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STRONG CONVERGENCE THEOREMS FOR MAXIMAL
MONOTONE OPERATORS AND GENERALIZED
NONEXPANSIVE MAPPINGS
IN BANACH SPACES

W. INTHAKON, S. DHOMPONGSA*, AND W. TAKAHASHI

ABSTRACT. In this paper, we prove strong convergence theorems by two hybrid
methods for finding a common element of the set of zero points of a maximal
monotone operator and the set of fixed points of a generalized nonexpansive map-
ping in a Banach space. Using these results, we obtain new convergence results
for resolvents of maximal monotone operators and for generalized nonexpansive
mappings in a Banach space.

1. INTRODUCTION

Let E be a real Banach space and let £* be the dual space of E. Let B be a
maximal monotone operator from E to E*. It is interesting to study the problem
of finding a point u € F satisfying

0 € Bu.

Such u € FE is called a zero point (or a zero) of B. A well-known method to solve
this problem is called the proximal point algorithm: z; € £ and

Tntl = Jp,Tn, n=1,2,..,

where {r,} C (0,00) and J,., is the resolvent of B for all n € N. This algorithm was
first introduced by Martinet [15]. In 1976, Rockafellar [21] proved the following in
the Hilbert space setting: If the solution set B~'0 is nonempty and lim inf,, r,, > 0,
then {z,} converges weakly to an element of B~!0; see also Brézis and Lions [2]
and Lions [13]. It was shown by Giiler [3] that the sequence {x,} generated by this
algorithm does not converge strongly in general. In 2000, motivated by Mann’s type
iteration [14, 20] and Halpern’s type iteration [4, 24] for nonexpansive mappings,
Kamimura and Takahashi [10] modified the proximal point algorithm and obtained
weak and strong convergence theorems for maximal monotone operators in a Hilbert
space. Solodov and Svaiter [25] also obtained a modification of the proximal point
algorithm with metric projections. Ohsawa and Takahashi [19], and Kamimura
and Takahashi [11] generalized Solodov and Svaiter’s result to maximal monotone
operators defined in a Banach space; see also Kohsaka and Takahashi [12], and
Ibaraki and Takahashi [5, 6, 7].
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A mapping T of C into F is called nonexpansive if
[Tz =Tyl <z —yll, Vzyel

We denote by F(T) the set of fixed points of T

Many researchers have studied several methods for approximation of fixed points
of a nonexpansive mapping; see [4, 14, 20, 24, 29] for instance. In 2003, Nakajo and
Takahashi [18] proved the following theorem by using the hybrid method:

Theorem 1.1. Let C' be a nonempty closed convex subset of a Hilbert space H and
let T be a nonexpansive mapping of C into itself such that F(T) # (). Suppose
x1 =z € C and {x,} is given by

Yn = QpTyp + (1 - an)T:En7

Cn={2€C:|lyn — 2| < |lzn — 2[l},

Qn={z€C:{(xy—z,x—x,) >0},

Un+1 = Po,nQ,
for every n € N, where Pc,nq, s the metric projection from C onto C,, N Qy, and
{an} is chosen so that 0 < oy, < a < 1. Then {x,} converges strongly to Pp(r)x,
where Prry is the metric projection from H onto F(T).

Let us call the hybrid method in Theorem 1.1 the normal hybrid method. Re-
cently, Takahashi-Takeuchi-Kubota [28] used another hybrid method called the
shrinking projection method to prove the following theorem.

Theorem 1.2 ([28]). Let H be a Hilbert space and let C' be a nonempty closed
conver subset of H. Let T' be a nonexpansive mapping of C into itself such that
F(T) # 0 and let xop € H. For C1 = C and u; = Pc,xo, define a sequence {uy} of
C as follows:

Yn = Qpln + (1 - Q’n)Tun7

Crnt1={z € Oy |lyn — 2| < |lun — 2||},

Un+1 = C’n_;,_le
for everyn € N, where 0 < a, < a < 1 for alln € N. Then {u,} converges strongly
to zo = Pp(ryzo, where Pp(ry is the metric projection from H onto F(T).

Very recently, by using the normal hybrid method and the shrinking projection
method, Inoue, Takahashi, and Zembayashi [9] proved strong convergence theorems
for finding a common element of the set of zero points of a maximal monotone
operator and the set of fixed points of a relatively nonexpansive mapping in a
Banach space.

