

knll(zn — snBxn) _pH2
kn([ln _pH2 — 5n(28 — sp)|| By, — BPHQ)
knsn(28 — sp)||Bxyn — Bp||2.

INIA

an|zn = pl* + (1 - an

S anxn _pH2

M e — ~— ~— ~—

+(

+(
||z = p* + (1 — am

+(

=

1—a,
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It follows that
(1 — an)knsn(28 — sn) || Bxy — Bp||2
<lwn = plI” = a1 = 21 + (kn = D2y — pl*.
In view of the restrictions (a) and (c), we see that
(2.3) lim ||Bx, — Bp|| = 0.
n—o0
Since J,,, is firmly nonexpansive, we obtain

lyn —pH2 = |Jr, (20 — TnA2p) — Jp, (p — TnAp)H2
< <yn - D, (Zn - rnAZn) - (p - rnAp»

= 2 (I =Bl + 20 — raAzn) — (0 — ra D)
—~(yn — 1) = (20 — TndA2n) — (p — T Ap))[I?)
< %(Ilyn —pl? + 120 — plI* = lyn — 20 + ra(Az, — Ap)||?)
= (o =l + 2 I ~ o — 20 ~ 72| Az — Ap|?
— 21 (yn — 2, Azn — Ap))

A

< %(Hyn =l + llzn = plI* = lyn — 2all® + 2rnllyn — 2alll| Az — Ap])),
which in turn implies that

(2.4) lyn = pI* < llzn = pI* = llyn — 20]l* + 2rallyn — 2l Azn — Ap]|.

In a similar way, we can obtain

(2.5) 20 = plI? < llwn = plI* = 120 — 20l + 250l 20 — 24| Bn — Bp|-
Combining (2.1) with (2.4) yields that

[Znt1 = pI* < @nllzn = p? + (1 = @n)l|Sayn — p)1?

< ap ||z, _PH2 + (1 — an)knllyn _pH2

< anxn _pH2 - (1 - an)anyn - Zn”2
+2(1 — an)knrnllyn — 2nlll|Azn — Apll,

which in turn implies that

(1= an)knllyn — zll” < llzn — pI* = llznss — P + (kn — Dllzn — p?
+ 2(1 - an)knrnnyn - ZnH”AZn - Ap”.

In view of the restrictions (a) and (c), it follows from (2.2) that

(2.6) lim |y, — zn|| = 0.
n—oo
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Combining (2.1) with (2.5) yields that
|01 = plI* < anllzn =l + (1 = an)[Snyn — 2l
< apllzn — pH2 + (1 — an)knllyn _pH2
< agllan —pl* + (1 — an)kallza — ol
< knllzn = pl* = (1 = an)knll2n — 2al|?
+2(1 — an)knsnllzn — anll|| Bzn — Bp|,

which in turn implies that

(1 —an)knllzn — anQ < |lzn _pH2 — [Tpg1 — p||2 + (kn — 1)[|zn _pH2

+2(1 — an)knsnllzn — zyl||| Bxn — Bp||.
In view of the restrictions (a) and (c), it follows from (2.3) that
(2.7) nh_)rgo |z, — zn|| = 0.
Combining (2.6) with (2.7) yields that
(2.8) lim ||z, —yn|| = 0.

n=oo
Notice that

150t = pll < VEallyn = pll < VEnln = pll

This implies that
lim sup ||Spyn — p|| < d.

n—oo

On the other hand, we have
lim o (2 — p) + (1 — an) (Suyn — p)|| = d.

n—oo

In view of Lemma 1.3, we obtain

(2.9) lim || Spyn — zy| = 0.

n—oo
Note that ( )

Snyn —Tn  Bu(Tn — yn
Sy, — Ty, = — .
Yn — Tn 1- 3, + 1- 3,

From (2.8), (2.9) and the restriction (b), it follows that
(2.10) lim ||S™y, — z,|| = 0.

n—oo

On the other hand, it follows from Lemma 1.2 that
1" @y — x| < [[S" @0 — S"ynl| + |5 yn — ||
< Lljan = ynll + 15" yn — @nl,
where L denotes the Lipschitz constant, and so, from (2.8) and (2.10),
lim [|S"z, — x| = 0.
n—oo
Since S is Lipschitz continuous, we see that

(2.11) lim || Sz, — x| = 0.
n—oo

447
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Since {z,} is bounded, we see that there exits a subsequence {z,,} of {z,} which
converges weakly to a point Z. By virtue of Lemma 1.2, it follows that & € F'(S).
Next, we show that Z € (A + M)~1(0). In fact, notice that

Zn — TnAzn € Yp + rnMyp.
Let 4 € Mv. Since M is monotone, we have
<M — Azp — 1, yn —v) > 0.
Tn
In view of the restriction (c), it follows from (2.6) that
(—AZ —p,z —v) > 0.

