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ON A HYERS-ULAM-AOKI-RASSIAS TYPE STABILITY
AND A FIXED POINT THEOREM

SIN-EI TAKAHASI, T. MIURA, AND H. TAKAGI

ABSTRACT. Let X be a set with a binary operation o and (Y, d) a complete metric
space with a binary operation ¢. Take a nonnegative function € on X x X,
a nonnegative function § on X and two mappings f,g : X — Y. With the
aid of Banach’s fixed point theorem, we establish two general settings on which
the following holds: If d(f(z o &'), g(x) ¢ g(z')) < e(z,2) and d(f(z),g(z)) <
§(z) for all z,2" € X, then there exists a unique mapping fo : X — Y such
that foo(z 0 2') = foo(2) © foo(@’), d(f(2), foo(x)) < Ae(x,x) + B(x) and
d(9(x), foo(x)) < Ae(w,x) + Cé(x) for all z,2" € X and some finite constants
A, B and C. Moreover, we describe various concrete settings to which the above
results are applicable. Some of them are the known results.

1. INTRODUCTION

It is natural to ask the following stability question:
(1.1)  Given an approximate solution, can we find the strict solution near it?

This paper is motivated by this question.
In 1940, S. M. Ulam posed the following problem (cf. [16, 17]):

For what metric group G, is it true that for any approximate au-
tomorphism f of G, there exists a strict automorphism of G near
f?

Next year, D. H. Hyers [8] gave an affirmative answer to this problem as follows:

Let X and Y be Banach spaces and € > 0. Then for any (approxi-

mately additive) mapping f : X — Y satisfying || f(x + 2') — f(z) —

f(@")| < e for all z,2’ € X, there exists a unique additive mapping

foo : X = Y such that || f(z) — foo(z)|| < e for all z € X.
In fact, Hyers got the solution fo, by putting foo(z) = limy, 00 27" f(2"2) (z € X).
Some years later, T. Aoki [2] and Th. M. Rassias [15] independently generalize
Hyers’ result as follows (cf. [11, 12]):

Let X and Y be Banach spaces, A > 0 and 0 < p < 1. Then for any

mapping f : X — Y satisfying || f(z+2')— f(2)— f(2')|| < A (||l]]P+

|2/|[P) for all z,2’ € X, there exists a unique additive mapping

foo : X = Y such that || f(z) — foo(2)|| < [M/(1—2071)] ||z]|P for all

rz e X.
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Behind their proof, we can find Picard’s method of successive approximation, and
we learn the close relation between a perturbation and a fixed point. This point
of view may be found in many recent paper [1, 3, 9, 10, 13]. For instance, Kim,
Jun and Rassias [10] used the Diaz-Margolis fixed point theorem [4] to prove the
Hyers-Ulam-Rassias stability of the Euler-Lagrange functional equation f(az+by)+
flax —by) + 2af(—z) = 0.

When we study mathematics, we often encounter the concept “commutativity”,
which is fundamental and important. For example, the additive mapping in Hyers’
result [8] is regarded as the mapping which commutes the additive operation. Also,
the functional equation f(ax + by) + f(ax — by) + 2af(—z) = 0 in [10] means the
commutativity of the mapping f and some binary operation. As a generalization of
such commutativity, we take up the following two commutative diagrams:

(A) : XxX > X B): X & X
gxg | b f gl b f
Y xY :> Y Y - Y

If Y is a metric space, then we can define an approximate commutative diagram,
and we can reformulate the problem (1.1) as follows:

Can we find a strict commutative diagram near a given approximate
commutative diagram?

The referred results in [8] and [10] are, of course, related with this problem for the
commutative diagram of the form (A). While G.-L. Forti [5, 6] investigates such
problem. In this paper, we also consider the above problem.

In Section 1, we show one consequence of Banach’s fixed point theorem. Using
it, we give the affirmative answer to the above stability problem on several settings.
Section 2 is the main part of this paper, where we prove the Hyers-Ulam-Aoki-
Rassias type stability for the commutative diagram of the form (A). The rest of the
paper consists of its applications. Section 3 is about the commutative diagram of
the form (B). In Sections 4-6, we describe various concrete settings to which the
results in Section 2 are applicable. Some of them are the known results.

2. ONE CONSEQUENCE OF BANACH’S FIXED POINT THEOREM

Let X be a set and (Y, d) a complete metric space. Fix a mapping f of X into
Y and a nonnegative function ¢ on X. By Ay ,, we denote the set of all mappings
u: X — Y with the property that there exists a finite constant K, satisfying

d(u(@), [(2)) < Kuplz) (2 € X).
For any u,v € Ay ,, we have
d(u(x),v(w)) < d(u(x),f(:):)) + d(f(x),v(x)) < (Ky+ Ky) o) (xe€X)
and hence we can define the distance
pre(u,v) =inf{K >0:d(u(z),v(z)) < Kp(z) (z € X)}.

We easily see that (As, py,,) is a complete metric space which contains f.
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Let o be a selfmap of X and 7 a selfmap of Y. For any mapping u : X — Y, we
define the mapping 75 ;u : X — Y by

(To,ru)(z) = T(u(ox)) (r € X).

