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STRONGLY CONVERGENT ITERATIVE ALGORITHMS FOR
SOLVING A CLASS OF VARIATIONAL INEQUALITIES

FENGHUI WANG AND HONG-KUN XU*

ABSTRACT. The paper is concerned with the problem of finding a common solu-
tion of a variational inequality problem governed by inverse strongly monotone
operators and of a fixed point problem of nonexpansive mappings. Two new
iterative algorithms are introduced to solve the problem. Moreover, it is proved
the sequence generated by each of the algorithms converges in norm to a solution
closest to the anchor from the common solution set. Applications to strict pseu-
docontractions, the split feasibility problem, and the convexly constrained linear
inverse problem are included.

1. INTRODUCTION

A variational inequality problem (VIP) is formulated as a problem of finding a
point * with the property:

(1.1) zreC, (Az*,z—2")>0, zeC,

where C'is a nonempty closed convex subset of a real Hilbert space Hand A : C — H
is an operator. We will denote the solution set of VIP (1.1) by Q(A4;C).

VIP (1.1) is said to be a monotone VIP if the governing operator A is a monotone
operator. In this paper we will consider a special case of a monotone VIP where
the governing operator A : C' — H is inverse strongly monotone (ism) (i.e., there
exists a constant v > 0 such that (Az — Ay, —y) > v|| Az — Ayl|? for all 2,y € O).

A fixed point problem (FPP) is to find a point & with the property:

(1.2) ieC, Si=a,

where S : C — C is a nonlinear mapping and C' is, as above, a nonempty closed
convex subset of a real Hilbert space H. The set of fixed points of S is denoted as
Fixz(S).

The problem under consideration in this article is to find a common solution of
VIP (1.1) and of FPP (1.2). Namely, we seek a point z* such that

(1.3) x* € Fix(S)NQ(A;0).
To solve Problem (1.3), Takahashi and Toyoda [22] introduced an algorithm which

generates a sequence () by the iterative procedure:
(1.4) Tnt1 = nZp + (1 — ap)SPo(x, — A\yAzy,), n >0,
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where P¢ is the projection of C' onto H.
liduka and Takahashi [14] introduced another algorithm which generates a se-
quence (x,) by the iterative procedure:

(1.5) Tnt1 = anx + (1 — an)SPo(zy, — MyAxy), n>0.

In both algorithms (1.4) and (1.5), the sequence (ay,) is chosen from the interval
[0,1]. Under certain assumptions, the sequence (z,) generated by algorithm (1.4)
(resp., (1.5)) can be weakly (resp., strongly) convergent to a solution of problem
(1.3) (see [22, 14]).

Recently, some other algorithms, which are connected with Korpelevich’s extra-
gradient method [15], were studied (see e.g. [18, 28]). We mention that the main
tool for the convergence analysis used in these articles is the maximal monotone
operator 1" defined by

(1.6) TU:{AU+NCU, vedld,

0, véC,

where Nov ={w € H: (v—wu,w) > 0, u € C} is the normal cone to C at v € C.
In this way, VIP (1.1) is equivalent to finding a zero of the maximal monotone T’
defined by (1.6) (see [21]).

It is the aim of this paper to introduce two new iterative algorithms to solve prob-
lem (1.3). Our approach to the the convergence analysis uses averaged operators
which is different from the existing methods of using maximal monotone operators.
The paper is organized as follows. In the next section, some useful lemmas are
given. In Section 3, we prove strong convergence of our new algorithms. In Section
4, we include applications of our algorithms in solving fixed point problems of strict
pseudocontractions, the split feasibility problem, the convexly constrained linear
problem, as well as the convexly constrained minimization problem.

2. PRELIMINARY AND NOTATION

Let H be a real Hilbert space and C' a nonempty closed convex subset of H. We
use Po to denote the projection from H onto C'; namely, for x € H, Pox is the
unique point in C with the property:

z — Pox|| = min ||z — y||.
| ez yeCH Y|

It is well-known that Pgx is characterized by the inequality:
(2.1) PoxeC, (x—Pox,z—Pcx) <0, zeC.

We will use the following notions on nonlinear operators T : C' — H.