Theorem 1.3 ([9]). Let E be a uniformly smooth and uniformly convexr Banach
space and let C be a nonempty closed convex subset of E. Let A C E X E* be a
mazimal monotone operator and let J, = (J +rA)~1J for all v > 0. Let T be a
relatively nonexpansive mapping from C into itself such that F(T)N A0 # (). Let
{zn} be a sequence generated by xo = x € C' and

up = J HanJzn + (1 — ap)JT I, 20),
Hy = {2 €C: g(z,un) < 6z 20)},

W, ={2¢€C:(xy— 2z Jx— Jzr,) >0},
ZTnt1 = Um,ow, 2
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for every n € N U {0}, where {an,} C [0,1) satisfies liminf,, (1 — o) > 0,
{rn} C [a,00) for some a > 0 and J is the duality mapping on E. Then {x,}
converges strongly to pna-10%, where pyna-19 is the generalized projection
from E onto F(T) N A~10.

Theorem 1.4 ([9]). Let E be a uniformly smooth and uniformly convexr Banach
space and let C' be a nonempty closed conver subset of E. Let A C E x E* be a
mazimal monotone operator and let J, = (J +rA)"YJ for all v > 0. Let T be a
relatively nonexpansive mapping from C into itself such that F(T)N A710 # (). Let
{z,} be a sequence generated by vo = x € C,Hy = C and

up = J HanJrn + (1 — ay)JT I, x0),
Hn+1 = {Z € Hn : ¢(27un) < (Z)(Z,.Tn)},
Tn+l = HHn+1x

for every n € N U {0}, where {a,} C [0,1) satisfies liminf, oo(1 — ) > 0,
{rn} C [a,00) for some a > 0 and J is the duality mapping on E. Then {z,}
converges strongly to Hpyna-10x, where llpr)na-19 is the generalized projection
from E onto F(T) N A~10.

The purpose of this paper, motivated by [9], is to obtain strong convergence
theorems for finding a common element of the set of zero points of a maximal
monotone operator defined in a dual Banach space and the set of fixed points of a
generalized nonexpansive mapping introduced by Ibaraki and Takahashi [5, 6, 7].
Using these results, we obtain new convergence results for resolvents of maximal
monotone operators and for generalized nonexpansive mappings in Banach spaces.

2. PRELIMINARIES

Let E be a Banach space with || - || and let E* denote the dual of E. We denote
the value of x* at = by (x,2*). Then the duality mapping J on E defined by

J(x) = {z" € B*: (z,27) = ||z]|* = [|2"]*}

for every x € E. By the Hahn-Banach theorem, J(z) is nonempty; see [26] for more
details. The modulus J of convexity of E is defined by

. T+y
@) = inf {1 =125 <1yl <l -yl 2 o)

for every e with 0 < € < 2. A Banach space is said to be uniformly convex if 6(e) > 0
for every € > 0. Let U = {z € E : ||z|| = 1}. The norm of E is said to be Gateauz
differentiable if for each x,y € U, the limit

o) et tyl o]
t—0 t

exists. In the case, E is called smooth. 1t is also said to be uniformly smooth if the
limit (2.1) is attained uniformly for all z,y € U.

We also know the following properties; see [26, 27] for more details:
(1) J(z) # 0 for each x € E;
(2) J is a monotone operator;
(3) if E is strictly convex, then J is one-to-one;
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(4) if E is reflexive, then J is a mapping of E onto E*;
(5) if E is smooth, then J is single-valued;
(6) E is uniformly convex if and only if E* is uniformly smooth;
(7) if E is uniformly smooth, then J is norm-to-norm uniformly continuous on
bounded sets of E.

Let E be a smooth Banach space and consider the following function ¢ : EX E —
[0,00) studied in Alber [1] and Kamimura and Takahashi [11]:

¢z, y) = ll|® = 2(z, Jy) + Ily®
for all (z,y) € E x E. We know that

(2.2) o(z,y) = d(z,2) + d(2,y) + 2z — 2, Jz — Jy)
for each x,y,z € E. By the fact that (||z]| — |ly||) < ¢(z,y) for all z,y € E, we can
see that ¢(x,y) > 0 for all z,y € E. Let ¢, : E* x E* — [0,00) be the mapping
defined by

Gu(z,y") = |27 = 200 y", 2") + [y 12
for all (z*,y*) € E* x E*. It is easy to see that

¢(.%', y) - (b*(‘]yv Jl')
for all x,y € E. If E is additionally assumed to be strictly convex, then

d(z,y) =0z =1y.