Moreover, if X, (Y,d), ¢ and o, 7 are as above, and if ¢ is a nonnegative function
on X x X, then we can consider three quantities:

e =inf{ K >0 : e(ox,02) < Ke(z,2) (z € X) },
Bop =inf{ K >0 : p(ox) < K p(z) (z € X) },
Y- =inf{ K >0 : d(ry,7y") < Kd(y,y) (vy,¥ €Y) }.

If one of these quantities is determined as a nonnegative real number, then we write
Qge < 00, By, < 00 and 7 < 0o respectively. In each case, we have

e(oz,00) < apee(x, x) (x € X),
p(or) < Bop(T) (z € X),
d(ry,7y) < vrd(y,y) (y,4 €Y).

We will use these symbols and these inequalities throughout this paper.
We here state our fixed point theorem, which is an easy consequence of Banach’s
fixed point theorem (the contraction principle):

Proposition 2.1. Let X be a set and (Y,d) a complete metric space. Take a
mapping f: X — Y and a nonnegative function ¢ on X. Let o and T be selfmaps
of X and Y respectively. Suppose that

Torf €Ayyp, Bop<o0o, v <oo and B,y <1
Then To+(Ay,.) C Ay, and To+ has a unique fized point fo in Ay ,. Moreover,

fim (T2 £) (@), (@) =0 and - d(f(@). foola)) = 2220l T) g
n—00 1- Bo,ap’)/‘r
forallx € X.
Proof. For the sake of simplicity, we write A = Ay, p = proy T =Ty7, B = Pop
and v = ;.
We first observe that T'(A) C A. Take u € A arbitrarily. Then p(u, f) is definite.
Since 3,7 < oo, we have

d((Tu)(2), (Tf)(x)) = d(r(u(ox)), 7(f(ox))) < vd(u(ox), f(ox))
< yplu, f)ploz) < yp(u, ) Be(z)
for all x € X. Note that Tf € A implies p(T'f, f) < co. Then we have
d((Tu)(x), f(2)) < d((Tu)(z), (Tf)(x)) +d((Tf)(z), f(z))
< By p(u, fe(@) + p(Tf, (@) = [B7plu, f) + p(Tf, f)] ().

for all z € X. Hence Tu € A. We get T'(A) C A.
Let us verify that T is a contraction of A. For any u,v € A, we have

d((Tw)(z), (Tv)(z)) = d(r(u(oz)), 7(v(ox))) < vd(u(oz),v(ox))
< p(u,v)p(ox) <vp(u,v) B () (z € X),
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and so

(2.1) p(Tu, Tv) < By p(u,v).

Hence the hypothesis 5+ < 1 implies that T is a contraction of A.
Once T is a contraction of a complete metric space (A, p), Banach’s fixed point
theorem tells us that 7" has a unique fixed point f in A. At the same time, it shows

that lim, o0 p(T™ f, foo) = 0. Noting that d((T"f)(z), foo(z)) < p(T" [, foo) (),
we get

lim d((T"f)(z), foo(z)) =0 (x € X).
n—oo
Moreover, the repeated use of (2.1) yields

p(T" £, TV f) < (B9)' p(Tf, f)
for k=1,2,.... Noting that 5y < 1, we have

p(T"f,f) < 3 p(TH £, T ) < 32 (T f) < Pl(T_f’ﬁ?,
k=1 k=1

Since limy, 00 p(T" f, foo) = 0, the continuity of the metric p shows that p(fw, f) <
p(Tf, f)/(1 = By), and hence
Tf, f)

A(F(2), oo @) < p(f, fro) () < 24

T () (x € X).

g

In many papers on the Hyers-Ulam stability problem, we often find the applica-
tions of the fixed point theorem by J. B. Diaz and B. Margolis ([4]). We note that
the above proposition is based on Banach’s fixed point theorem only.

3. A STABILITY PROBLEM FOR COMMUTATIVE DIAGRAM (A)

In this section, we establish two general settings, on which we can show the Hyers-
Ulam-Aoki-Rassias type stability for the commutative diagram (A). These settings
are joined in a property such as duality, and each of them works as a complement
of the other to be applicable to many cases. The first setting is described in the
following theorem:

Theorem 3.1. Let X be a set with a binary operation o, and suppose that the
square operator & : x — x o x is an automorphism of X with the inverse 6. Let
(Y, d) be a complete metric space with a continuous binary operation <, and suppose
that the square operator T :y — y <oy is an endomorphism of Y. Fix a nonnegative
function € on X x X and a nonnegative function § on X. Suppose that

51, <00, Ps15<00, <00 and yrmax{as-i.,Bs-15} <1
If two mappings f,g: X — Y satisfy
(3.1) d(f(zoa'), g(z) o g(z')) < e(z,a’) (z,2' € X),
(3.2) d(f(z), g(x)) < d(z) (z € X),
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then there exists a unique mapping foo : X — Y such that
(3.3) fos(z0a") = foo(z) 0 foo(2) (z,2" € X),
ag-1e(x, @) + Bs-1,577 ()
4 < < :
(34) A @). foole)) < 1=y max{as—1., B5-16}
ag-1 ez, x) +0(x)
T 1—vyrmax{az-1., 8515}

(x € X),

(3.5) d(g(2), foo(2)) < (z € X).
Proof. For simplicity, we write ¢ = 6~! and 7 = 7. It is obvious that ¢ is an
automorphism of X. We adopt the abbreviations: a = age = az-1., 8 = By5 =
Bs-15, 7 = =+ and T' =T, . We break the proof into five steps.

