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STRONG CONVERGENCE THEOREMS BY HYBRID METHODS
FOR FAMILIES OF RELATIVELY NONEXPANSIVE MAPPINGS
IN HILBERT SPACES

T. BUTSAN, S. DHOMPONGSA, AND W. TAKAHASHI"

ABSTRACT. In 2008, Takahashi, Takeuchi and Kubota [10] proved a strong con-
vergence theorem by the hybrid method for a family of nonexpansive mappings
which generalized Nakajo and Takahashi’s theorems [6]. Furthermore, they ob-
tained another strong convergence theorem for the family of nonexpansive map-
pings by a hybrid method which is different from Nakajo and Takahashi. In
this paper, we extend Takahashi, Takeuchi and Kubota’s results for a single rel-
atively nonexpansive mapping or a family of relatively nonexpansive mappings
in a Hilbert space. Using these results, we obtain some new strong convergence
theorems in a Hilbert space.

1. INTRODUCTION AND PRELIMINARIES

Let H be a real Hilbert space. We denote by z,, — = the weak convergence and
by z,, — x the strong convergence.

Let C' be a nonempty closed convex subset of a Hilbert space H. Then, for
each x € H, there exists a unique nearest point in C' denote by Pox, such that
|z — Pez|| < ||z — y| for all y € C. Such P¢ is called the metric projection
of H onto C. We know that for x € H and z € C, z = Pgx is equivalent to
(x —z,z—wu) >0 for all u € C. We also know that H has the Kadec-Klee property,
that is, z,, — x and ||z,|| — ||z|| imply z, — 2. In a real Hilbert space H, we have

Az + (1= Nyl? = Mz ]|* + 1 = Nllyl® = A1 = Nz -yl

for all z,y € H and X € R; see [9] for more details.

Let T be a mapping from C into itself. We denote by F'(T") the set of fixed points
of T. A mapping T': C' — C is nonexpansive if ||Tz—Ty|| < ||[x—y|| forall z,y € C.
A mapping T : C — C' is quasi-nonexpansive if F(T) # 0 and ||Tx — Tu|| < ||z —y]|
forall x € C and v € F(T). We know from Itoh and Takahashi [2] that if T: C — C
is quasi-nonexpansive, then F(7T') is closed and convex. A point p in C' is said to be
an asymptotic fixed point of T' [7] if C' contains a sequence {xy} such that x, — p
and lim,, o |2, —Tzy| = 0. The set of asymptotic fixed points of T will be denoted
by F(T). A mapping T from C into itself is called relatively nonexpansive [4] if
F(T) #0, F(T) = F(T) and |Ju — Tz|| < ||ju— x| for all € C and u € F(T)
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Following Nakajo, Shimoji and Takahashi [5], we can give the following defi-
nition: Let {7} and 7 be two families of mappings of C into itself such that
0#F(T)= ", F(Tn), where F(T},) is the set of all fixed points of T,, and F(T)
is the set of all common fixed points of 7. Then, {7} is said to satisfy the NST-
condition (I) with 7 if for each bounded sequence {z,} C C,

lim ||z, — Thzn| =0
n—oo

implies that lim, 0 ||z, — T2,|| = 0 for all T € 7. In particular, if 7 = {T}, i.e.,
7 consists of one mapping 7', then {7T),} is said to satisfy the NST-condition with
T. Takahashi, Takeuchi and Kubota [10] proved the following strong convergence
theorem by using a hybrid method called the shrinking projection method.

Theorem 1.1. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let {T,} and T be families of nonexpansive mappings of C into itself
such that ooy F(Tn) = F(T) # 0 and let vy € H. Suppose that {T,,} satisfies the
NST-condition (I) with T. For Cy = C' and u; = Pg,xo, define a sequence {uy,} of
C as follows:

Yn = iy + (1 — ap)Thuy,

Cnp1={z€Cn: llyn — 2l < [lun — 2|},

Uny1 = Po,, 70, n €N,
where 0 < a,, < a <1 foralln € N. Then, {uy,} converges strongly to zg = Pr1yzo.

Takahashi, Takeuchi and Kubota[10] also proved the following theorem.