The following lemma is well known:

Lemma 2.1 ([11]). Let E be a smooth and uniformly convex Banach space and
let {xn} and {y,} be sequences in E such that either {x,} or {y,} is bounded. If
limy, 00 ¢(Tn, yYn) = 0, then lim, o0 |27 — ynl| = 0.

Let C be a nonempty closed convex subset of a smooth Banach space E, let T

be a mapping from C' into itself. We denote by F(T') the set of fixed points of T'.
A mapping T is called nonexpansive if

[Tz =Tyl < [l —yl|, v,y € C.
A mapping T : C — C'is called generalized nonexpansive ([5, 6, 7)) if F/(T') # () and

o(Tz,y) < ¢(z,y), V(z,y) € C x F(T).

A point p in C is said to be a generalized asymptotic fixed point of T' [8] if C' contains
a sequence {x,} such that Jz, = Jpand lim (Jz, —JTz,) = 0. We denote the set
n—oo

of generalized asymptotic fixed points of T by F(T). Let D be a nonempty closed
subset of a Banach space E. A mapping R : E — D is said to be sunny if

R(Rx +t(x — Rx)) = Rz, Yx € E, Vt > 0.

A mapping R : E — D is said to be a retraction or a projection if Rx = x for
all x € D. A nonempty closed subset D of a smooth Banach space E is said to be
a generalized nonexpansive retract (resp. sunny generalized nonexpansive retract)
of E if there exists a generalized nonexpansive retraction (resp. sunny generalized
nonexpansive retraction) R from FE onto D; see [5, 6, 7] for more details. Let
E be a reflexive, strictly convex and smooth Banach space and let B C E x E*
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be a set-valued mapping with graph G(B) = {(x,2*) : 2* € Bz} and domain
D(B) ={z € E: Bz # (}. Then the mapping B is monotone if

(x —y,x* —y*) >0, Y(x,2"), (y,y") € BC E x E*.

It is also said to be maximal monotone if B is monotone and its graph is not
properly contained in the graph of any other monotone operator. It is known that
if B C E x E* is maximal monotone, then B~10 is closed and convex.

Let F be as above and let B C E* x E be a maximal monotone operator. For
each r > 0 and = € E, consider the set

Jrr={z€ E:x€z+rBJz}.
Then J,x consists of one point. We also denote the domain and the range of J,

by D(J.) = R(I +rBJ) and R(J,) = D(BJ), respectively. Such J, is called the
generalized resolvent of B and is denoted by

J.=I +rBJ)".

The Yosida approzimation of B is also denoted by B, = (I — J,.)/r. It is shown in
[7] that (JJ,z, Byx) € B for x € E; see Ibaraki and Takahashi [7] for more details.
Ibaraki and Takahashi [7] also proved some properties of .J, and (BJ)~10.

Proposition 2.2. Let E be a reflexive and strictly convex Banach space with a
Fréchet differntiable norm and let B C E* x E be a maximal monotone operator
with B~10 # 0. Then the following hold:

(1) D(Jy) = E for each r > 0;

(2) (BJ)~0 = F(J,) for eachr > 0;

(3) (BJ)™10 is closed;

(4) J, is generalized nonexpansive for each r > 0.

Remark 2.3. From the proof of (4), we can conclude that for all x € C and
y € (BJ)~'0,

(2.3) ¢(z, Jyx) + ¢(Jr2,y) < d(z,y).
They also proved the following lemmas:

Lemma 2.4 ([7]). Let C be a nonempty closed sunny generalized nonexpansive
retract of a smooth and strictly convex Banach space E. Then the sunny generalized
nonexpansive retraction from E onto C is uniquely determined.

