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STRONG CONVERGENCE THEOREMS BY HYBRID METHODS
FOR FAMILIES OF RELATIVELY NONEXPANSIVE MAPPINGS

IN HILBERT SPACES

T. BUTSAN, S. DHOMPONGSA, AND W. TAKAHASHI∗

Abstract. In 2008, Takahashi, Takeuchi and Kubota [10] proved a strong con-
vergence theorem by the hybrid method for a family of nonexpansive mappings
which generalized Nakajo and Takahashi’s theorems [6]. Furthermore, they ob-
tained another strong convergence theorem for the family of nonexpansive map-
pings by a hybrid method which is different from Nakajo and Takahashi. In
this paper, we extend Takahashi, Takeuchi and Kubota’s results for a single rel-
atively nonexpansive mapping or a family of relatively nonexpansive mappings
in a Hilbert space. Using these results, we obtain some new strong convergence
theorems in a Hilbert space.

1. Introduction and preliminaries

Let H be a real Hilbert space. We denote by xn ⇀ x the weak convergence and
by xn → x the strong convergence.

Let C be a nonempty closed convex subset of a Hilbert space H. Then, for
each x ∈ H, there exists a unique nearest point in C denote by PCx, such that
‖x − PCx‖ ≤ ‖x − y‖ for all y ∈ C. Such PC is called the metric projection
of H onto C. We know that for x ∈ H and z ∈ C, z = PCx is equivalent to
〈x− z, z−u〉 ≥ 0 for all u ∈ C. We also know that H has the Kadec-Klee property,
that is, xn ⇀ x and ‖xn‖ → ‖x‖ imply xn → x. In a real Hilbert space H, we have

‖λx + (1− λ)y‖2 = λ‖x‖2 + (1− λ)‖y‖2 − λ(1− λ)‖x− y‖2

for all x, y ∈ H and λ ∈ R; see [9] for more details.
Let T be a mapping from C into itself. We denote by F (T ) the set of fixed points

of T . A mapping T : C → C is nonexpansive if ‖Tx−Ty‖ ≤ ‖x−y‖ for all x, y ∈ C.
A mapping T : C → C is quasi-nonexpansive if F (T ) 6= ∅ and ‖Tx−Tu‖ ≤ ‖x− y‖
for all x ∈ C and u ∈ F (T ). We know from Itoh and Takahashi [2] that if T : C → C
is quasi-nonexpansive, then F (T ) is closed and convex. A point p in C is said to be
an asymptotic fixed point of T [7] if C contains a sequence {xn} such that xn ⇀ p
and limn→∞ ‖xn−Txn‖ = 0. The set of asymptotic fixed points of T will be denoted
by F̂ (T ). A mapping T from C into itself is called relatively nonexpansive [4] if
F (T ) 6= ∅, F̂ (T ) = F (T ) and ‖u− Tx‖ ≤ ‖u− x‖ for all x ∈ C and u ∈ F (T )
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Following Nakajo, Shimoji and Takahashi [5], we can give the following defi-
nition: Let {Tn} and T be two families of mappings of C into itself such that
∅ 6= F (T ) =

⋂∞
n=1 F (Tn), where F (Tn) is the set of all fixed points of Tn and F (T )

is the set of all common fixed points of T . Then, {Tn} is said to satisfy the NST-
condition (I) with T if for each bounded sequence {zn} ⊂ C,

lim
n→∞ ‖zn − Tnzn‖ = 0

implies that limn→∞ ‖zn − Tzn‖ = 0 for all T ∈ T . In particular, if T = {T}, i.e.,
T consists of one mapping T , then {Tn} is said to satisfy the NST-condition with
T . Takahashi, Takeuchi and Kubota [10] proved the following strong convergence
theorem by using a hybrid method called the shrinking projection method.

Theorem 1.1. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let {Tn} and T be families of nonexpansive mappings of C into itself
such that

⋂∞
n=1 F (Tn) = F (T ) 6= ∅ and let x0 ∈ H. Suppose that {Tn} satisfies the

NST-condition (I) with T . For C1 = C and u1 = PC1x0, define a sequence {un} of
C as follows: 




yn = αnun + (1− αn)Tnun,

Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖un − z‖},
un+1 = PCn+1x0, n ∈ N,

where 0 ≤ αn ≤ a < 1 for all n ∈ N. Then, {un} converges strongly to z0 = PF (T )x0.