(i) T is nonexpansive if
[Tz =Tyl <z —yl, zyecC
(ii) T is firmly nonexpansive if
(T.%’—Ty,l'—y> 2 HT'T_TyH2a x??JeO

(Projections are firmly nonexpansive; hence nonexpansive.)
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(iii) T is a-averaged if there exist a constant a € (0,1) and a nonexpansive
mapping S such that 7= (1 — o)l + .S, where I is the identity operator
on H. (Projections are i-averaged.)

(iv) T is v-inverse strongly monotone (v-ism) if there is a constant v > 0 such
that

(Tx — Ty, —y) > v|Tx — Ty||?, =z,ycC.
(Projections are 1-ism.)

Some of the basic properties of the above-stated operators are collected below.

Lemma 2.1 ([5]). The following assertions hold.
(a) T is nonexpansive if and only if [ — T is %—ism;
(b) T is averaged if and only if I — T is v-ism for some v > 1/2;
(¢) T is firmly nonexpansive if and only if I —T is 1-ism;
(d§ T s firmly nonexpansive if and only if T is %—avemged;

(e) If T is v-ism for v > 0 and if v > 0, then vT is (v/v)-ism.

We shall use the following notation:

e 1, — x: strong convergence of (z,,) to x;
e 1, — x: weak convergence of (z,,) to x;
e wy(xy): the set of the cluster points of (x,) in the weak topology (i.e., the
set {x : 3w, — x}, where (z,;) means a subsequence of (1))
The lemma below is referred to as the demiclosedness principle for nonexpansive
mappings (see [12]).

Lemma 2.2 (Demiclosedness principle). Let C' be a nonempty closed convez subset
of H and T : C — H a nonexpansive mapping with Fix(T) # (. If (x,,) is a sequence
in C such that v, — = and (I — T)x, — y, then (I — T)x = y. In particular, if
y =0, then x € Fiz(T).

Averaged operators will play an important role in the convergence analysis of

our algorithms (to be introduced in Section 3). We therefore collect some useful
properties of averaged mappings.

Lemma 2.3 ([5, 7]). Let va and vp be constants in (0,1). Assume that A is
va-averaged and B is vg-averaged. Then the following hold.

(i) If Fiz(A) N Fixz(B) # 0, then Fix(AB) = Fix(A) N Fix(B);
(ii) The composition AB is vap-averaged with

— 2 .

N 1-|-1/(VA\/VB)7

(iii) For any z € Fix(A), there holds the following inequality:

VAB

1—vy

1Az — 2| < o — 2[|* - |4z — |*.

The assumption below will be used in the subsequent section.

Assumption 2.4. Let v >0 and b > a > 0.

(a) The sequence () is chosen so that
() 0<a<A, <b<2u
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(1) 2onto A1 — An| < oo
(b) The sequence («,) is chosen in (0,1) so that
(i) limy—s00 vy = 0;
(i) > 720 an = 0o;
(iii) either > o7 ) |41 — ap| < 00 or limy, o0 [Gnt1 — Qnl/ay = 0.

Finally, we present a sufficient condition for a real sequence to converge to zero.
Lemma 2.5 ([24]). Let (a,) be a nonnegative real sequence satisfying

ant1 < (1 - 'Yn)an + Ynbin,

where the sequences () C (0,1) and (uy) satisfy the conditions:
(1) 22020 = 00
(11) limy, 00 Y = 0; L
(iii) either Y o2 o |Ynhtn| < 00 or limy, o0 ptn, < 0.
Then lim,,_,oo an = 0.

3. ALGORITHMS AND THEIR CONVERGENCE

In this section, we will introduce two iterative algorithms and prove their strong
convergence to a solution of Problem (1.3). We begin with the following lemma.

Lemma 3.1. Assume that A : C — H is v-ism for some v > 0. Given a real
number X such that 0 < X < 2v. Set V.= 1 —2vA and Vg = (1 — )] + BV with
B = A/2v. Then the following assertions hold.

(a) FZIL‘(POV) = Fil’(PcVﬁ) = Q(A, C),

(b) Vg is B-averaged and also Vi =1 — \A;

(c) For z € Q(A;C), there holds the following estimate:

)

1 _
(3.1 |PeVaz — 2||? < |l — 2||? - T”nPcvﬁm—xn?,

where v :=2/[14+1/(1/2V B)] < 1;
(d) For any given x € H, there holds the inequality:

[PoVpz —z|| < |PeVaz — |,
where 0 < f < ' < 1.
Proof. (a) Observing that, for any z € C,
(x—Vaz,x—2) <0 & (r—Vz,o—2)<0
& (Az,z—2) <0,
one can easily check that (a) holds.
(b) Since A is v-ism, 2vA is %—ism; thus V = I — 2v A is nonexpansive in view of

Lemma 2.1. Consequently Vj is S-averaged. The relation Vg = I — AA follows from

simple computations.