Theorem 1.2. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let {T,} and T be families of nonexpansive mappings of C into itself
such that (Voo F(T,) = F(T) # 0 and zo € H. Suppose that {T,,} satisfies the
NST-condition (I) with T. For uy = Poxg, define a sequence {u,} of C as follows:

Yn = apy + (1 — ap) Thun,
Cn={2€C: lyn — 2l < [lun — 2|},
Qn={z€C:{(xy—up,u, —z) >0},
Un+1 = Po,ng,To, n €N,
where 0 < a, < a < 1 for all n € N. Then, {u,} converges strongly to zy =
Pr1yzo.
Using Theorem 1.1 Takahashi, Takeuchi and Kubota [10] also obtained the fol-

lowing new results:

Theorem 1.3. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T be a nonexpansive mapping of C into itself such that F(T) # 0
and let ¢y € H. For Cy = C and u; = Pgo,x, define a sequence {u,} of C as
follows:

Yn = pty + (1 — ap)Tuy,
Cnpr={2 € Cp: [lyn — 2l < [lun — 2|},
Uny1 = Po,,,T0,n €N,
where 0 < a,, < a <1 foralln € N. Then, {u,} converges strongly to zy = Prryzo.
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Theorem 1.4. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T be a nonexpansive mapping of C into itself such that F(T) # ()
and let zg € H. For Cy = C and u; = Po,xo, define a sequence {u,} of C' as
follows:

Yn = Qplyp + (1 - an)(ﬂnun + (1 - 5n)Tun)7

Cnt1={2 € Cn: |lyn — 2| < [lun — 2|},

Up+l = Pcn+1l‘0, n €N,
where 0 < o <a<1land0<b< B, <c<1 foralln €N. Then, {u,} converges
strongly to zo = Pp(1)To-

Theorem 1.5. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let S and T be nonexpansive mappings of C into itself such that
F(S)NF(T) # 0 and let xy € H. For C; = C and uy = Pc,xq, define a sequence
{un} of C as follows:

Yn = Qplyp + (1 - an)(ﬁnsun + (1 - ﬁn)Tun)v
Cni1={2€ Cn: lyn — 2| < |lun — ||},
Unt1 = P, 10, n €N,

where 0 < o, <a<1land0<b< B, <c<1 forallneN. Then, {u,} converges
strongly to zo = Pp(s)nr(T)%0-

Recently, Kohsaka and Takahashi [3] introduced a new nonlinear operator which
is deduced from a family of nonexpansive mapping in a Hilbert space. A mapping
S from C into itself is said to be nonspreading [3] if

2/|Sx — Sy|l* < ||z — yl* + ||z — SylI?

for all x,y € C. Iemoto and Takahashi [1] proved that a mapping S : C — C is
nonspreading if and only if

Sz — Sy|* < ||z — y||* + 2(x — Sz,y — Sy)

for all z,y € C. We know from [1] and [3] that if T" is nonexpansive or nonspreading
with F(T) # ), then T is relatively nonexpansive.

In this paper, we consider the NST-condition for a family of relatively nonex-
pansive mappings in a Hilbert space and then extend Takahashi, Takeuchi and
Kubota’s results [10] to relatively nonexpansive mappings in a Hilbert space. Using
these results, we obtain some new strong convergence theorems.

2. STRONG CONVERGENCE BY HYBRID METHODS

In this section, we prove strong convergence theorems by hybrid methods for
families of relatively nonexpansive mappings in a Hilbert space.

Lemma 2.1. Let H be a Hilbert space and let C' be a nonempty closed convex subset
of H. Let T be a family of relatively nonexpansive mappings of C into itself such
that F(T) is nonempty and let xo € H. Let {u,} be a sequence of C satisfying the
following conditions:

(@) lun — xol| < ||lu—xo|| for allu € F(T) and n € N;

(b) for any T € T, ||up — Tuy|| — 0.
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Then, {u,} converges strongly to zo = Pr(1yz0, where Pp(ry is the metric projection
of H onto F(T).