[Step 1] Put ¢(x) = ae(z,z) + fydo(z) for all x € X. To f and ¢, we apply the
argument in Section 1. We first observe that T'f € Ay ,. Take x € X. Replacing x
and 2’ in (3.1) by oz, we get

d(f(oxoox), g(ox) o g(ow)) < e(oz, O‘CL‘)
Since oz o ox = 6(ox) = z, g(ox) o g(ox) = 7(g(ox)) = (Tg)(z) and e(oz,0x) <
ae(z,x), it follows that
(3.6) A(f(@), (T9)@)) < acla,).

While we make use of (3.2) to see
d((Tf)(@), (Tg)(x)) = d(v(f(ox)),7(g(0x))
< yd(f(ox),g(ox)) < 7 3(ow) < 485(2).
Combining these inequalities, we have
d((Tf)(x), f(x)) < d((Tf)(z), (Tg)(z)) +d((Tg)(x), f())
< Byo(z) + ae(z, x)
= ().
Hence T'f € Ay, and pr o (Tf, f) <1
Next, we estimate the quantity 3, .. For any x € X, we have
olox) = ac(ox, o) + By6(ox) < a’e(z,z) + B2 6(x)
< max{a, 8} (ae(z,z) + By d(z)) = max{e, 8} ¢(z).

Hence 5, < max{a, f} < oo and Sy 7, < ymax{a, [} < 1.
Now, let us apply Proposition 2.1. Then T' has a unique fixed point foo € Ay,
and

(3.8) Tim d((T")(@), foo(a)) = 0.
Pt ( faf) Oé€(l',l’)—|—ﬁ’)/5($)
W) fol) < T2 2000 < T (e, )
for all x € X. The last inequality is (3.4).
[Step 2] We put ¥(z) = ae(z,z) + 6(x) for all z € X. Let us discuss g and ¢
similarly. By (3.6) and (3.2), we obtain

d((Tg)(2), g(x)) < d((Tg)(x), f(2)) +d(f(2),9(x)) < ae(z, ) +d(z) =¥ (z)

(3.7)
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for all € X. Hence T'g € Ay and pg4(Tg,9) < 1. Also, we have
Y(ox) = ae(ox,ox) + 6(ox) < o’e(x,z) + B 6(x)
< max{a, 8} (a e(z,x) + 5(:1:)) = max{a, 8} ¢¥(x)

for all z € X. Hence ,, < max{a, 3} < oo and S, 47 < ymax{a, S} < 1. Thus
we can apply Proposition 2.1 and see that 7" has a unique fixed point goo € Ay y
and

(3.9) Tim d((T"9)(@), goc(2)) = O,

pe(T9,9) ae(x,x) +6(z)
(3'10) d(g(x)ugoo(x)) S m¢($) S 1 vmax{a,ﬁ}
for all z € X.
[Step 3] Let us show that
(3.11) foo(m02') = goo () © goo(') (z,2' € X).

For any x,2’ € X, we have

d(foo(x 0 2"), goo(2) © goo(2)) < d(foo(z o), (T"f)(x 0 2"))
+d((T" f)(z o 2'), (T"g)(x) o (T"g)())
+d((T"g)(z) o (T"g)(2"), goo(@) © goo(2')).
Let n — oo. Then the first and third terms in the right hand side tend to 0, by (3.8),

(3.9) and the continuity of ¢. Also, the second term tends to 0, because ya < 1 and
(3.1) yields

where 7" and ¢™ denote the n-fold compositions of endomorphisms 7 and o, respec-
tively. These facts force that d(foo(x o', goo(x) © goo(x’)) = 0, which is nothing
but (3.11).

[Step 4] Pick x € X. Replacing x and 2’ in (3.11) by oz, we have

fooloz 0 0%) = goo(0T) © goo (o).

Since oxoor = 6(0x) = x and oo (02)0goo (02) = T(goo(0)) = (T'goo) () = goo(),
it follows that foo(z) = goo(z). Hence (3.11) and (3.10) become (3.3) and (3.5),
respectively.

[Step 5] Finally we check the uniqueness of fs. Suppose that the mapping
fx : X = Y has the same properties (3.3)—(3.5) as foo. The property (3.4) implies
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that
ae(x,z)+ Byo(r) 1

a(fo(o). @) < TR - (o)
and so f. € As,. By the property (3.3): fi(zoa') = fu(x) o fu(2') (z,2" € X), we
get

(Tf)(z) = 7(fu(ox)) = fi(oz) o fulox) = fulowoox) = fi(6(0x)) = ful®)
for all x € X. Hence f, is a fixed point of 7" in Ay ,. Thus Step 1 shows that
f* = foo- 0

(z € X),

Consider the case § = 0 or the case ¢ = 0 in Theorem 3.1. Then we obtain the
following two corollaries immediately:

Corollary 3.2. Let X, o, ¢ and (Y,d), o, T be as in Theorem 3.1. Take a nonneg-
ative function € on X x X. Suppose that az—1 . < 00, v < 00 and az—1 vz < 1. If
a mapping f: X =Y satisfies d(f(zoa’), f(z)o f(a')) < e(x,a’) for allz,2’ € X,
then there exists a unique mapping fo : X — Y such that

foo(02') = fos(x) 0 foo(a’) and d(f(z), fos(x))

Qg1 ¢

< —2 = ¢g(x,x
1_04015%'( )

for all z,2' € X.