(c) Since P¢ is %-averaged, it follows from Lemma 2.3(ii) that Pc'Vjp is y-averaged,

where

2
T 1+ 1/(max{1/2,3})"

v
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This together with Lemma 2.3(iii) immediately yields
l—v
1PcVaz — 2||” < ||z — 2[|* — THPCVW —a|?,

where z € Q(A4;C) = Fiz(PcVp).
(d) By definition of projections, it follows that
IVsa: — PeVpa|? < ||Vaz — PoVgz|l?,
which implies that
(2 — PeVia) + B(Va — )| < |l — PoVpa) + B(Va — )|
Expanding the above square-norms and by monotonicity of Po, we arrive at

||$ — Pcv/g/l’H2 > Hx — P0V5£L‘”2 + 25<POV/3/$ — Pc‘/bl‘, Vx — $>

2
=z — P0Vﬁ$||2 + 53— 3 <POV/5l$ — PcVgx, Vg — Vm:}
> ||& — PoVsa|P?,
which completes the proof. [

We now introduce our first iterative algorithm. Take an initial guess z¢p € C' and
another point « € C' called an anchor; choose a sequence (a,) in the interval [0, 1];
and define a sequence (x,) by the iterative procedure:

(3.2) Tpy1 = Slanz + (1 — apn) Po(zn, — AMAxy)], n>0.
Below is the convergence of this algorithm.

Theorem 3.2. Let C' be a nonempty closed convex subset of a real Hilbert space
H. Let A: C — H be v-ism for somev >0 and S : C — C nonexpansive. Suppose
Fiz(S)NQ(A; C) # 0 and Assumption 2.4 holds. Then the sequence (x,) generated
by the iterative algorithm (3.2) converges strongly to the solution x* of Problem
(1.3) closest to x from the solution set; namely, ¥ = Ppjz(s)n0-

Proof. Set y, = Po(zn, — \MyAzy,). By Lemma 3.1, we can write

Yn = PCVB":En = PC[(l - ﬁn)xn + BnVl‘nL
where 8, = \,/(2v) € (0,1) satisfying a/(2v) < 8, < b/(2v) and

oo

(3.3) > Bt = Bl < 0.
n=0

We divide our proof into several steps.

STEP 1. The sequence (z,,) is bounded.
Taking any z € Fixz(S) N Q(A;C) (thus z = PcVg,z by Lemma 3.1), we deduce
that
[2n1 = 2] < flanz + (1 = an)yn — 2|
< anllz =zl + (1 = an)lzn — 2|

< max{|[z — 2] [l — 2|}
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By induction, we can easily show that
[#n — 2|| < max{|[zo — 2], ||+ — 2[[}
for all n > 0. In particular, (z,) is bounded.

STEP 2. limy o0 ||yn — zn| = 0.
By Algorithm (3.2), we estimate that

[Zn+1 — ol < |[onz + (1 = an)yn] — [an-17 + (1 = an-1)Yn-1]||
= [[(an — an—1)(x = Yn—1) + (1 — an)(Yn — Yn—1)||
(3.4) < o — an—alllz = yn-1ll + (1 = o) [yn — Yn—1 |
and also that
lyn = Yn—-1ll = [[PcVp,2n — PoVa—1zn-1]|
< Vgawn = Vs, Zn1ll
< Voo = Vo, Znall + Vs, 2n1 = Vg, 01|
(3.5) < |lwn — zn1ll + [Br — Ba-1lllVEn—1 — 2n-1].
Substituting (3.5) into (3.4), we arrive at
(36)  znpr —anl < (1 —an)llzn — zn-all + M(Jan — an—1| +[Bn — Bn-1l),

where M is a suitable positive constant. By virtue of Assumption 2.4 and the condi-
tion (3.3), we can apply Lemma 2.5 to (3.6) to obtain x,+1 — 2z, — 0. Consequently
we also have

(3.7) Jim [z, —yn[ = 0.
In fact, it follows from Lemma 3.1 that PoVj, is y,-averaged, where