Proof. Put zo = Pp(rywo. Since |lup, — w0l < [|z0 — xol| for all n € N, {u,} is
bounded. Let {uy,} be a subsequence of {u,} such that u,, — w. Since C' is closed
and convex, we have that C' is weakly closed and hence w € C. From (b) and the
relative nonexpansiveness of T', we have that w = Tw for all T' € 7. We also have
2o — zoll < lleo — wl < Hminf l2o — up, || < limsup [lz — wn, | < 120 — w0
i—00 i—00
and hence [|zg — 20| = [|zo — w||. From 29 = Pp(7)To, we have 2o = w. This implies
that {u,} converges weakly to zg. So, we have
llxo — 20]] < liminf ||zg — uy|| < limsup ||zo — un|| < ||20 — 20|
1—00 i—00
and hence lim,, . ||x0 — un|| = ||z0 — zo]|. From wu, — zy, we also have z¢g — u, —
xo— 29. Since H satisfies the Kadec-Klee property, it follows that o —u,, — xg— 20.
So, we have
[un — 2ol = [lun — z0 — (20 — zo)|| = 0
and hence u,, — 2p. O

Using Lemma 2.1, we obtain the following theorem.

Theorem 2.2. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let {T,,} be a family of mappings of C into C itself and let T be a
family of relatively nonexpansive mappings of C' into itself such that (\,— F(Ty) =
F(T) # 0 and let xg € H. Suppose that {T,} satisfies the NST-condition (I) with
T. Let {uy,} be a sequence of C' satisfying the following conditions:

(a) 0 < (xg—up,up —u) for allu € F(T) and n € N;

(b) 0 < (zg — up,up — Up+1) for alln € N;

(c) there exists M > 0 such that | Tpun — un|| < M||tup — uny1|| for all n € N.
Then, {un} converges strongly to zo = Pp(r)To.
Proof. For uw € F(T) and n € N, from (a) we have

0 < (xo— Un,uy —u)

= (@) — Up,Up — To + To — U)

IN

~ w0 — unl® + 20 — unllllz0 — ul
and hence
(2.1) 20 — wnl < llzo - ull
We have from (b) that for n € N,
0 < <$0 — Un, Up — Un+1>
= (@0 — Un, Un — To + T0 — Un+1)
< w0 — unl* + [lzo — unl 20 — uns1

and hence
[z = un|| < llzo — unsal]-
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Since {||zo — uy|} is bounded from (2.1), limy, o0 ||un, — ol exists. Next, we show
that ||u, — up41]| — 0. In fact, from (b) we have
H“nfun+1||2 = |]un—x0+x0—un+1ﬂ2
= lun — oll* + [lzo — wps1[|* + 2(un — o, 20 — up+1)
= lun— xOHZ + flzo — un+1H2 + 2(un — @0, To — Un + Up — Un+1)
= —lun = zol* + [|lzo — unt1l* = 2(wo — un, un — un41)
< lzo = untal® = [lwo — unl®.
Since limy, oo ||un, — ol exists, we have that ||u, — upy1|| — 0. From (c), we have

that || Thun — un|| — 0. Since {7}, } satisfies the NST-condition (I) with 7", we have
that

(2.2) | Tupy — up|| — 0
for all T'€ 7. From (2.1), (2.2) and Lemma 2.1, {u,} converges strongly to zp =
PF(T)CL'(). Il

Using Theorem 2.2, we obtain a generalization of Takahashi, Takeuchi and Kub-
ota’s result [10].

Theorem 2.3. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let {T,,} be a family of quasi-nonexpansive mappings of C into itself
and let T be a family of relatively nonexpansive mappings of C into itself such that
Moy F(T,) = F(T) # 0 and let xy € H. Suppose that {T,} satisfies the NST-
condition (1) with T. For C1 = C and uy = P, xq, define a sequence {u,} of C as
follows:

UYn = QplUyp + (1 - an)Tnuna

Cnt1 =12 € Cp: [lyn — 2[| < [lun — 2|},

Un+1 = Po,, 170, n €N,
where 0 < o, < a <1 foralln € N. Then, {u,} converges strongly to zo = Pr(1)Zo-
Proof. We first show by induction that F(7) C C, for all n € N. F(7T) Cc C;

is obvious. Suppose that F(7) C Cy for some k € N. Then, we have, for any
u€ F(T) C Cy,

lye —ull = [logur + (1 — ag)Tpup — ull
< ogllur —ull 4+ (1 — ap) (| Trug — |
< agllur —ull 4+ (1 — o) |ug — ul|

g — ul].
and hence u € Ci4q. This implies that
F(T) C C, for all n € N.