Takahashi, Takeuchi and Kubota[10] also proved the following theorem.

Theorem 1.2. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let {Tn} and T be families of nonexpansive mappings of C into itself
such that

⋂∞
n=1 F (Tn) = F (T ) 6= ∅ and x0 ∈ H. Suppose that {Tn} satisfies the

NST-condition (I) with T . For u1 = PCx0, define a sequence {un} of C as follows:




yn = αnun + (1− αn)Tnun,

Cn = {z ∈ C : ‖yn − z‖ ≤ ‖un − z‖},
Qn = {z ∈ C : 〈x0 − un, un − z〉 ≥ 0},
un+1 = PCn∩Qnx0, n ∈ N,

where 0 ≤ αn ≤ α < 1 for all n ∈ N. Then, {un} converges strongly to z0 =
PF (T )x0.

Using Theorem 1.1 Takahashi, Takeuchi and Kubota [10] also obtained the fol-
lowing new results:

Theorem 1.3. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T be a nonexpansive mapping of C into itself such that F (T ) 6= ∅
and let x0 ∈ H. For C1 = C and u1 = PC1x0, define a sequence {un} of C as
follows: 




yn = αnun + (1− αn)Tun,

Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖un − z‖},
un+1 = PCn+1x0, n ∈ N,

where 0 ≤ αn ≤ a < 1 for all n ∈ N. Then, {un} converges strongly to z0 = PF (T )x0.
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Theorem 1.4. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T be a nonexpansive mapping of C into itself such that F (T ) 6= ∅
and let x0 ∈ H. For C1 = C and u1 = PC1x0, define a sequence {un} of C as
follows: 




yn = αnun + (1− αn)(βnun + (1− βn)Tun),
Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖un − z‖},
un+1 = PCn+1x0, n ∈ N,

where 0 ≤ αn ≤ a < 1 and 0 < b ≤ βn ≤ c < 1 for all n ∈ N. Then, {un} converges
strongly to z0 = PF (T )x0.

Theorem 1.5. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let S and T be nonexpansive mappings of C into itself such that
F (S) ∩ F (T ) 6= ∅ and let x0 ∈ H. For C1 = C and u1 = PC1x0, define a sequence
{un} of C as follows:




yn = αnun + (1− αn)(βnSun + (1− βn)Tun),
Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖un − z‖},
un+1 = PCn+1x0, n ∈ N,

where 0 ≤ αn ≤ a < 1 and 0 < b ≤ βn ≤ c < 1 for all n ∈ N. Then, {un} converges
strongly to z0 = PF (S)∩F (T )x0.

Recently, Kohsaka and Takahashi [3] introduced a new nonlinear operator which
is deduced from a family of nonexpansive mapping in a Hilbert space. A mapping
S from C into itself is said to be nonspreading [3] if

2‖Sx− Sy‖2 ≤ ‖Sx− y‖2 + ‖x− Sy‖2

for all x, y ∈ C. Iemoto and Takahashi [1] proved that a mapping S : C → C is
nonspreading if and only if

‖Sx− Sy‖2 ≤ ‖x− y‖2 + 2〈x− Sx, y − Sy〉
for all x, y ∈ C. We know from [1] and [3] that if T is nonexpansive or nonspreading
with F (T ) 6= ∅, then T is relatively nonexpansive.

In this paper, we consider the NST-condition for a family of relatively nonex-
pansive mappings in a Hilbert space and then extend Takahashi, Takeuchi and
Kubota’s results [10] to relatively nonexpansive mappings in a Hilbert space. Using
these results, we obtain some new strong convergence theorems.

2. Strong convergence by hybrid methods

In this section, we prove strong convergence theorems by hybrid methods for
families of relatively nonexpansive mappings in a Hilbert space.