Corollary 3.3. Let X, o, 6 and (Y,d), o, T be as in Theorem 3.1. Take a nonneg-
ative function 6 on X. Suppose that B5-1 5 < 00, v+ < 00 and Bz 57+ < 1. If two

mappings f,g: X —Y satisfy f(xox') = g(x)og(x') and d(f(x),g(:v)) < d(x) for
all z,x' € X, then there exists a unique mapping foo : X — Y such that

foo(l‘ © l‘/) = foo(x) < foo(l‘/)a

Pt 50y and d(g(2), foo()) < :

(f()foo())_m ST B

for all z,z' € X.

o(z)

The next theorem explains the second setting, on which we can show the Hyers-
Ulam-Aoki-Rassias type stability for the commutative diagram (A).

Theorem 3.4. Let X be a set with a binary operation o, and suppose that the square
operator & : x — x o x is an endomorphism of X. Let (Y,d) be a complete metric
space with a continuous binary operation ¢, and suppose that the square operator
7y = yoy is an automorphisn of Y with the inverse 7. Fiz a nonnegative
function € on X x X and a nonnegative function § on X. Suppose that

Qse <00, fs5<00, -1 <00 and vyi-r1max{aze, fss} < 1.
If two mappings f,g: X — 'Y satisfy
(3.12) d(f(zoa'), g(z) 0 g(a')) < e(,2) (z,2" € X),
(3.13) d(f(x),9(z)) < d(z) (z € X),
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then there exists a unique mapping foo : X — Y such that

(3'14) fm(xox,) :foo(l')ofoo(lj) (:va/EX)a
Vi-1€(z,z) +6(x)

B15) A o) S U TEEEES e X),

(3.16) d(g(x), fro()) < Ve (e, 2) + Fa9 0()) (z € X).

R R HlaX{OZ&,aa B&,é}

Proof. The proof is similar to that of Theorem 3.1. This time, we put ¢ = ¢ and
1

T = 7. Also, we adopt the abbreviations: a = o, = a5, 8 = Bos = Bs,5,
Yy=79 =7-1and T =T ;.

[Step 1] Put ¢(z) = y(e(z,z) + B(z)) for all z € X. We first observe that
Tg e Ayy. Take z € X. Since 7(g(x) o g(x)) = 7(7(g(x))) = g(x), we use (3.12) to
see
d((Tf)(z), g(x)) = d(r(f(o2)), g(x)) = d(7(f(z 0 2)), 7(9() © g(x)))

<3 (fwow), glz) o g(@) < 7e(w, ).
While the computation (3.7) using (3.13) implies d((Tf)(z), (T'g)(z)) < v86(x).
Hence
d((Tg)(x),9(x)) < d((Tg)(x), (Tf)(2))+d((Tf)(x),9(z)) < vBd(x)+7e(z, z) = d(x).
Therefore, Tg € Ay and pg(Tg,9) < 1.
Next, we estimate the quantity 3, .. For any x € X, we have

Y(oz) = y(e(ow,02) + Bo(ox)) < y(ae(z,x) + 5% ()
<~ max{a, 8} (s(x,x) + ﬁé(fv)) = max{a, 8} ¥(z).

Hence 5, < max{c, } < oo and S, y7r < ymax{a, f} < 1.
Thus we can apply Proposition 2.1. Consequently, 7' has a unique fixed point
Joo € Ag,w and

(3.17)

(3.18) Jim d((T79)(2). goc(2)) = 0,

Pe0(T9,9) v(e(z,x) + B 6(x))
3.19)  dlg),gn@) < PP pa) < TR
for all z € X.

[Step 2] Put p(x) =ye(z,z)+0(z) for all z € X. By (3.17) and (3.13), we have

d((Tf) (@), f(2)) < d((Tf)(x),9(x)) +d(g(x), f(z)) < ve(z,z) +d(z) = p(2)
for all € X. Hence T'f € Ay, and ps (Tf, f) < 1. Also, we can easily see that
p(ox) < max{a, f}(x) for all € X. Therefore, 55, < max{a,S} < co and
Boor < ymax{a, 3} < 1. Thus we can apply Proposition 2.1 and see that 7" has
a unique fixed point fo, € Ay, and

(3.20) Tim d((T"£)(2). fool)) =0,

) < ot <
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for all z € X. The last inequality is (3.15).