Next, we show that C), is closed and convex for all n € N. It is obvious that C; = C
is closed and convex. Suppose that C}. is closed and convex for some k& € N. For
z € Cy, from [6] we know that ||yx — z|| < ||lug — 2|| is equivalent to

lyre — well® + 2(yx — wp, ur, — 2) < 0.
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So, Ci41 is closed and convex. Then for any n € N, (), is closed and convex. This
implies that {u,} is well-defined. From w,, = P¢, xo, we have

(xo — Un,un —y) >0 for all y € C,.
Using F(7T) C C,, we also have
(2.3) (xg — Up,up —u) >0 forallu € F(7T) and n € N.
For u € F(T), we have

0 < (xo— Up,up— u)

= (g — Up,Up — To + To — u)

= —Jlzo — unl* + |0 — unllllxo — ull-
This implies that

lxo — unl| < ||lxo — u|| for all uw € F(7) and n € N.

From u, = Po,zo and un41 = Po,_ 20 € Cri1 C Cy, we also have

1
(2.4) (X0 — Up, Up, — Upt1) > 0.
From (2.4), we have, for n € N,
0 < (mo—Up,Up — Upt1)

= (Tg — Up, Up — To + T0 — Unt1)

= —[lzo — unll* + llzo — unlll|zo — uns1]
and hence

[0 — unll < [lzo — un1ll.
Since {||u, — xo||} is bounded, lim,, o ||u, — xol| exists. Next, we show that ||u, —
Un+1|| — 0. In fact, from (2.4) we have
lun = upial* = [lun — 20 + 20 — unta ||
= lun = 2ol + 2(un — 0, 20 — unt1) + [0 — uns1 |

= |lup — xOHQ + 2(un — 20, To — Up + Up — Unt1) + || T0 — Un—i—lH2

—lun — on2 + 2(un — 20, U — Unt1) + [|T0 — Un+1H2

< —llun = zol* + lzo — unsa*.

Since lim;, o ||un — xo|| exists, we have that ||u, — un+1|| — 0. On the other hand,
Upt1 € Cpt1 C Cy, implies that

(2.5) [Yn = unt1ll < |lun — unsa]l-
Further, we have

lyn —unll = llanun + (1 — ap)Thun — unl|

(1 — an) || Thun — un|-
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From (2.5), we have

1
[ Thun — un| = 1— o, Yyn — unl|
1
< f”yn Un||
1
= T”yn — Upt1 + U1 — Un|
—a
2
= 7_ aHun — Un1]]-
Hence, we have
(2.6) | Tun — un || < 1_ aHun — Un1]]-
From (2.3), (2.4), (2.6) and Theorem 2.2, {u,} converges strongly to zo = Pp(71)Zo-

g

Using Theorem 2.2, we obtain a generalization of Nakajo and Takahashi’s result
[6]

Theorem 2.4. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let {T,} be a family of quasi-nonexpansive mappings of C into itself
and let T be a family of relatively nonexpansive mappings of C into itself such
that o2y F(T,) = F(T) # 0 and o € H. Suppose that {T,,} satisfies the NST-
condition (I) with T. For u; = Poxg, define a sequence {u,} of C as follows:

Yn = Qply + (1 - an)Tnuna

Cn={2€C:lyn — 2[| < [lun — 2|},

Qn=1{2€C:{(xog—un,u, —z) >0},

Un+1 = Po,n@,ro, n €N,
where 0 < a, < a < 1 for all n € N. Then, {u,} converges strongly to zp =
PF(T)xo.
Proof. As in the proof of [6], we have that C), and @,, are closed and convex for all
n € N. Let u € F(7T). Then, we have, for n € N,

lyn —ull = |lanun + (1 — o) Thun — ul|

Q| un, — uH +(1— an)HTnun — ul|

IN A

apllun — ul| + (1 — ap)[Jup — ul|
= [Jup — ul

and hence u € C,. So, we have that F(7) C C, for all n € N. By induction, we
show that F(7) C C,, N @, for all n € N. From uy = Poxg, we have

(xo —uj,up —y) >0 forallyeC

and hence Q1 = C. So, we have F(7) C Q1. Then, F(7) C C; N Q1. Suppose that
F(T) c Cp N Qy, for some k € N. From w41 = Pc,nq, %o, we have

<:B0 — U1, Ukt1 — y) >0 forally € Cp N Qp.
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Since F(7) C Cx N Qy, we have
(o — Ukt1, U1 —u) >0 for all w e F(T).