Lemma 2.1. Let H be a Hilbert space and let C be a nonempty closed convex subset
of H. Let T be a family of relatively nonexpansive mappings of C into itself such
that F (T ) is nonempty and let x0 ∈ H. Let {un} be a sequence of C satisfying the
following conditions:

(a) ‖un − x0‖ ≤ ‖u− x0‖ for all u ∈ F (T ) and n ∈ N;
(b) for any T ∈ T , ‖un − Tun‖ → 0.
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Then, {un} converges strongly to z0 = PF (T )x0, where PF (T ) is the metric projection
of H onto F (T ).

Proof. Put z0 = PF (T )x0. Since ‖un − x0‖ ≤ ‖z0 − x0‖ for all n ∈ N, {un} is
bounded. Let {uni} be a subsequence of {un} such that uni ⇀ w. Since C is closed
and convex, we have that C is weakly closed and hence w ∈ C. From (b) and the
relative nonexpansiveness of T , we have that w = Tw for all T ∈ T . We also have

‖x0 − z0‖ ≤ ‖x0 − w‖ ≤ lim inf
i→∞

‖x0 − uni‖ ≤ lim sup
i→∞

‖x0 − uni‖ ≤ ‖z0 − x0‖

and hence ‖x0− z0‖ = ‖x0−w‖. From z0 = PF (T )x0, we have z0 = w. This implies
that {un} converges weakly to z0. So, we have

‖x0 − z0‖ ≤ lim inf
i→∞

‖x0 − un‖ ≤ lim sup
i→∞

‖x0 − un‖ ≤ ‖z0 − x0‖

and hence limn→∞ ‖x0 − un‖ = ‖z0 − x0‖. From un ⇀ z0, we also have x0 − un ⇀
x0−z0. Since H satisfies the Kadec-Klee property, it follows that x0−un → x0−z0.
So, we have
‖un − z0‖ = ‖un − x0 − (z0 − x0)‖ → 0

and hence un → z0. ¤

Using Lemma 2.1, we obtain the following theorem.

Theorem 2.2. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let {Tn} be a family of mappings of C into C itself and let T be a
family of relatively nonexpansive mappings of C into itself such that

⋂∞
n=1 F (Tn) =

F (T ) 6= ∅ and let x0 ∈ H. Suppose that {Tn} satisfies the NST-condition (I) with
T . Let {un} be a sequence of C satisfying the following conditions:

(a) 0 ≤ 〈x0 − un, un − u〉 for all u ∈ F (T ) and n ∈ N;
(b) 0 ≤ 〈x0 − un, un − un+1〉 for all n ∈ N;
(c) there exists M ≥ 0 such that ‖Tnun − un‖ ≤ M‖un − un+1‖ for all n ∈ N.

Then, {un} converges strongly to z0 = PF (T )x0.

Proof. For u ∈ F (T ) and n ∈ N, from (a) we have

0 ≤ 〈x0 − un, un − u〉
= 〈x0 − un, un − x0 + x0 − u〉
≤ −‖x0 − un‖2 + ‖x0 − un‖‖x0 − u‖

and hence

(2.1) ‖x0 − un‖ ≤ ‖x0 − u‖.
We have from (b) that for n ∈ N,

0 ≤ 〈x0 − un, un − un+1〉
= 〈x0 − un, un − x0 + x0 − un+1〉
≤ −‖x0 − un‖2 + ‖x0 − un‖‖x0 − un+1‖

and hence
‖x0 − un‖ ≤ ‖x0 − un+1‖.



STRONG CONVERGENCE THEOREMS FOR RELATIVELY NONEXPANSIVE MAPPINGS 219

Since {‖x0 − un‖} is bounded from (2.1), limn→∞ ‖un − x0‖ exists. Next, we show
that ‖un − un+1‖ → 0. In fact, from (b) we have

‖un − un+1‖2 = ‖un − x0 + x0 − un+1‖2

= ‖un − x0‖2 + ‖x0 − un+1‖2 + 2〈un − x0, x0 − un+1〉
= ‖un − x0‖2 + ‖x0 − un+1‖2 + 2〈un − x0, x0 − un + un − un+1〉
= −‖un − x0‖2 + ‖x0 − un+1‖2 − 2〈x0 − un, un − un+1〉
≤ ‖x0 − un+1‖2 − ‖x0 − un‖2.