Lemma 2.5 ([7]). Let C be a nonempty closed subset of a smooth and strictly convex
Banach space E such that there exists a sunny generalized nonexpansive retraction
R from E onto C and let (x,z) € E x C. Then the following hold:

(1) z = Rx if and only if (x — z,Jy — Jz) <0 for ally € C;

(2) ¢(Rzx,z) + ¢(x, Rx) < ¢(x, 2).

In 2007, Kohsaka and Takahashi [12] proved the following results:

Theorem 2.6. Let E be a smooth, strictly convex and reflexive Banach space and
let C be a nonempty closed subset of E. Then the following are equivalent:

(1) C is a sunny generalized nonexpansive retract of E;
(2) C is a generalized nonexpansive retract of E;
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(3) JC is closed and conver.

Proposition 2.7. Let E be a smooth, strictly convex and reflexive Banach space and
let C' be a nonempty closed sunny generalized nonexpansive retract of E. Let R be
the sunny generalized nonexpansive retraction from E onto C' and let (x,z) € ExC.
Then the following are equivalent:

(1) 2= Rx ;

(2) ¢(z,2) = mingccd(z,y).

Very recently, Ibaraki and Takahashi [8] also obtained the following result con-

cerning the set of fixed points of a generalized nonexpansive mapping.

Theorem 2.8. Let E be a reflerive, strictly convex and smooth Banach space and
let T be a generalized nonexpansive mapping from E into itself. Then, F(T) is
closed and JF(T) is closed and convez.

The following is a direct consequence of Theorem 2.6 and Theorem 2.8.

Theorem 2.9 ([8]). Let E be a reflexive, strictly convex and smooth Banach space
and let T' be a generalized nonexpansive mapping from E into itself. Then, F(T) is
a sunny generalized nonexpansive retract of E.

3. CONVERGENCE THEOREM BY THE NORMAL HYBRID METHOD

In this section, we prove a strong convergence theorem by the normal hybrid
method [18] for generalized nonexpansive mappings with resolvents of maximal
monotone operators in a Banach space. Before proving it, we prove the follow-
ing lemma by using the techniques developed by Matsushita and Takahashi [17];
see also [12]. Compare this lemma with Theorem 2.8.

Lemma 3.1. Let E be a smooth, strictly conver and reflexive Banach space and
let C' be a closed subset of E such that JC' is closed and conver. If T : C — C' s
a generalized nonexpansive mapping such that F(T) # 0, then F(T) is closed and
JF(T) is closed and conve.

Proof. We first prove that F'(T') is closed. Let {x,} C F(T) with x,, — x. Since T
is generalized nonexpansive,

(b(Tx? l'n) S Qb(.fC, xn)
for each n € N. This implies

O(T,) = lim §(Tx,0) < lin 9z, 2) = $(a,) = 0.

Therefore, we have ¢(Tx,z) = 0 and hence x € F(T).

We next show that JF(T) is closed. Let {z}} C JF(T) such that =} — z* for
some z* € E*. Note that since JC' is closed and convex, we have z* € JC. Then,
there exist z € C and {z,,} C F(T) such that 2* = Jz and z}, = Jz, for all n € N.
Thus

¢(T$, J:n) S ¢($7 CL‘n)
= |lzl® - 2(z, ) + [l

= lzl* = 2(z, 2%) + 2*|* = 0.
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Hence lim ¢(T'z,x,) = 0. Since

n—oo

0= lim ¢(Tx,z,) = lim (|Tz||* = 2(Tz,z}) + ||z}]?)

n—oo

= |IT2|® - 2(Tw,2") + ||l"[|* = ¢(Tz, z),

we have ¢(Tz,z) = 0 and hence x = Tx. This implies «* = Jx € JF(T).
We finally show that JF(T) is convex. Let z*,y* € JF(T) and let o € (0,1) and
B =1—a. Then we have z,y € F(T) such that z* = Jx and y* = Jy. Thus, we
have
H(TI Y aJz + BJy), J Hadz + BJy))
= ||ITT NaJz + BJy)||> — 2(T T (aJz + BJy), o]z
+8Jy) + T adz + BTy) | + allz|? + Bllyll* — (@llz]® + Bllyl*)
= ag(TJ  aJz + By),x) + BS(T T (a]x + BTy),y)
Hladz + BIylI* — (allz]? + Blly]*)-

Since z,y € F(T') and T is generalized nonexpansive, we have

ad(TJ~HaJx + BTy),x) + BS(TT (o + BTy),y)

+ |edz + BJylI* — (allz]® + Blyl*)

< ag(J~H(aJz + BJy),x) + B(J (az + BTy),y)
+ ||z + BTy — (allz) + Bllyl1*)

= a{HaJm + BJy||* = 2(J HaJz + BJy), Jx) + HxHQ}
+ B{lladz + BJy|]? — 20T (aJz + BJIy), Jy) + |lyl*}
+ ez + BIylI* = (allz]® + Bllyll?)