So, we have F(7) C Qg+1 and hence F(7) C Cgy1 N Qi+1- This implies that
F(T) c C,NQ, for all n € N. This implies that {u,} is well-defined. Since
F(T) C @y for all n € N, we have

(2.7) (xo — Up,up —u) >0 forallue F(7) and n € N.
From u,1+1 = Pc,ng, o € @n we also have
(2.8) (xo — Up, Up, — Up41) > 0.
From up4+1 = Pc,ng, To € Cp we also have
(2.9) lyn — tunt1l| < ||un — unt1]| for all n € N.
Further, we have
0 — wnll = ltin + (1 = ) Ttin — ]l = (1 — ) | Toter — 0.

As in the proof of Theorem 2.3, we also have

L <2
1—oap, In—Unll =770

(2.10) [ Tun — un| = [un = tnga-

From (2.7), (2.8), (2.10) and Theorem 2.2, {u,} converges strongly to zo = Pp(7)Zo-
O

3. DEDUCED RESULTS

In this section, using Theorems 2.3 and 2.4, we obtain some strong convergence
theorems in a Hilbert space.

Theorem 3.1. Let H be a Hilbert space and let C' be a nonempty closed convex
subset of H. Let T be a relatively nonexpansive mapping of C into itself such that
F(T) # 0 and let xy € H. For C; = C and uy = Po,xo, define a sequence {uyn} of
C as follows:

UYn = QplUp + (1 - an)Tuna

Cntr={2 € Cp: [lyn — 2[| < [lun — 2|},

Un+1 = PCn_t,_leJ ne NJ
where 0 < a,, < a <1 for alln € N. Then, {u,} converges strongly to zy = Prp)xo.
Proof. Define T,, = T for all n € N. It is obvious that a family {7} of quasi-

nonexpansive mappings of C' into itself satisfies the NST-condition (I) with 7. So,
we obtain the desired result by using Theorem 2.3 g

Let S be a nonspreading mapping with F'(S) # () and let T be a nonexpansive
mapping with F(T) # (). Then S and T are relatively nonexpansive mappings.
Using Theorem 3.1, we obtain the following two corollaries.
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Corollary 3.2 ([10]). Let H be a Hilbert space and let C be a nonempty closed
convex subset of H. Let T be a nonexpansive mapping of C into itself such that
F(T) # 0 and let xy € H. For C; = C and uy = Po,x0, define a sequence {uyn} of
C as follows:

Yn = Qplp + (1 - an)Tun7

Cni1 ={2 € Cn: llyn — 2| < llun — 2]},

Unt1 = Pe,, 70, n €N,
where 0 < a,, < a <1 foralln € N. Then, {u,} converges strongly to zy = Prryzo.
Corollary 3.3. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let S be a nonspreading mapping of C into itself such that F(S) # ()

and let xy € H. For Cy = C and u; = Po,xo, define a sequence {u,} of C as
follows:

Yn = Qpty + (1 — ap)Sup,
Cnt1 ={2 € Cn: llyn — 2| < llun — 2|},
Uny1 = Po,, 70, n €N,
where 0 < o, < a <1 foralln € N. Then, {u,} converges strongly to zg = PF(S)a:O.

Motivated by [8], we prove the following lemma.