Since limn→∞ ‖un − x0‖ exists, we have that ‖un − un+1‖ → 0. From (c), we have
that ‖Tnun − un‖ → 0. Since {Tn} satisfies the NST-condition (I) with T , we have
that

(2.2) ‖Tun − un‖ → 0

for all T ∈ T . From (2.1), (2.2) and Lemma 2.1, {un} converges strongly to z0 =
PF (T )x0. ¤

Using Theorem 2.2, we obtain a generalization of Takahashi, Takeuchi and Kub-
ota’s result [10].

Theorem 2.3. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let {Tn} be a family of quasi-nonexpansive mappings of C into itself
and let T be a family of relatively nonexpansive mappings of C into itself such that⋂∞

n=1 F (Tn) = F (T ) 6= ∅ and let x0 ∈ H. Suppose that {Tn} satisfies the NST-
condition (I) with T . For C1 = C and u1 = PC1x0, define a sequence {un} of C as
follows: 




yn = αnun + (1− αn)Tnun,

Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖un − z‖},
un+1 = PCn+1x0, n ∈ N,

where 0 ≤ αn ≤ a < 1 for all n ∈ N. Then, {un} converges strongly to z0 = PF (T )x0.

Proof. We first show by induction that F (T ) ⊂ Cn for all n ∈ N. F (T ) ⊂ C1

is obvious. Suppose that F (T ) ⊂ Ck for some k ∈ N. Then, we have, for any
u ∈ F (T ) ⊂ Ck,

‖yk − u‖ = ‖αkuk + (1− αk)Tkuk − u‖
≤ αk‖uk − u‖+ (1− αk)‖Tkuk − u‖
≤ αk‖uk − u‖+ (1− αk)‖uk − u‖
= ‖uk − u‖.

and hence u ∈ Ck+1. This implies that

F (T ) ⊂ Cn for all n ∈ N.

Next, we show that Cn is closed and convex for all n ∈ N. It is obvious that C1 = C
is closed and convex. Suppose that Ck is closed and convex for some k ∈ N. For
z ∈ Ck, from [6] we know that ‖yk − z‖ ≤ ‖uk − z‖ is equivalent to

‖yk − uk‖2 + 2〈yk − uk, uk − z〉 ≤ 0.
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So, Ck+1 is closed and convex. Then for any n ∈ N, Cn is closed and convex. This
implies that {un} is well-defined. From un = PCnx0, we have

〈x0 − un, un − y〉 ≥ 0 for all y ∈ Cn.

Using F (T ) ⊂ Cn, we also have

(2.3) 〈x0 − un, un − u〉 ≥ 0 for all u ∈ F (T ) and n ∈ N.

For u ∈ F (T ), we have

0 ≤ 〈x0 − un, un − u〉
= 〈x0 − un, un − x0 + x0 − u〉
= −‖x0 − un‖2 + ‖x0 − un‖‖x0 − u‖.

This implies that

‖x0 − un‖ ≤ ‖x0 − u‖ for all u ∈ F (T ) and n ∈ N.

From un = PCnx0 and un+1 = PCn+1x0 ∈ Cn+1 ⊂ Cn, we also have

(2.4) 〈x0 − un, un − un+1〉 ≥ 0.

From (2.4), we have, for n ∈ N,

0 ≤ 〈x0 − un, un − un+1〉
= 〈x0 − un, un − x0 + x0 − un+1〉
= −‖x0 − un‖2 + ‖x0 − un‖‖x0 − un+1‖

and hence

‖x0 − un‖ ≤ ‖x0 − un+1‖.
Since {‖un − x0‖} is bounded, limn→∞ ‖un − x0‖ exists. Next, we show that ‖un −
un+1‖ → 0. In fact, from (2.4) we have

‖un − un+1‖2 = ‖un − x0 + x0 − un+1‖2

= ‖un − x0‖2 + 2〈un − x0, x0 − un+1〉+ ‖x0 − un+1‖2

= ‖un − x0‖2 + 2〈un − x0, x0 − un + un − un+1〉+ ‖x0 − un+1‖2

= −‖un − x0‖2 + 2〈un − x0, un − un+1〉+ ‖x0 − un+1‖2

≤ −‖un − x0‖2 + ‖x0 − un+1‖2.