= 2||laJz + BJy|* — 2(J N (aJz + BTy), oz + BJy)

= 2|z + BJy|* — 2|z + BJy||> = 0.

Then we have TJ ! (aJz+3Jy) = J ' (aJx+BJy) and hence aJz+BJy € JF(T).
Therefore JF(T) is convex and the proof is complete. O

As a direct consequence of Theorem 2.6 and Lemma 3.1, we obtain the following
result.

Proposition 3.2. Let E be a smooth, strictly conver and reflexive Banach space
and C be a closed subset of E such that JC is closed and convex. If T : C — C
is a generalized nonexpansive mapping such that F(T) # 0, then F(T) is a sunny
generalized nonexpansive retract of E.

Theorem 3.3. Let E be a uniformly convexr and uniformly smooth Banach space
and let C be a nonempty closed subset of E such that JC 1is closed and convez.
Let B C E* x E be a mazimal monotone operator with JC O D(B) and let J, =
(I +rBJ)~! forallr > 0. Let T : C — C be a generalized nonexpansive mapping
such that F(T) N J'B7'0 # 0 and assume that F(T) = F(T). Let {x,} be a
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sequence generated by xg = x € C and

Up = Xy + (1 — ap)TJy, Ty,

Hy ={z € C: ¢(un,2) < ¢(xn, 2)},
Wp={2€C:{(x—x,,Jz— Jx,) <0},
Tnt1 = Ry, nw, T

for every n € N U{0}, where J is the duality mapping on E, and {a,} C [0,1) and
{rn} C (0,00) satisfy liminf, oo (1 — ) > 0 and liminf, o r, > 0, respectively.
Then {xy,} converges strongly to Rp(rynj-1p-10%, where Rp(p)nj-1p-1¢ is the sunny
generalized nonexpansive retraction from E onto F(T) N J~1B~10.

Proof. We first show that F(T) N J 1B710 is a sunny generalized nonexpansive
retract of . From Proposition 2.2 and Lemma 3.1, we have J 'B~!0 and F(T)
are closed, respectively. By using Lemma 3.1 again, we have JF(T) is closed and
convex. From the maximal monotonicity of B, we have B~10 is closed and convex.
Since E is uniformly convex, J is injective and hence

J(F(T)nJ'B7'0) = JF(T)n B0
which is also closed and convex. Using Theorem 2.6, we have that F(T)NJ~'B~10
is a sunny generalized nonexpansive retract of F.
For each n € N U{0}, it is easy to see that H, is closed. Since J is norm-to-weak*

continuous, W), is closed for all n € N U {0}. Hence H,, N W, is closed. Since F is
reflexive, J is surjective and hence

JW, ={z* € JC : (x — xp, 2" — Jx,) <0}
and
JHy, ={z" € JC : ¢ (2%, Juyn) < ¢u(2*, Jxp)}

for all n € N U {0}. We can see that JH,, is convex since

$(un, 2) < d(2n,2) & |unl® = 2(un, J2) = ||2a|® + 2(zn, J2) <0

< ||un||2 - ||5EnH2 — 2(zn —un, Jz) < 0.
Since J is injective,
J(H, N"Wy)=JH, N JW,.
Thus JH,,, JW,, and J(H, N W,) are closed and convex for all n € N U {0}.

We next show that H, N W, is nonempty. Let w € F(T)Nn J 'B~'0. Put
Yn = Jp,Tpn. Since J,. and T are generalized nonexpansive, from the convexity of
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| - ||? we have
d(un,w) = Planzy + (1 — an)Tyn, w)
= |lanzy + (1 - an)T?JNHQ — 2{any + (1 — an)Tyn, Jw) + HwH2
< an“mn”2+(1_an)|’TynH2
—2a, (xp, Jw) — 2(1 — ap)(Tyn, Jw) + ||w|?