Lemma 3.4. Let C' be a nonempty closed convexr subset of a Hilbert space H and
let T be a relatively nonexpansive mapping of C into itself. Let {ay,} be a sequence
of real numbers with 0 < a, < b < 1. For n € N, define a mapping T,, of C into
itself by

Thwx = anx + (1 — a,)Tx, Vo e C.
Then, {T,} is a family of quasi-nonexpansive mappings of C into itself and it sat-
isfies the NST-condition (I) with T

Proof. Let w € F(T) # 0. Then u € F(T,,) for all n € N.
We have

[Tne — ull = |(1 = an)z + anTe —ul| < (1 = an)|z - ull + an|| Tz — ul| <[z —ull

forall z € C and u € F(T). Then, {T,,} is a family of quasi-nonexpansive mappings
of C into itself. Let {z,} be a bounded sequence in C' such that lim,,_, || T2, —
zn|| = 0. Then, we have

[ Thzn—2nll = |lanzn + (1= an)Tzn — 2ull = (1= )| T2n — 2nll = (1= 0)[|T2p — 20

So we get that lim,, . ||z, — Tz || = 0. Hence {7}, } satisfies the NST-condition (I)
with 7. 0

Using Lemma 3.4, we obtain the following theorem.

Theorem 3.5. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T be a relatively nonexpansive mapping of C into itself and let
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xo € H. For C1 = C and uy = Peyxo, define a sequence {un} of C as follows:

Yn = Qply + (1 - an)(ﬂnun + (1 - 6n)Tun)7
Cni1={2 € Cn: lyn — 2| < [lun — 2|},
Unt1 = Peo, 10, n €N,

where 0 < ap, <a<1and 0 < B, <b< 1 foralln € N. Then, {u,} converges
strongly to zo = Pp(1)o-

Proof. Define T,, = T for all n € N. By Lemma 3.4, we know that {7} satisfies
the NST-condition (I) with 7. So, we obtain the desired result by using Theorem
2.3 O

Using Theorem 3.5, we obtain the following two corollaries.

Corollary 3.6. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T be a nonexpansive mapping of C into itself such that F(T) # )
and let zg € H. For Cy = C and u; = Po,xo, define a sequence {u,} of C' as
follows:

Yn = Qplp + (1 - an)(/@nun + (1 - ﬂn)Tun))

Crnr1=1{2 € Cp: [lyn — 2| < |lun — 2|I},

Uny1 = Peo, 10, n €N,
where 0 < a, <a<1land 0 < B, <b< 1 foralln € N. Then, {u,} converges
strongly to zo = Pp(1)To-

Corollary 3.7. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let S be a nonspreading mapping of C into itself such that F(S) # ()
and let xg € H. For Cy = C and u; = Po,xo, define a sequence {u,} of C as
follows:

Yn = Qplyp + (1 - an)(ﬁnun + (1 - ﬂn)Sun)a

Crt1 =12 € Cn : [lyn — 2| < |lun — 2|},

Un+1 = PCn+1$07 n €N,
where 0 < a, <a<1and 0 < B, <b<1 foralln € N. Then, {u,} converges
strongly to zo = Pp(5)%o-

Motivated by [5], we prove the following lemma.

Lemma 3.8. Let C be a nonempty closed convex subset of a Hilbert space and let
S and T be relatively nonexpansive mappings of C' into itself with F(S)NF(T) # (.
Let {a, } be a sequence of real numbers with 0 < a < o, < b < 1. Forn € N, define
a mapping T, of C' into itself by

Thr = apSz+ (1 — )Tz for all x € C.

Then, {T,} is a family of quasi-nonexpansive mappings of C into itself and it sat-

isfies the NST-conditon (I) with T = {S,T}.
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Proof. 1t is clearly that F'(S)N F(T) C (,—, F(T5). Conversely, take n € N and
z € F(S)N F(T). Then, we have that for any v € F(T,,),
lv—2z|? = |Tw—z|? =||anSv+ (1 — an)Tv — z|?
= anSv— 2|2 + (1 — an)||Tv — 2|2 — an(l — ay)||Sv — To|?
anllv =zl + (1 — an)[lv = 2[* = an(1 — an)[|Sv — Tv||?

= |lv—z2l* = an(1 = o) || Sv — Tv|?