This implies that —Az € Mz, that is, z € (A + M)~1(0).
In similar way, we can obtain that z € (B 4+ W)~!(0). This proves that z € F.
Assume that there exits another subsequence {x,;} of {z,} such that {z,,}
converges weakly to a point z’. By the above proof, we also have ' € F.
If  # 2/, it follows from Opial’s condition ([15]) that

lim ||z, — Z|| = liminf ||z,, — Z|| < liminf ||z, — 2|
n—oo 71— 00 1—00
= lim ||z, — 2’| = liminf ||z, — 2’|
n—oo J—00
< liminf ||z, — Z|| = lim |z, — ||,
Jj—00 —00

which is a contradiction. Hence we have T = 2. This implies that x, — = € F.
This completes the proof. O

If S is asymptotically nonexpansive in Theorem 2.1, then we have the following:

Corollary 2.2. Let C be a nonempty closed convex subset of a real Hilbert space H,
S : C — C be an asymptotically nonexpansive mapping with the sequence {k,} C
[1,00) such thaty o> (kn—1) < 00, A: C — H be an a-inverse strongly monotone
mapping and B : C' — H be a B-inverse strongly monotone mapping. Let M : H —
28 and W : H — 2" be mazimal monotone operators such that D(M) C C and
D(W) C O, respectively. Assume that F := F(S)N(A+M)~1(0)n(B+W)~1(0) # 0.

Let {z,} be the sequence generated in the following manner:
xg € C,
zn = Js, (Tn — SnBxy,),
Tpp1 = T + (1 — an)S"Jp, (20 — TnAzpn), Vn >0,
where Jy,, = (I +r,M)™1, Jg, = (I + W)L, {rn} is a sequence in (0,2a), {sn}

is a sequence in (0,203) and {an} is a sequence in [0,1]. Assume that the following
restrictions are satisfied:

(a) 0 <a<a, <b<1, wherea,b € R are two constants;
(b)yd<rp,<eand f <s,<g, where ) <d<e<22aand0< f<g<23 are
four constants.

Then the sequence {x,} converges weakly to a point & € F.
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3. APPLICATIONS

Let H be a Hilbert space and f : H — (—00,400] be a proper convex lower
semi-continuous function. Then the subdifferential Of of f is defined as follows:

Of(x)={ye€ H: f(z) > f(x)+ (z —z,y), V2€ H}, Vx € H.

From Rockafellar [22, 23|, we know that 0f is maximal monotone. It is easy to
verify that 0 € df(x) if and only if f(z) = minycq f(y). Let Ic be the indicator
function of C| i.e.,

o=l 252

Since I is a proper lower semi-continuous convex function on H, we see that the

subdifferential 0Ix of I is a maximal monotone operator.

Lemma 3.1 ([27]). Let C be a nonempty closed convex subset of a real Hilbert space

H, Po be the metric projection from H onto C and 0l be the subdifferential of I¢,

where I¢ is as defined in (3.1) and J. = (I +rdlc)~t. Then
y=Jrx < y=PFPox, Vre HyeC.

Now, we consider the existence of solutions of the variation inequality (1.1).
Theorem 3.2. Let C' be a nonempty closed convex subset of a real Hilbert space
H, S:C — C be an asymptotically k-strict pseudo-contraction with the sequence
{kn} C [1,00) such that y o2 (kn, —1) < 00, A: C — H be an a-inverse strongly
monotone mapping and B : C — H be a (-inverse strongly monotone mapping.
Assume that F := F(S) N VI(C,A) N VI(C,B) # 0. Let {x,} be the sequence
generated in the following manner:

xg € C,

zn = Po(xy — spBxy),

Yn = PC(Zn - T'nAzn)u

Tptl = QpTp + (1 - an) (ﬁnyn + (1 - ﬁn)snyn)7 Vn > 0,
where {rp} is a sequence in (0,2a), {sn,} is a sequence in (0,203) and {a,} and
{Bn} are sequences in [0,1]. Assume that the following restrictions are satisfied:

(a) 0 <a<a, <b<1, wherea,b € R are two constants;

(b) 0 <k < B, <c<1, where c € R is a constant;

(c)d<rp<eand f <s,<g, where 0 <d<e<2aand0< f<g<20 are
four constants.

Then the sequence {xy} converges weakly to a point T € F.