= and(xn, w) + (1 — an)p(Tyn, w)

3.1) < apd(n, w) + (1 — an)d(yn, w)

3.2) = and(Tn,w) + (1 —ap)od(Jy, xpn, w)
< apd(@n, w) + (1 — an)d(zn, w)
= ¢(xp,w).

So, we have w € H,, and hence F(T)NJ 'B~'0 C H, for all n € N U {0}.

Next we show by induction that F(T)NJ~1B~10 ¢ H,NW,, for alln € N U{0}.
From Wy = C, we have F(T)NJ~'B~10 C HyNWj. This implies that HoNWy # 0.
By Theorem 2.6, HyNWj is a sunny generalized nonexpansive retract of £. Thus we
can define x1 = Ry,nw, and y; = J,, 1. Suppose that F(T)NJ1B~10 ¢ H,NnW}
for some k € N. If w € F(T)NJ B0 Cc H,NW} and 241 = Ru,.~w,, then we
have from Lemma 2.5 that

(l’ — Thk+1, Jw — Jxk+1> <0,

which implies w € Wjy1. Hence w € Hgyq N Wiy1. Thus we obtain F(T) N
J71B~'0 ¢ H, N W, for all n € N U {0}. This implies that {z,} and {y,} are
well defined.

We next show that nllrrgo¢(x, xy) exists. Note that for each n € N U{0}, z,, € W),

and
(x —xp,Jz— Jxy) <0, VzeW,.
So by Lemma 2.5, we have z,, = Ry, . Using Lemma 2.5 again, we have
o(z,2,) = ¢(x, Ry, x) < d(z,2) — ¢(Rw, x,2) < d(x,2), Yz F(T)nJ B0

Thus {¢(x, xy,)} is bounded, and hence {z,} and {y,} are bounded. Since z,1; =
Ry, w,x € H, "W, C W, and z,, = Rw, z, it follows from Proposition 2.7 that

o(z, ) < d(x,p4+1), Yn € NU{0}.

Thus {¢(z,x,)} is nondecreasing and hence lim,,_,o, ¢(z, x,) exists.
We next show that lim, . ||un, — 2, || = 0. Consider
¢(Tn; Tnt1) = S(Rw, T, Tny1)
< é(@, 2pt1) — ¢(z, Rw, @)
= (2, 2n41) — O(z,20).
Since lim,, o ¢(x,xy,) exists, we have limy, oo ¢(zn, Tpt1) = 0. From z,41 =

Ry, nw,x € H,, we have

¢ (un, Tnt1) < G(Tn, Tns1), Vn € NU{0}.
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Therefore, limy,, oo @(ty, Tpy1) = 0. From Lemma 2.1, we have
(3.3) lim |up — Zpyi1|| = im ||z, — zpg1]| = 0.
n—oo n—oo

Since ||un — || < |Jun — Tt || + ||Tnse1 — xn||, we have

lim |u, — z,|| = 0.

n—oo

Next, we show that lim ||z, — y,|| =0 and lim ||[JTy, — Jy,| = 0. From
n—oo n—oo

Jun = Tpiall = |lon@n + (1 — ) Tyn — Tna |
= |lan(n — znt1) + (1 — an)(TyYn — Tns1)||
> (1= an)|[Tyn — Zns1ll — anllzn — Zog1l)s

we have
1
ITyn = @l < 5 (lun — zpsa || + onllzn — 2nial)
1
< 1—a, (lun = znsall + [[zn — zpga )
From (3.3) and liminf,, (1 — a;,) > 0, we have lim,, . || Tyn, — Tn+1]| = 0.

From || Ty, — zn|| < ||Tyn — Tnt1| + | Tnt1 — 20|, we have
(3.4) lim || Ty, — x| = 0.

n—oo
Let w € F(T)Nn J~'B~10. Using y, = J,, Ty, from (2.3) we have

A(xn,w) > ¢(xn, Jrp2n) + O(Jr, Tn, w)

= ¢($na yn) + ¢(ynv U)).
Hence ¢(xy, yn) < ¢(xn, w) —d(yn, w). From (3.1), we have ¢(u,, w) < and(x,, w)+
(1 — o) d(yn, w) and hence

¢(una ’UJ) - and’(xm ’UJ) .