2
T T (max{1/2, Ba})”
We therefore derive from (3.1) that

||.%‘n+1 - ZH2 < ||Oénx + (1 - an)yn - ZH2
< apllz = 2| + (1 = an)lyn — 2|
< apllz = 2|* + || PV, a0 — 2|

1 _
< anllz — 2[ + |20 — 2> = — L PeV, 2 — )
n
1—x
= apllz — 2| + |70 — 21> = —L{fyn — 0|
n
It turns out that
1—~
"y =zl < fan — 2] = a1 — 2] + anllz — 2|2
n
(3-8> < L(Hxn - xn—H” + an)7
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where L is a suitable positive constant. Since it is not hard to check that
1 —
inf o
n20 Yp

> 0,

we see that (3.7) follows from (3.8) by sending n — oc.

STEP 3. If 2’ € wy(zy), then 2’ € Fiz(S) NQ(A;C).
To see this, we set z, = apz + (1 — ay)yn. Then we conclude that
[yn = znll = amllz — ynl| = 0,
and also that
1Sz = znll = |2n41 — 2|
< zns1 — 2ol + (|20 — ynll + lyn — 22l
—0 (asn — ).

Take a subsequence (z,, ) of (z,) such that z,, — 2’; hence z,, — 2’ as well. By
the demiclosedness principle (Lemma 2.2), we conclude that 2’ € Fiz(S).

To show 2/ € Q(A;C), set Vg = (1 — B)I + BV with 8 = a/(2v). In view of
Lemma 3.1, we have

[1PcVpay — x|l < |[PoVs,2n = zal = [lyn — 2nl = 0 (as n = o0).

Applying the demiclosedness principle again, we get ' € Fiz(PcVg) = Q(4;C),
where the equality follows from Lemma 3.1(a).

STEP 4. Ty — ¥ = PFix(S)ﬁQ(A;C)x'
To see this we first claim that the following estimate holds:
(3.9) lim (y, —2*, 2 — 2*) <0.
n—o0

In fact, by Steps 2 and 3, we get

lim (y, —z*,2 — 2%) = lim ({(z, —2*,2 — 2*) + (y, — Tp, v — 7))

= lim (v, — 2", 2 —2%) = lim (v, — 2%, 0 — 2%)
n—00 n’—o00
(3.10) =2/ — 2", 0 —2*) <0,

where (x,/) is an appropriately chosen subsequence of (z,,) converging weakly to x’
and where the last inequality follows because x* is the projection of the anchor x
onto Fiz(S)NQ(A;C).
Finally we prove x,, — z*. As a matter of fact, we have
121 = 2*|? = 1S (ane + (1 = an)yn) — Saz*||?
< lema + (1 = an)yn — «*|?
= (1= a)?llyn — 2*|* + o [|lz — 2*||?
+ 200, (1 — ) (yn — ¥, — %)
= (1 = an)?| PeVa,an — &*|* + aj[lz — 2*||?

+ 20, (1 — ap ) (yn — ¥, 2 — z*)
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< (1= an)llzn —2*|* + af o — 2|7
+ 20, (1 — ap)(yn — ¥, 2 — x)
(3.11) < (1 = ap)||zn — 2*]|? + andn,
where
O =21 — ap)(yn — 2*, 2 — ) + ap ||z — 2*||?
satisfies the property (due to (3.9)):

lim 6, <0.

n—oo
Therefore, applying Lemma 2.5 to (3.11) gives that ||x,, — 2*|| — 0, which is the
required result. O

Before moving on to our second algorithm, we present a lemma below.

Lemma 3.3. Let the conditions in Lemma 3.1 hold. If A=*(0) # (), then Q(A;C) =

Fix(V).
Proof. By definitions of V' and V3, it is obvious that
(3.12) A7H0) = Fiz(V) = Fiz(V3) C C.

However, since
Fiz(Po) N Fiz(Vs) = CNATH0) = A71(0) # 0,
it follows from Lemmas 3.1 and 2.3 that
Q(A; C) = Fix(PcVg) = C N Fix(Vp).

Now Q(A; C) = Fixz(V) follows from (3.12). O
Remark 3.4. If the domain of A is the whole space H, then the assumption A~ (0) #
() should be replaced by C' N A=1(0) # 0.