[Step 3] Repeating the argument in the same part of the proof of Theorem 3.1,
we can show from (3.20), (3.18) and (3.12) that

(3.21) foo(z02') = goo() © goo(2) (z,2" € X).
[Step 4] Using (3.21), we see that
foo(z) = (T foo)(x) = T(foo(0))
= 7(foo(x 0 2)) = T(goo (%) © goo ()
= 7(7(goo())) = oo ()
for all x € X. Hence (3.21) and (3.19) become (3.14) and (3.16), respectively.

[Step 5] We can check the uniqueness of f, in the same way as in Step 5 of the
proof of Theorem 3.1. O

Considering the case § = 0 or the case ¢ = 0 in Theorem 3.4, we obtain the
following two corollaries:

Corollary 3.5. Let X, o, 6 and (Y,d), o, T be as in Theorem 3.4. Take a nonneg-
ative function € on X x X. Suppose that as . < 00, V-1 < 00 and osy:-1 < 1. If
a mapping [ : X =Y satisfies d(f(zoa’), f(z)o f(a')) < e(w,a’) for allz,2’ € X,
then there exists a unique mapping foo : X — Y such that

foo(z0a') = foo(2) 0 foo(a!) and d(f(z), fo(x)) Ls(a},x).

<
Tl - sy
forall x,2' € X.

Corollary 3.6. Let X, o, 6 and (Y,d), ©, 7 be as in Theorem 3.4. Take a nonneg-
ative function 6 on X. Suppose that 855 < 00, Y—1 < 00 and Bs 57— < 1. If two

mappings f,g: X =Y satisfy f(xox') = g(x)og(z') and d(f(:v),g(m)) < d(x) for
all x,2' € X, then there exists a unique mapping foo : X — Y such that

foo(w 02') = fos(x) 0 foo(a’),

1 B 5731
d(f(x)7foo($)) < mé(x) and d(g(x)7foo($)) < mé(x)

for all z,2' € X.

4. A STABILITY PROBLEM FOR COMMUTATIVE DIAGRAM (B)

We turn our attention to the commutative diagram of the from (B). Its Hyers-
Ulam-Aoki-Rassias stability is obtained as an application of the preceding section.

Theorem 4.1. Let X be a set and o a bijective selfmap of X. Let (Y,d) be a
complete metric space and T be a continuous selfmap of Y. Fix two nonnegative
functions €, § on X. Suppose that

/Ba—l,a < o0, 60—1,6 <00, Y <oo and 7y max{/ga—l,aﬁa—lﬁ} <L
If two mappings f,g: X — 'Y satisfy
d(f(ox), 7(g(2))) < e(x) and d(f(z),9(x)) <d(z) (2 € X),
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then there exists a unique mapping foo : X — Y such that

fooloz) = Tﬁ(foo(:c)() " 5(2)
o1 eE(T o—1,67r 0T
d(f(w),foo(x)) < 1=y max{B, 1,814} (r € X).

/80_17a e(x) +d(x)
d(g9(2). foo(@)) < 77 max{B, 1 o, Bo1,4}

Proof. Define a binary operation o on X by x o2’ = oz for all z,2” € X. Then
xox = ox holds for all x € X, and so ¢ is the square operator on X, Also, o is
an automorphism of X, because o(z o z’) = o(ox) = (ox) o (c2’) for all z, 2’ € X.
Next, we define a binary operation ¢ on Y by yoy’ = 7y for all 4,3/ € Y. Clearly, ¢
is continuous. Since yoy = 7y for all y € Y, 7 is the square operator on Y. Also, 7
is an endomorphism of Y, because 7(y o y') = 7(1y) = (1y) ¢ (7¢/) for all y,y € Y.
Finally, we set &(z,2') = e(z) for all z,2" € X. Then a,-1s = f,-1.. Thus we
can apply Theorem 3.1 with replacing & by o, 7 by 7 and € by €. The theorem is
obtained immediately. O

In particular, if § = 0, then we have the following corollary:

Corollary 4.2. Let X, o and (Y,d), T be as in Theorem 4.1. Take a nonnegative
function € on X. Suppose that 3,1 . < 00, v < 00 and By-1 .- < 1. If a mapping
f X =Y satisfies d(f(ox), 7(f(z))) < e(z) for all z € X, then there exists a
unique mapping foo : X — Y such that

Fro(02) = 7(foola)) and d(f(x), foola)) < — 2

S ——&(x
1 _60*1,5’7T ( )

forallx € X.

The next theorem is the consequence of Theorem 3.4.

Theorem 4.3. Let X be a set and o a selfmap of X. Let (Y,d) be a complete
metric space and T be a bijective continuous selfmap of Y. Fix two nonnegative
functions g, § on X. Suppose that

/Ba,e < 00, /80,5 <00, Y1 <00 and Y-t max{ﬁa,syﬁaﬁ} <L
If two mappings f,g: X — 'Y satisfy

d(f(ox), 7(9(x))) < e(x) and d(f(z),9(x)) <d(z)  (z € X),
then there exists a unique mapping foo : X — Y such that

foo(ow) = 7(foo ()