Since limn→∞ ‖un− x0‖ exists, we have that ‖un− un+1‖ → 0. On the other hand,
un+1 ∈ Cn+1 ⊂ Cn implies that

(2.5) ‖yn − un+1‖ ≤ ‖un − un+1‖.
Further, we have

‖yn − un‖ = ‖αnun + (1− αn)Tnun − un‖
= (1− αn)‖Tnun − un‖.
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From (2.5), we have

‖Tnun − un‖ =
1

1− αn
‖yn − un‖

≤ 1
1− a

‖yn − un‖

=
1

1− a
‖yn − un+1 + un+1 − un‖

≤ 2
1− a

‖un − un+1‖.
Hence, we have

(2.6) ‖Tnun − un‖ ≤ 2
1− a

‖un − un+1‖.
From (2.3), (2.4), (2.6) and Theorem 2.2, {un} converges strongly to z0 = PF (T )x0.

¤

Using Theorem 2.2, we obtain a generalization of Nakajo and Takahashi’s result
[6]

Theorem 2.4. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let {Tn} be a family of quasi-nonexpansive mappings of C into itself
and let T be a family of relatively nonexpansive mappings of C into itself such
that

⋂∞
n=1 F (Tn) = F (T ) 6= ∅ and x0 ∈ H. Suppose that {Tn} satisfies the NST-

condition (I) with T . For u1 = PCx0, define a sequence {un} of C as follows:




yn = αnun + (1− αn)Tnun,

Cn = {z ∈ C : ‖yn − z‖ ≤ ‖un − z‖},
Qn = {z ∈ C : 〈x0 − un, un − z〉 ≥ 0},
un+1 = PCn∩Qnx0, n ∈ N,

where 0 ≤ αn ≤ α < 1 for all n ∈ N. Then, {un} converges strongly to z0 =
PF (T )x0.

Proof. As in the proof of [6], we have that Cn and Qn are closed and convex for all
n ∈ N. Let u ∈ F (T ). Then, we have, for n ∈ N,

‖yn − u‖ = ‖αnun + (1− αn)Tnun − u‖
≤ αn‖un − u‖+ (1− αn)‖Tnun − u‖
≤ αn‖un − u‖+ (1− αn)‖un − u‖
= ‖un − u‖

and hence u ∈ Cn. So, we have that F (T ) ⊂ Cn for all n ∈ N. By induction, we
show that F (T ) ⊂ Cn ∩Qn for all n ∈ N. From u1 = PCx0, we have

〈x0 − u1, u1 − y〉 ≥ 0 for all y ∈ C

and hence Q1 = C. So, we have F (T ) ⊂ Q1. Then, F (T ) ⊂ C1 ∩Q1. Suppose that
F (T ) ⊂ Ck ∩Qk for some k ∈ N. From uk+1 = PCk∩Qk

x0, we have

〈x0 − uk+1, uk+1 − y〉 ≥ 0 for all y ∈ Ck ∩Qk.
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Since F (T ) ⊂ Ck ∩Qk, we have

〈x0 − uk+1, uk+1 − u〉 ≥ 0 for all u ∈ F (T ).

So, we have F (T ) ⊂ Qk+1 and hence F (T ) ⊂ Ck+1 ∩ Qk+1. This implies that
F (T ) ⊂ Cn ∩ Qn for all n ∈ N. This implies that {un} is well-defined. Since
F (T ) ⊂ Qn for all n ∈ N, we have

(2.7) 〈x0 − un, un − u〉 ≥ 0 for all u ∈ F (T ) and n ∈ N.

From un+1 = PCn∩Qnx0 ∈ Qn we also have

(2.8) 〈x0 − un, un − un+1〉 ≥ 0.

From un+1 = PCn∩Qnx0 ∈ Cn we also have

(2.9) ‖yn − un+1‖ ≤ ‖un − un+1‖ for all n ∈ N.