Proof. Put M = W = 0Ic. Next, we show that VI(C, A) = (A + dl¢)~1(0) and
VI(C,B) = (B + dI¢)~%(0), respectively. Notice that

z € (A+0Ic) " H0) <= 0 € Az + dlcx
< —Ax € dlcx
— (Az,y—x) >0
=z e VI A).
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In the same way, we can obtain
z € (B+0Ic) 10) <= z e VI(C,B).
From Lemma 3.1, we can conclude the desired conclusion immediately. This com-

pletes the proof. O

Putting 5, = 0 and B = 0 (: the zero mapping) in Theorem 3.2, we have the
following;:

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H,
S : C — C be an asymptotically nonexpansive mapping with the sequence {ky,} C
[1,00) such that > ;2 (kn — 1) < 0o and A : C — H be an a-inverse strongly
monotone mapping. Assume that F := F(S)NVI(C,A) # 0. Let {x,} be the
sequence generated in the following manner:
29 € C, Tpy1 = anxy + (1 — an)S" Po(zy — rpAxy,), Yn >0,

where {rp} is a sequence in (0,2a) and {an} is a sequences in [0,1]. Assume that
the following restrictions are satisfied

(a) 0 <a<a, <b<1, wherea,b € R are two constants;
(b) d<r, <e, where 0 < d < e < 2a are two constants.

Then the sequence {xy} converges weakly to a point T € F.

Remark 3.4. If the mapping S is nonexpansive in Corollary 3.3, then Corollary 3.3
is reduced to Theorem 1.1 in Section 1.

Let F' be a bifunction of C' x C into R, where R denotes the set of real numbers.
Recall the following equilibrium problem:
(3.2) Find x € C such that F(z,y) >0, VYyeC.

Forward, EP(F') denotes the solution set of the equilibrium problem (3.2).

To study the equilibrium problems (3.2), we may assume that F' satisfies the
following conditions:

(Al) F(xz,z) =0 for all z € C;

(A2) F is monotone, i.e., F(z,y) + F(y,x) <0 for all z,y € C,

(A3) for each z,y,z € C,

limsup F(tz + (1 — t)x,y) < F(x,y);
t10

(A4) for each z € C, y — F(z,y) is convex and weakly lower semi-continuous.

Putting F(x,y) = (Az,y—z) for all z, y € C, we see that the equilibrium problem
(3.2) is reduced to the variational inequality (1.1).

The following lemma can be found in [4] and [6]:

Lemma 3.5. Let C be a nonempty closed convex subset of a real Hilbert space H
and F: C x C — R be a bifunction satisfying (A1)-(A4). Then, for any r > 0 and
x € H, there exists z € C such that

1
F(z,y)—k;(y—z,z—@ >0, Vyed.
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Further, define
1
33) Tiax={z€C:F(z,y)+—-(y—2z2—2)>0, Yy C}, ¥Yr>0,z¢cH.
r

Then we have the following:
(a) T, is single-valued;
(b) T, is firmly nonexpansive, i.e., for any x,y € H,
||TTSL‘ - TryH2 < <Tr$ —Try,r — y);
(c) F(T,) = EP(F);
(d) EP(F) is closed and convez.
Lemma 3.6 ([27]). Let C be a nonempty closed convezr subset of a real Hilbert

space H, F be a bifunction from C x C to R which satisfies (Al)-(A4) and Ar be
a set-valued mapping of H into itself defined by

{z€H:F(z,y) > (y—=x,2), Vye C}, ze€C,
AF:L':
@7 fL'géC

Then A is a mazimal monotone operator with the domain D(Ap) C C, EP(F) =
ALY (0) and

(3.4)

Tz =1+ ’I“AF)_ICE, Ve e Hr >0,
where T, is defined as in (3.3)

Theorem 3.7. Let C' be a nonempty closed convex subset of a real Hilbert space
H, S :C — C be an asymptotically k-strict pseudo-contraction with the sequence
{kn} C [1,00) such that > 7 (kn, — 1) < co. Let Fa and Fy be two bifunctions
from C x C to R which satisfies (Al)-(A4). Assume that F := F(S) N EP(Fy) N
EP(Fy) # 0. Let {x,,} be the sequence generated in the following manner:

xg € C,

zn € C such that Fy (zp,u) + é(v — Zn,2n — Xp) >0, YveCl,

yn € C such that Fp(yn,u) + %(u — YnyYn — 2n) >0, YueCl,

Tpt1 = Xy + (1 — an)(ﬁnyn +(1- ﬂn)S”yn), Vn > 0,
where {a,} and {3,} are sequences in [0,1]. Assume that the following restrictions
are satisfied:

(a) 0 <a<a, <b<1, wherea,b € R are two constants;

(b) 0 <k < B, <c<1, where c € R is a constant;

(c)0<d<rp<e<oand0< f<s, <g<oo, whered,e, f,g € R are four
constants.

Then the sequence {xy} converges weakly to a point T € F.
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