Yr—1e(x) + (x)

d(f($)7 fOO(:E)) < 1— V-1 maX{Ba,saﬁaﬁ} (:U € X)
i (e(x 5 0(x

d(g(l'), fOO(x)) S 1’}/: 77_(81( H)l;—({ﬁﬁja(ﬁo)Z}

Proof. Define a binary operation o on X by zox’ = ox for all z, 2/ € X. As we saw
in the proof of Theorem 4.1, o is the square operator on X and an endomorphism
of X. Next, we define a binary operation ¢ on Y by yoy' = 7y for all y,3/ € Y.
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Similarly, we see that ¢ is continuous and that 7 is the square operator on Y and
an automorphism of Y. Finally, we set &(z,2’) = e(x) for all z,2’ € X. Then
05z = PBoe. Thus we can apply Theorem 3.4, replacing 6 by o, 7 by 7 and € by €.
The theorem is obtained immediately. U

In case 6 = 0, we have the following:

Corollary 4.4. Let X, o and (Y,d), T be as in Theorem 4.3. Take a nonnegative
Junction € on X. Suppose that B, < 00, V-1 < 00 and Byev,—1 < 1. If a mapping
[+ X =Y satisfies d(f(ox), 7(f(z))) < e(z) for all z € X, then there exists a
unique mapping foo : X — Y such that

Ve
foo(ox) = 7(foo(@)) and d(f(z), foo(2)) < mdl’)
forallx € X.

5. APPLICATION TO BANACH MODULE, I

In Sections 4 and 5, we consider the case that X and Y are Banach modules, and
we take up the mapping f : X — Y satisfying f(axz + bz') = ¢ f(z) + d f(2') for all
z, 7 € X.

Theorem 5.1. Let A be a unital commutative Banach algebra and X a normed
A-module. Let B be a commutative Banach algebra and Y a Banach B-module. Fix
a,be A, c,d € B, p,qg,r € R and A\, k > 0. Suppose that a + b is invertible and

(5.1) e+ dl max [[(a+b)""" < 1.
t=p,q,r

If two mappings f,g: X — Y satisfy
(5.2) 1f(az +bz") — cg(x) — dg()|| < A(llz[P + [|="]|7) (z,2" € X),
(5.3) [f(z) = g(@)[| < K |lz|" (z € X),
then there exists a unique mapping fo : X — Y such that
(5.4)

foolax +bx') = ¢ foo(z) + d foo (2)) (z,2' € X),

A max [|(a+0) 7 (l+ ]7) + r lI(a+0) =" | lle+d]| ]

1f (@)= foo ()] <

9

1 —[le+d|| max [|(a+0)7""
t=p,q,r

A max [[(a+ )~ | (J][” + [|1|) + sll]|"

lg(x) = foo ()| < (z € X).

1—|[lc+d|| max [(a+b)~"|"
t=p,q,r

If the mapping f : X — Y satisfy (5.4), then we say that f is an (a, b, ¢, d)-
module homomorphism from X to Y.
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Proof. Define binary operations o on X and ¢ on Y by
(5.5) rox' =ar+br' (v,2' € X) and yoy' =cy+dy (y,y €Y).

Obviously, o and ¢ are continuous. Also, the corresponding square operators ¢ and
T are given by

(5.6) orx=zox=(a+bx (re€X) and Ty=yoy=(c+dy (yeY).

Hence the easy computation shows that 6 and 7 are endomorphisms of X and Y
respectively. In particular, 6 is an automorphism of X, because a + b is invertible
and 61z = (a +b)~ !z for all x € X. Next, we put

(5.7) e(z,2') = M||z|P + ||2']|?) and &(z) = & ||z|" (z, 2" € X).
Under these circumstances, we have
e(6 7z, 67'7") = A([|(a+b)'z||P + |[(a+b)2||%)
< A(I(a+0)"HPll” + [ (a+b)~H|17]|2")| )
fékggﬁWa+®_”VUWW“%WﬂW)=g§gW@+®_”Vd%$U

for all z,2’ € X, and hence

(5.8) as-1, < max||(a +b) 7.
’ t=p,q
Similarly, we easily see that
(5.9) Bo-15 <@+ and v < [le+dl|.
Hence the inequalities (5.8), (5.9) and (5.1) imply 73 max{as-1 ., B5-15} < 1. Ap-
plying Theorem 3.1, we get the theorem at once. O

The next two corollaries describe the case k = 0 or the case A = 0 in Theorem
5.1:

Corollary 5.2. Let A, X and B, Y be as in Theorem 5.1. Fiz a,b € A, ¢,d € B,
p,q € R and X > 0. Suppose that a + b is invertible and ||c + d|| max;—, 4 ||(a +
)P < 1. If a mapping f : X — Y satisfies || f(ax + bz') — c f(x) — d f(2)]| <
M[[z][P + ||2'[|7) for all z,2’ € X, then there exists a unique (a,b,c,d)-module
homomorphism fs : X — Y such that

A mass_pg [[(a + )1
T) — folx)|| < ’
17@) = Fool@) < T d maxepg a & &) 117

Corollary 5.3. Let A, X and B, Y be as in Theorem 5.1. Fiz a,b € A, ¢,d € B,
r € R and k > 0, Suppose that a+b is invertible and ||(a+b)"||" |lc+d|| < 1. If two
mappings f,g: X — Y satisfy f(ax +bx') = cg(x) + dg(a’) and || f(z) — g(z)| <
K ||z||" for allz,a’ € X, then there exists a unique (a,b, ¢,d)-module homomorphism

foo : X = Y such that
KW0+®‘WW6+dHHﬂV

R N EURIAGET @eX)
l960) = Fo ) < = prrrear ]

(llP +ll2l17)  (z € X).
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The next theorem holds similarly.