Further, we have

‖yn − un‖ = ‖αnun + (1− αn)Tnun − un‖ = (1− αn)‖Tnun − un‖.
As in the proof of Theorem 2.3, we also have

(2.10) ‖Tnun − un‖ =
1

1− αn
‖yn − un‖ ≤ 2

1− α
‖un − un+1‖.

From (2.7), (2.8), (2.10) and Theorem 2.2, {un} converges strongly to z0 = PF (T )x0.
¤

3. Deduced results

In this section, using Theorems 2.3 and 2.4, we obtain some strong convergence
theorems in a Hilbert space.

Theorem 3.1. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T be a relatively nonexpansive mapping of C into itself such that
F (T ) 6= ∅ and let x0 ∈ H. For C1 = C and u1 = PC1x0, define a sequence {un} of
C as follows: 




yn = αnun + (1− αn)Tun,

Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖un − z‖},
un+1 = PCn+1x0, n ∈ N,

where 0 ≤ αn ≤ a < 1 for all n ∈ N. Then, {un} converges strongly to z0 = PF (T )x0.

Proof. Define Tn = T for all n ∈ N. It is obvious that a family {Tn} of quasi-
nonexpansive mappings of C into itself satisfies the NST-condition (I) with T . So,
we obtain the desired result by using Theorem 2.3 ¤

Let S be a nonspreading mapping with F (S) 6= ∅ and let T be a nonexpansive
mapping with F (T ) 6= ∅. Then S and T are relatively nonexpansive mappings.
Using Theorem 3.1, we obtain the following two corollaries.
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Corollary 3.2 ([10]). Let H be a Hilbert space and let C be a nonempty closed
convex subset of H. Let T be a nonexpansive mapping of C into itself such that
F (T ) 6= ∅ and let x0 ∈ H. For C1 = C and u1 = PC1x0, define a sequence {un} of
C as follows: 




yn = αnun + (1− αn)Tun,

Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖un − z‖},
un+1 = PCn+1x0, n ∈ N,

where 0 ≤ αn ≤ a < 1 for all n ∈ N. Then, {un} converges strongly to z0 = PF (T )x0.

Corollary 3.3. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let S be a nonspreading mapping of C into itself such that F (S) 6= ∅
and let x0 ∈ H. For C1 = C and u1 = PC1x0, define a sequence {un} of C as
follows: 




yn = αnun + (1− αn)Sun,

Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖un − z‖},
un+1 = PCn+1x0, n ∈ N,

where 0 ≤ αn ≤ a < 1 for all n ∈ N. Then, {un} converges strongly to z0 = PF (S)x0.

Motivated by [8], we prove the following lemma.

Lemma 3.4. Let C be a nonempty closed convex subset of a Hilbert space H and
let T be a relatively nonexpansive mapping of C into itself. Let {αn} be a sequence
of real numbers with 0 ≤ αn ≤ b < 1. For n ∈ N, define a mapping Tn of C into
itself by

Tnx = αnx + (1− αn)Tx, ∀x ∈ C.

Then, {Tn} is a family of quasi-nonexpansive mappings of C into itself and it sat-
isfies the NST-condition (I) with T .

Proof. Let u ∈ F (T ) 6= ∅. Then u ∈ F (Tn) for all n ∈ N.
We have

‖Tnx− u‖ = ‖(1− αn)x + αnTx− u‖ ≤ (1− αn)‖x− u‖+ αn‖Tx− u‖ ≤ ‖x− u‖
for all x ∈ C and u ∈ F (T ). Then, {Tn} is a family of quasi-nonexpansive mappings
of C into itself. Let {zn} be a bounded sequence in C such that limn→∞ ‖Tnzn −
zn‖ = 0. Then, we have

‖Tnzn−zn‖ = ‖αnzn +(1−αn)Tzn−zn‖ = (1−αn)‖Tzn−zn‖ ≥ (1−b)‖Tzn−zn‖.
So we get that limn→∞ ‖zn − Tzn‖ = 0. Hence {Tn} satisfies the NST-condition (I)
with T . ¤

Using Lemma 3.4, we obtain the following theorem.