Our second iterative algorithm generates a sequence (x,,) according to the recur-
sion:
(3.13) Tpy1 = SPolanz + (1 — ap)(zn, — A\Azy)], n >0,

where the initial guess xg € C and the anchor x € C' are chosen in C' arbitrarily, and
the sequence (a,) is selected in the interval [0, 1]. The convergence of this algorithm
is given below.

Theorem 3.5. Let C' be a nonempty closed convex subset of a real Hilbert space
H. Let A: C — H be v-ism for some v >0 and S : C — C nonexpansive. Suppose
Fiz(S) N A7L(0) # 0 and Assumption 2.4 holds. Then the sequence (x,,) generated
by the algorithm (3.13) converges strongly to the solution x* of Problem (1.3) closest
to x from the solution set; namely, T = Ppiz(s)na(a;:0)%-

Proof. Set y, = x, — \pAxy. Then by Lemma 3.1, we can write

Yn = Vﬁn$n = (1 - Bn)xn + anxm

where 3, = \,,/(2v) € (0,1) satisfying condition (3.3). Again we divide our proof
into several steps.
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STEP 1. The sequence (z,,) is bounded.
Take z € Fiz(S) NQ(A; C). It follows from Lemma 3.3 that

(3.14) z € Fiz(S)NQA4;C) = Fiz(S)N Fiz(V) C C.

Repeating the argument of Step 1 in the proof of Theorem 3.2, we can obtain that
the sequence (z,,) is bounded.

STEP 2. limy, o0 ||Yn — Znl| = 0.
By Algorithm (3.13), we estimate that

[#n41 = nll < Jlanz + (1 = an)yn — [on—12 + (1 — an—1)yn—1]|
— (@ — an 1)@ = 1) + (1 — @) (g — pn-1)
(3.15) < o — @n-1lllz = gn1ll + (1 = an)llyn — g
and also that
lyn = yn—1ll = Vg, 20 — Vs, _1 01|
< Hvﬁnl‘n — V/@nl‘nflﬂ + ||V5n$nf1 - Vﬁn_1$n71”
(3.16) < zn = zn-all + [Bn = Ba-1lllVEn—1 — zn-.
Substituting (3.16) into (3.15) yields
[Znt1 — 2nl| < (1 —an)llzn — 2ol
+ M(lan — an—1] + |Bn — Bn-1l),

where M is a suitable positive constant. Now we can apply Lemma 2.5 to (3.17) to
obtain xp11 —xy — 0.
On the other hand, we deduce by (3.14) that

[2ni1 — 2% = [|SPolant + (1 — an)yn] — 2|
<z + (1= an)yn — 2|2
< (1= an)llyn — 2[1> + ol — 2|
<|(1 = Bn)@n + BuVn — z[|* + oz — 2|
= (1= Bn)llzn — 211> + BullVan — 2|
+ anllz — 2l = Bu(1 = Bu)lzn — Van|
< lan — 2l + amlle — 2)1* = Bu(1 = Bn) a0 — Vaa|*.

(3.17)

It turns out that
Bl = Ba)llzn = Vao|® < llan = 2)” = [2n41 — 2[1 + anllz — 212
(3.18) < L(||xnt1 — znll + an),

where L is a suitable positive constant. Now since 0 < a/(2v) < B, < b/(2v) < 1
for all n and since ||zyp4+1 — zp|| — 0, it follows from (3.18) that

(3.19) |zn, — Va,| -0 asn— .

However ||z, — yn|| = Bnl|Vxn — xy||. Therefore, x,, — y, — 0 as n — oc.

STEP 3. If 2’ € wy(zy,), then 2’ € Fiz(S) NQ(A;C).
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Take a subsequence (z,,) of (x,) such that z,, — 2’. Thus, by (3.19) and the
demiclosedness principle (Lemma 2.2), 2’ € Fiz(V) = Q(A; C).
To see o’ € Fix(S), let 2z, = Polanx + (1 — ap)yn]. It is obvious that z,, € C for
every n > 0 and thus
[0 = zull = [[Pown — Polanz + (1 — an)ya]]|
< anllen =z + [[2n = yal = 0,

which implies that z,, — z’. On the other hand,
1520 = znl = |lzn41 — 20l < |21 — znll + (|20 — 20| = 0.

Applying again the demiclosedness principle (Lemma 2.2) gives us that 2’ € Fiz(S).