Theorem 5.4. Let A be a commutative Banach algebra and X a normed A-module.
Let B be a unital commutative Banach algebra and Y o Banach B-module. Fix
a,be A, c,d e B, p,q,r € R and \,x > 0. Suppose that ¢ + d is invertible and

max [la + b||* < _
S e+ a1

If two mappings f,g : X — Y satisfy (5.2) and (5.3), then there exists a unique
(a,b,c,d)-module homomorphism fo : X — Y such that

Me+d) )P + [l2l19) + & ll=]l”
L=+ )T max fla+b|f
(e + &)~ M Al l” + [|2]19) + & [la + ]| [J«]"]
1= (c+d)~ " max [a+o|
t=p,q,r

1/ (2) = foo () || <

(x € X).

l9(z) = foo ()] <

Proof. Recall the proof of Theorem 5.1. If we define two continuous binary opera-
tions o on X and ¢ on Y by (5.5), then the corresponding square operators & and 7
are given by (5.6) and become endomorphisms of X and Y respectively. This time,
# is an automorphism of Y with the inverse 7!y = (c 4+ d) !y for all y € Y. If we
define € and 0 by (5.7), then we have

aze Smaxfa+ b, fos<lla+bll” and e < I(c+d)~H.

Applying Theorem 3.4 instead of Theorem 3.1. we arrive at the theorem. U

The next two corollaries describe the case kK = 0 or the case A = 0 in Theorem
5.4:

Corollary 5.5. Let A, X and B, Y be as in Theorem 5.4. Fix a,b € A, ¢,d € B,
p,qg € R and X > 0, Suppose that ¢ + d is invertible and maxi—pq |la + b||" <
1/|[(c+d)~Y|. If a mapping f : X — Y satisfies || f(ax +bx') — c f(z) —d f(2')]| <
M[[#][P + [|2'[|7) for all z,2’ € X, then there exists a unique (a,b,c,d)-module
homomorphism fs : X — Y such that

) Mie+ )
17@) = Joo @) < T 1 maxieyg o + 0T

Corollary 5.6. Let A, X and B, Y be as in Theorem 5.4. Fiz a,b € A, ¢,d € B,
r € R and k > 0, Suppose that c+d is invertible and ||a+b||"||(c+d) || < 1. If two
mappings f,g: X =Y satisfy f(ax +bx') = cg(x) +dg(z’) and ||f(z) — g(x)| <
klz||" for allxz, 2’ € X, then there exists a unique (a, b, ¢, d)-module homomorphism
foo : X =Y such that

K

1£) = Foo@ < g e 1

) wlla+ ol lc+d
loa) — foel)ll < 7y gy o]

(IlP + ll2ll17)  (z € X).

(x € X).
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Let us consider the case that A= B =Canda=b=c=d =1 and p = q.
Then Corollary 5.2 leads to the result of Z. Gajda [7] : If p > 1 and if || f(z + ') —
f(@) = f(@)]] < A([|z]|P+||2'|[P) for all z, 2" € X, then there exists a unique additive
mapping f. such that

15@) ~ foola)l| < gp—sllal? (@€ X).

Also, Corollary 5.5 yields the following result: If p < 1 and if ||f(z + 2') — f(x) —
F@ < A(flz|lP + [|2/]|P) for all 2,2’ € X, then there exists a unique additive
mapping f. such that

15@) ~ foola)l| < T—igllal? (@ e X).

This is due to D. H. Hyers [8] if p = 0, due to T. Aoki [2] or Th. M. Rassias [15] if
0 < p < 1, and due to Miura, Hirasawa and Takahasi [14] if p < 0.

6. APPLICATION TO BANACH MODULE, II

Even if we change the term ||z||P+||2’||7 into ||z||P||2||? in Section 4, we can discuss
in the same way. The easy modification yields two theorems and two corollaries
below.

Theorem 6.1. Let A, X, B, Y, a,b,c,d, p,q,r and A\, k be as in Theorem 5.1.
Suppose that a + b is invertible and

le+d|| max [[(a+b)7! <1.
t=p+q,r

If two mappings f,g: X — 'Y satisfy
(6.1) If (az +b2') — cg(x) — dg()]| < Xll=|P[]2"|| (z,2" € X),
(6.2) 1f(z) — g(@)|| < &[] (z € X),
then there exists a unique (a,b, c,d)-module homomorphism fs : X — Y such that
Al(a+0)"H[PH e ][P* + sl (atb) " " |[e+d] [l]"

1—[le+d|| max |/(a+0)7""

t=p+q,r
M+ 0) =P + g ]|
1—|lc4+d|| max |(a+0b)71*
t=p+q,r

1f(@) = foo(2)]] <
(x € X).
l9(z) = foo ()| <

Proof. Modify the proof of Theorem 5.1. In (5.7), we replace the first equation
by e(x,2’) = X||z||P||2||? for all z,2’ € X. Then the inequality (5.8) changes into
as-1. < |[(a+b)[PT9. Thus the theorem follows in the same way. O