Theorem 3.5. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T be a relatively nonexpansive mapping of C into itself and let
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x0 ∈ H. For C1 = C and u1 = PC1x0, define a sequence {un} of C as follows:




yn = αnun + (1− αn)(βnun + (1− βn)Tun),
Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖un − z‖},
un+1 = PCn+1x0, n ∈ N,

where 0 ≤ αn ≤ a < 1 and 0 ≤ βn ≤ b < 1 for all n ∈ N. Then, {un} converges
strongly to z0 = PF (T )x0.

Proof. Define Tn = T for all n ∈ N. By Lemma 3.4, we know that {Tn} satisfies
the NST-condition (I) with T . So, we obtain the desired result by using Theorem
2.3 ¤

Using Theorem 3.5, we obtain the following two corollaries.

Corollary 3.6. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T be a nonexpansive mapping of C into itself such that F (T ) 6= ∅
and let x0 ∈ H. For C1 = C and u1 = PC1x0, define a sequence {un} of C as
follows: 




yn = αnun + (1− αn)(βnun + (1− βn)Tun),
Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖un − z‖},
un+1 = PCn+1x0, n ∈ N,

where 0 ≤ αn ≤ a < 1 and 0 ≤ βn ≤ b < 1 for all n ∈ N. Then, {un} converges
strongly to z0 = PF (T )x0.

Corollary 3.7. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let S be a nonspreading mapping of C into itself such that F (S) 6= ∅
and let x0 ∈ H. For C1 = C and u1 = PC1x0, define a sequence {un} of C as
follows: 




yn = αnun + (1− αn)(βnun + (1− βn)Sun),
Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖un − z‖},
un+1 = PCn+1x0, n ∈ N,

where 0 ≤ αn ≤ a < 1 and 0 ≤ βn ≤ b < 1 for all n ∈ N. Then, {un} converges
strongly to z0 = PF (S)x0.

Motivated by [5], we prove the following lemma.

Lemma 3.8. Let C be a nonempty closed convex subset of a Hilbert space and let
S and T be relatively nonexpansive mappings of C into itself with F (S)∩F (T ) 6= ∅.
Let {αn} be a sequence of real numbers with 0 < a ≤ αn ≤ b < 1. For n ∈ N, define
a mapping Tn of C into itself by

Tnx = αnSx + (1− αn)Tx for all x ∈ C.

Then, {Tn} is a family of quasi-nonexpansive mappings of C into itself and it sat-
isfies the NST-conditon (I) with T = {S, T}.
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Proof. It is clearly that F (S) ∩ F (T ) ⊂ ⋂∞
n=1 F (Tn). Conversely, take n ∈ N and

z ∈ F (S) ∩ F (T ). Then, we have that for any v ∈ F (Tn),

‖v − z‖2 = ‖Tnv − z‖2 = ‖αnSv + (1− αn)Tv − z‖2

= αn‖Sv − z‖2 + (1− αn)‖Tv − z‖2 − αn(1− αn)‖Sv − Tv‖2

≤ αn‖v − z‖2 + (1− αn)‖v − z‖2 − αn(1− αn)‖Sv − Tv‖2

= ‖v − z‖2 − αn(1− αn)‖Sv − Tv‖2

and hence
αn(1− αn)‖Sv − Tv‖2 ≤ 0.

Since αn(1− αn) 6= 0, we have Sv = Tv. Since

‖v − Sv‖ ≤ ‖v − Tnv‖+ ‖Tnv − Sv‖ = ‖v − v‖+ ‖Sv − Sv‖ = 0,

we have v = Sv.
Similarly, we have v = Tv. Then, we have F (Tn) ⊂ F (S) ∩ F (T ). This implies

F (S) ∩ F (T ) =
∞⋂

n=1

F (Tn).