IN

and hence
an(1 = ay)||Sv —Twv|* < 0.
Since ay, (1 — ay,) # 0, we have Sv = Tw. Since

lo = Svl| < lJo = Tool| + [[Tov = So| = [Jv = v + [[Sv = Sv]| = 0,

we have v = Sv.
Similarly, we have v = T'v. Then, we have F(T,,) C F(S)N F(T). This implies

F(S)NF(T) = () F(Ty).
n=1
Let {z,,} be a bounded sequence in C such that lim,_. ||z, — Than|| = 0 and let

z € F(S)NF(T). Then, we have that for any n € N,
l|lzn — ZH2 < Allen = Tawn|l + ([ Tnn — ZH}2 <wp = Tyl - M + | Tz, — Z||2
= |lzn — Toznll - M + ayl[ Sz — ZH2
+(1 — o) || Tzn — ZH2 — an(l — ap)|[Szn — TanQ
|Zn — Tnznll - M + |27 — ZH2 — (1 — ap)||Szy — TanQ

IN

and hence
an(1 = an)||Szn — T |* < || — Thanl - M,
where M = sup,en{||zn — Tnanl|+2||zn—2]||}. So, we get lim, .o || Szp—Txy| = 0.
Since
[#n = Sapll < [|on — Toan | + [[Thzn — Sanll = [2n — Tazall + (1 — an)||Szn — Tay|

for every n € N, we obtain lim,,_, ||z, —Sz,| = 0 Similarly, we have lim,,_, ||z, —
Tx,|| = 0. We have that {71},} satisfies the NST-condition (I) for {S,T}. We also
have that

I The —ul| = |lanSz+ (1 —ay)Tx — ul
anllSz —ul + (1 — an)|| Tz — ul|
Sz = ull + (1 - )| Tz — ul

= [lz =l

<
<

for all x € C and u € F(T),). So, {T},} is a family of quasi-nonexpansive mappings
of C into itself. g

Using Lemma 3.8, we prove the following theorem.
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Theorem 3.9. Let H be a Hilbert space and let C' be a nonempty closed convex
subset of H. Let S and T be relatively nonexpansive mappings of C into itself such
that F(S)NF(T) # 0 and let xg € H. For C1 = C and u; = Pc,xg, define a

sequence {uyp} of C as follows:

Yn = Aty + (1 — ap)(BnSun + (1 = Bn)Tuy),

Crs1 ={2 € Cn: [lyn — 2| < [lun — 2[[},

Uny1 = Po, 120, n €N,
where 0 < o, <a<1land0<b<p, <c<1 foralln eN. Then, {u,} converges
strongly to zo = Pr(s)nr(T)%0-

Proof. Define T,z = 3,Sx + (1 — )T« for all n € N and x € C. Then, we obtain
the desired result by Theorem 2.3 and Lemma 3.8. O

Using Theorem 3.9, we have the following three corollaries.

Corollary 3.10. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let S be a nonspreading mapping of C into itself and let T be a
nonexpansive mapping of C into itself such that F(S) N F(T) # 0 and let xo € H.
For Cy = C and u1 = Pe,xo, define a sequence {u,} of C as follows:

Yn = Qplp + (1 - an)(ﬂnsun + (1 - ﬂn)Tun)a

Crnt1={2 € Oy [lyn — 2| < |lun — 2|},

Un+1 = Pcn+1l‘0, neN,
where 0 < o, <a<1land0<b<p, <c<1 foralln e€N. Then, {u,} converges
strongly to zo = Pr(s)nr(T)%0-
Corollary 3.11 ([10]). Let H be a Hilbert space and let C' be a nonempty closed
convex subset of H. Let S and T be nonexpansive mappings of C into itself such

that F(S)NF(T) # 0 and let o € H. For C; = C and uwy = Pg,xo, define a
sequence {un} of C as follows:

Yn = iy + (1 — ap)(BpSup, + (1 — Br)Tuy),

Cnt1={2€Cp: [lyn — 2[| < [lun — 2|},

Un+1 = Po, 170, n €N,
where 0 < o, <a<1land0<b<p, <c<1 forallneN. Then, {u,} converges
strongly to 20 = Pp(s)nr(T)T0-

Corollary 3.12. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let S and T be nonspreading mappings of C into itself such that
F(S)NF(T) # 0 and let xg € H. For C; = C and uy = Pc,x0, define a sequence
{un} of C as follows:

Yn = Qplyp + (1 - an)(ﬂnsun + (1 - ﬂn)TUn)a
Cry1 ={2 € Cn : [lyn — 2|l < [lun — 2|I},
Unt1 = P, 0, n €N,
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where 0 < o <a<1land0<b< B, <c<1 foralln eN. Then, {u,} converges
strongly to zo = Pp(s)nr(T)T0-
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