STEP 4. z, — x* := Ppix(s)mQ(A;C)x.
To see this, we first repeat the proof of (3.10) to get the following estimate:

(3.20) lim (y, — 2*,z — 2*) <0.

n—o0

Next we compute from (3.13) that

[Zns1 — 2*||* = | SPolane + (1 — ap)yn] — 2*||?
< Jlanz + (1 — an)yn —«*|?
= (1 —an)?llyn — 2*[I” + af |z — 2|
+ 20, (1 — ap)(yn — ¥, — x¥)
= (1= an)’[IVs, 0 — 2*[* + aj ||z — 27||?
+ 20, (1 — ap)(yn — ™, 2 — x¥)
< (1 —ap)llen —2*|* + af |z — 27|
+ 20, (1 — ap)(yn — %, — z¥)
(3.21) = (1 — )|z — 2*|* + andy,
where
6n = 2(1 — ap)lyn — x*, 2 — %) + ap ||z — z*|)?
satisfies the property (due to (3.20)):

lim 6, <0.

n—oo

Applying Lemma 2.5 to (3.21) yields that ||z, — 2*|] — 0. This completes the
proof. O

4. APPLICATIONS

We present in this section several applications of the results obtained in Section
3.
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4.1. Strictly pseudocontractive mapping. We first consider a problem for find-
ing a common fixed point of a nonexpansive mapping and of a strictly pseudo-
contractive mapping. Recall that an operator T : C' — C is called strictly k-
pseudocontractive if there is constant x € [0, 1) such that

1Tz = Ty|* < [lz — yl* + &I = T)z — (I = T)y|”

for all z,y € C. It is known that if T is strictly s-pseudocontractive, then A =1-T

is 155-ism (see [3]).

Corollary 4.1. Let T : C' — C be strictly k-pseudocontractive and S : C — C
nonexpansive. Suppose that Assumption 2.4 holds and Fixz(S) N Fix(T) # (. Then,
for any given z, xo € C, the sequence (x,) generated by the algorithm

Tpt1 = Slapz + (1 — an) (1 — A\p)xn + A Txy)], n>0
converges strongly to the point Priy(s)nFiz(T)T-
Proof. Set A =1 —T. Then A is 155-ism. Also Fiz(T) = Q(A;C) and Po(x, —

MAzxy) = (1 — A\p)xy + ATz, Applying Theorem 3.2 yields the result of the
lemma. O

4.2. Convexly constrained minimization problem. Consider the optimization
problem of finding a point x* with the property:
4.1 *ea i ,
(4.1) 2 € argmin f(z)
where f : H — R is a convex and differentiable function. A classical method to solve

Problem (4.1) is the well-known gradient projection algorithm, which generates a
sequence (z,) by the iterative procedure:

(4.2) Tpy1 = Po(xn — YV f(zy)), n >0,
where xg € H, and v is a positive parameter. If, in addition, V f(z) is %—Lipschitz

continuous, i.e.,

V@) =TI < =yl 2y e,

then the sequence (z,), generated by (4.2) with 0 < v < 2v, converges weakly
to a minimizer of f relative to the set C, whenever such minimizers exist (see for
example [5, Corollary 4.1]).

Corollary 4.2. Let f : H — R be a convexr and differentiable function. Suppose
that V f(z) is %—Lipschitz continuous and that Assumption 2.4 holds. Then, for any
given x, xo € H, the sequence (x,,) generated by the algorithm

Tptl = QpT + (1 - an)PC(xn - )\an(xn))

converges strongly to a minimizer of f relative to C, whenever such minimizers
exist.

Proof. Denote by Q(f;C) the solution set of the variational inequality
reC, (Vf(x),zr—2)>0, ze€C.
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According to [10, Lemma 5.13], we have Q(f;C) = argmingec f(x). Further, if
Vf is (1/v)-Lipschitz continuous, then it is also v-ism (see [2, Corollary 10]) and
therefore, Theorem 3.2 applies by letting A = V f. O

Corollary 4.3. Let the conditions in Corollary 4.2 hold. If, in addition,
CNVfH0) #0,
where f~1(0) = {x : Vf(x) = 0}, then, for any given x, o € H, the sequence (xy)
generated by the algorithm
Tn1 = Polans + (1 — an)(@n — AV f(2n))]

converges strongly to a minimizer of f relative to C, whenever such minimizers
exist.