Let {xn} be a bounded sequence in C such that limn→∞ ‖xn − Tnxn‖ = 0 and let
z ∈ F (S) ∩ F (T ). Then, we have that for any n ∈ N,

‖xn − z‖2 ≤ {‖xn − Tnxn‖+ ‖Tnxn − z‖}2 ≤ ‖xn − Txn‖ ·M + ‖Tnxn − z‖2

= ‖xn − Tnxn‖ ·M + αn‖Sxn − z‖2

+(1− αn)‖Txn − z‖2 − αn(1− αn)‖Sxn − Txn‖2

≤ ‖xn − Tnxn‖ ·M + ‖xn − z‖2 − αn(1− αn)‖Sxn − Txn‖2

and hence
αn(1− αn)‖Sxn − Txn‖2 ≤ ‖xn − Tnxn‖ ·M,

where M = supn∈N{‖xn − Tnxn‖+2‖xn−z‖}. So, we get limn→∞ ‖Sxn−Txn‖ = 0.
Since

‖xn−Sxn‖ ≤ ‖xn− Tnxn‖+ ‖Tnxn−Sxn‖ = ‖xn− Tnxn‖+ (1−αn)‖Sxn− Txn‖
for every n ∈ N, we obtain limn→∞ ‖xn−Sxn‖ = 0 Similarly, we have limn→∞ ‖xn−
Txn‖ = 0. We have that {Tn} satisfies the NST-condition (I) for {S, T}. We also
have that

‖Tnx− u‖ = ‖αnSx + (1− αn)Tx− u‖
≤ αn‖Sx− u‖+ (1− αn)‖Tx− u‖
≤ αn‖Sx− u‖+ (1− αn)‖Tx− u‖
= ‖x− u‖

for all x ∈ C and u ∈ F (Tn). So, {Tn} is a family of quasi-nonexpansive mappings
of C into itself. ¤

Using Lemma 3.8, we prove the following theorem.
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Theorem 3.9. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let S and T be relatively nonexpansive mappings of C into itself such
that F (S) ∩ F (T ) 6= ∅ and let x0 ∈ H. For C1 = C and u1 = PC1x0, define a
sequence {un} of C as follows:





yn = αnun + (1− αn)(βnSun + (1− βn)Tun),
Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖un − z‖},
un+1 = PCn+1x0, n ∈ N,

where 0 ≤ αn ≤ a < 1 and 0 < b ≤ βn ≤ c < 1 for all n ∈ N. Then, {un} converges
strongly to z0 = PF (S)∩F (T )x0.

Proof. Define Tnx = βnSx + (1− βn)Tx for all n ∈ N and x ∈ C. Then, we obtain
the desired result by Theorem 2.3 and Lemma 3.8. ¤

Using Theorem 3.9, we have the following three corollaries.

Corollary 3.10. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let S be a nonspreading mapping of C into itself and let T be a
nonexpansive mapping of C into itself such that F (S) ∩ F (T ) 6= ∅ and let x0 ∈ H.
For C1 = C and u1 = PC1x0, define a sequence {un} of C as follows:





yn = αnun + (1− αn)(βnSun + (1− βn)Tun),
Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖un − z‖},
un+1 = PCn+1x0, n ∈ N,

where 0 ≤ αn ≤ a < 1 and 0 < b ≤ βn ≤ c < 1 for all n ∈ N. Then, {un} converges
strongly to z0 = PF (S)∩F (T )x0.

Corollary 3.11 ([10]). Let H be a Hilbert space and let C be a nonempty closed
convex subset of H. Let S and T be nonexpansive mappings of C into itself such
that F (S) ∩ F (T ) 6= ∅ and let x0 ∈ H. For C1 = C and u1 = PC1x0, define a
sequence {un} of C as follows:





yn = αnun + (1− αn)(βnSun + (1− βn)Tun),
Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖un − z‖},
un+1 = PCn+1x0, n ∈ N,

where 0 ≤ αn ≤ a < 1 and 0 < b ≤ βn ≤ c < 1 for all n ∈ N. Then, {un} converges
strongly to z0 = PF (S)∩F (T )x0.

Corollary 3.12. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let S and T be nonspreading mappings of C into itself such that
F (S) ∩ F (T ) 6= ∅ and let x0 ∈ H. For C1 = C and u1 = PC1x0, define a sequence
{un} of C as follows:





yn = αnun + (1− αn)(βnSun + (1− βn)Tun),
Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖un − z‖},
un+1 = PCn+1x0, n ∈ N,
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where 0 ≤ αn ≤ a < 1 and 0 < b ≤ βn ≤ c < 1 for all n ∈ N. Then, {un} converges
strongly to z0 = PF (S)∩F (T )x0.
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