Corollary 6.2. Let A, X, B, Y, a,b,c,d, p,q and X be as in Corollary 5.2. Suppose
that a + b is invertible and ||(a + b)"Y||PT9|lc +d| < 1. If a mapping f : X — Y
satisfies || f(ax +bx') —c f(x) —d f(2)|| < M||z||P||«'||? for all x,2" € X, then there
exists a unique (a,b, c,d)-module homomorphism foo : X — Y such that
All(a+b)~t|pte
(a+b)~HPHa(lc+d|

[T (z € X).

I£) = Fao@)] < 7
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Theorem 6.3. Let A, X, B, Y, a,b,c,d, p,q,r and A\, k be as in Theorem 5.4.
Suppose that ¢ + d is invertible and

1
max ||(a+ b)Ht
t=p

=ptar II(e+a)~1I°

If two mappings f,g : X — Y satisfy (6.1) and (6.2), then there exists a unique
(a,b,c,d)-module homomorphism fo : X — Y such that

Mi(e+d) " )P+ fl”
1—|(c+d)"| max |la+b|*
t=p+q,r
[(c+ad)~ " [M )P + s lla + 0| || =]|"]
1—|(e+ d)_1|| max ||a+ b|*
t=p+q,r

1f (@)= foo (@) <
(x € X).
l9(x) = foo ()] <

Corollary 6.4. Let A, X, B, Y, a,b,c,d, p,q and X be as in Corollary 5.5. Suppose
that ¢ + d is invertible and ||a + b||PT? < 1/||(c + d)~||. If a mapping f: X — Y
satisfies || f(ax +bx’) —c f(x) —d f(2")]| < X||=||P||2"||? for all x,2’ € X, then there
exists a unique (a,b,c,d)-module homomorphism fo : X — Y such that

Ml(e+d)~1l

< Ptq € X).
L T [ K

1f(2) = foo(2)

Let us consider the case that A= B=C and a =b=c¢=d = 1. Then Corollary
6.2 leads to the following result: If p+¢ > 1 and if || f(z + 2') — f(z) — f(2/)|| <
Alz||P||2’||? for all z, 2’ € X, then there exists a unique additive mapping fo such
that

17@) ~ fool@)l| < gra—gllal?*®  (x e X).

Also, Corollary 6.4 yields the following result: If p+¢ < 1 and if || f(z+2') — f(x) —
F@] < X|z||P||«’||? for all z, 2" € X, then there exists a unique additive mapping
foo such that

A
1£(2) = foe(@)ll € 5=z llelP* (@ e X).

7. THE OTHER APPLICATIONS

Finally, we record two simple corollaries of Theorem 3.4.

Corollary 7.1. Let X be a set with a binary operation o satisfying (xox)o(a'ox’) =
(xox')o(zoa') for allz,a’ € X. Write [1,00) = {x € R:x > 1} and take £,0 > 0.
If two functions f,g: X — [1,00) satisfy

[f(zoa') —g(z)g(2')| < e and \f( )—g(s) <0 (z,2 € X),
then there exists a unique function foo : X — [1,00) such that

foo(oa) = foo(@) foo(a’)  (2,2" € X)),
[f(@) = foo(w) S€+26 and |g(z) - fo(z)| S€+0 (v €X).
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Proof. By the property of o, the square operator 6 :  — xox is an endomorphism of
X. If we put yoy' = yy' for all y,y' € [1,00), then ¢ is a continuous binary operation
on [0,00), and the square operator 7 : y + y oy = y? is an automorphism of [1, o)
with the inverse 7~ ly = VY. Also, we understand ¢ and ¢ to be the constant
functions on S x S and S, respectively. Then we can easily see that as,. < 1,
Bss < 1 and

~A—1,,  ~—=1,/ / 1 / 1
'yf1zsup{‘7— v-7 vl vy 6[17,00)}:Sup{ Yy 6[17/00)}:
ly =yl y#y VI + VY y#y
These imply that ;-1 max{as ., 855} < 1/2 < 1. Thus the corollary follows from
Theorem 3.4. [l

Corollary 7.2. Let X be a set with a binary operation o satisfying (xox)o(x'ox’) =
(xox')o(xoa') for all z,2’ € X. Take ,§ > 0. If two complex functions f, g on
X satisfy

[f(xod)) —g(z) —g(a)| <e and [f(z)—g(x)| <  (z,2" € X),
then there exists a unique complex function foo on X such that

foo(z0a') = foo(@) + fos(a)  (z,2" € X),
[f(@) = foo(0) Se+26 and |g(x) — fo(z)| <e+0 (v €X).

Proof. Take a binary operation ¢ on C as the usual addition + on C. Then the
square operator 7 : y — yoy =y +y = 2y on C is clearly an automorphism of
(C,+) and its inverse is given by 771y = y/2. Employing the argument in the proof
of Corollary 7.1, we obtain the desired result. 0
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