Proof. Applying Theorem 3.5 obtains the result. O

4.3. Split feasibility problem. Let C' and @ be nonempty closed convex subsets
of real Hilbert spaces H and K, respectively. The split feasibility problem (SFP) [6]
is formulated as finding a point x satisfying the property:

(4.3) x € Cand Az € Q,

where A : H — K is a bounded linear operator. SFP (4.3) attracts many authors’
attention due to its application in signal processing [6]. To solve SFP (4.3), it is
very useful to investigate the following convexly constrained minimization problem

(CCMP):
(4.4) min f () := /(1 ~ Po) A

Generally speaking, SFP (4.3) and CCMP (4.4) are not fully equivalent: every
solution of SFP (4.3) is evidently a minimizer of CCMP (4.4); however a solution
to CCMP (4.4) does not necessarily satisfy SFP (4.3). Further, if the solution set
of SFP (4.3) is nonempty, i.e.,

CNAHQ):=Cn{z: Az cQ} #0,
then it follows from [23, Lemma 4.2] that
CNVfH0)=CnATHQ) #0,

where f is defined by (4.4).

Various algorithms have been invented to solve SFP (4.3) (see [4, 5, 20, 25, 26, 27|
and reference therein). In particular, Byrne [4] introduced the CQ algorithm: For
any initial guess zo € H, define (z,,) recursively as

(4.5) Tpt1 = Po(l — ANA"(I — Pg)A)zy,
where 0 < \ < 2v with v = 1/||A]|?. The CQ algorithm is known to have only weak

convergence in infinite-dimensional spaces [11], since it is in fact a special case for
the Mann iteration [17].
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Corollary 4.4. Suppose that Assumption 2.4 holds. Then, for any given x € H,
the sequence (x,,), generated by the algorithm

Tnt1 = o + (1 — o) Po[zy, — M A™ (I — Pg)Axy]
converges strongly to a solution of SF'P (4.3), whenever its solution set is nonempty.
Proof. Let f be defined by (4.4). According to [5, p. 113] (see also [1]), we have
Vf=A"I-Pg)A,

which is (1/v)-Lipschitz continuous with v = 1/||A||%. Thus Corollary 4.2 applies
and the result follows immediately. O

Remark 4.5. Corollary 4.4 recovers the result of [25, Corollary 3.7], which considered
the special case where A\, = A for all n.

Corollary 4.6. Suppose that Assumption 2.4 holds. Then, for any given x € H,
the sequence (x,,), generated by the algorithm

Tnt1 = Polomz + (1 — ap)(zn — \A™ (I — Pg)Azy,)]
converges strongly to a solution of SFP (4.3), whenever its solution set is nonempty.
Proof. This is a straightforward consequence of Corollary 4.3. O

Remark 4.7. Corollary 4.6 recovers the result of [23, Theorem 4.3], which considered
the special case where x = 0 and A\, = A for all n.

4.4. Convexly constrained linear inverse problem. The convexly constrained
linear inverse problem is to solve the constrained linear system (cf. [9, 19])

Axr=10>
(4.6) { o=
where A : H — K is a bounded linear operator and b € K. A classical way to deal

with this problem is the well-known projected Landweber method (see [9]): For any
initial guess xy € H, define (z,,) recursively by

(4.7) Tny1 = Polrn, — AMA*(Ax, — b)),

where 0 < A < 2v with v = 1/||A|2. An counterexample in [8, Remark 5.12] shows
that the projected Landweber iteration converges weakly in infinite-dimensional
spaces, in general. To get strong convergence, we have the following result.

Corollary 4.8. Suppose that Assumption 2.4 holds. Then, for any given x € H,
the sequence (x,,) generated by the algorithm

Tpt1 = an® + (1 — ay) Pz, — \yA* (Azy, — b))

converges strongly to a solution of Problem (4.6), whenever its solution set is
nonempty.

Proof. This is a direct consequence of Corollary 4.4 by taking @ = {b}. O
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Corollary 4.9. Suppose that Assumption 2.4 holds. Then, for any given x € H,
the sequence (x,,) generated by the algorithm

Tpy1 = Polans + (1 — ap)(zn — M A" (Azy — b))]

converges strongly to a solution of Problem (4.6), whenever its solution set is
nonempty.

Proof. This is a direct consequence of Corollary 4.6 by taking Q) = {b}. O

Remark 4.10. Corollary 4.9 recovers the result of [9, Theorem 3.9], which considered
the special case where z = 0 and A\, = (1 +n"%) " with 0 < a < 1.
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