Therefore, we have

¢(un7 w) - O‘n(ﬁ(xnv w)

(@, yn) < G(an, w) —

(1—ay)
o (T, w) — P(up, w)
(3.5) = (1= an) .
We also have
P(xn, w) = P(up, w) = [anl® = 2(zn, Jw) + |w]|* = [[un]® + 2(up, Jw) — [lw]]?

lznll? = llunll* = 2(@n = un, Jw)
llznll? = llunll?] + 2|{zn = n, Jw)l
(lznll + llunlDllzn = unll + 2[lzn — un|[[[Jw]-

IA A
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From lim, . ||zn — un|| = 0, we have lim,, o (¢(zpn, w) — ¢(up,w)) = 0. Since
liminf(1 — ) > 0, from (3.5) we have lim ¢(zy,y,) = 0. From Lemma 2.1, we
n—oo n—oo
have
(3.6) lim ||z, — yn| = 0.

n—oo

Since || Tyn — Ynll < 1 Tyn — Zull + |2 — ynll, from (3.4) and (3.6) we have
(3.7) lim || Ty, — yall = 0.
n—oo
Since E is uniformly smooth, J is uniformly norm-to-norm continuous on bounded
sets. So, from (3.7) we have
(3.8) lim || JTy, — Jyn|| = 0.
n—oo
Since {Jz,} is bounded, there exists {zy,} C {z,} such that Jx,, — z*. Since J
is uniformly norm-to-norm continuous on bounded sets, we have from (3.6) that
lim |[Jz, — Jyn|| = 0.
n—oo
This implies Jy,, — z* and hence from (3.8), J~'2* € F(T). Putting z = J~'2*,
we have z € F(T).

We next show that z € F(T)NJ~'B~10. By the assumption, we have z € F(T).
Since B, = (I — J,,)/r, and liminfr, > 0, we also have
n—oo

e — yall _
Tn

0.

lim || By, x| = lim

— 00 n—
If (w*,w) € B, then it follows from the monotonicity of B and (Jy,, By, z,) € B
that

(w— By, Zp,w* — Jyp) >0, Vn € NU{0}.
Hence
(w = By, p;, w* — Jyn,;) > 0.
Letting ¢ — oo, we have (w,w* — z*) > 0. By the maximality of B, we have
z* € B710 and hence z € J~'B~10.
We next show that z = Rp(7)nj-1p-102. Let u = Rp(1ynj-15-192. From xpi1 =

Ry, rw,r and u € F(T)NJ'B~10 ¢ H, N W, we have

Oz, nt1) < o, u).

Since || - ||? is weakly lower semicontinuous, from Jz,, — Jz we have
o(x,2) = |all* — 2z, J2) + |12
< liminf(|® - 2(z, Jan,) + [l2n]?)
1—00

liminf¢(z, zp,)
1—00

< limsupg(x, xy,)
1—00
< o(z,u).

From the definition of u, we have u = z. Thus we obtain z* = Jz = Ju.
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Furthermore, we can conclude that for any subsequence {x,, } of {z,} such that
Jrp, — 2, 2 = Ju. Hence Jz, — 2* = Ju.
We finally show that x,, — z. From (2.2), we have
d(z,2n) = ¢(2,2) + d(x, 2p) + 2(z — x, Jx — Jzy,), Yn € NU{0}.

Since z,, = Rw,z and z € F(T)NJ B0 C W, we have ¢(z,z,) < ¢(z,2) and
hence

limsup ¢(z,z,) = limsup{¢p(z,z)+ ¢(x,xn) + 2(z — 2z, Jx — Jzy)}
< limsup{o(z,z) + ¢(x, 2) + 2(z — z, Jo — Jxp,)}
oz, ) + oz, 2) +2(z —x, Jo — Jz)
= ¢(Zv Z) = 0.
Thus lim ¢(z,z,) = 0 and hence lim ||z — 2| = 0. This completes the proof. [

As consequences of Theorem 3.3, we can obtain the following corollaries.

Corollary 3.4. Let E be a uniformly convexr and uniformly smooth Banach space
and let B C E* x E be a mazimal monotone operator with B0 # 0 and let
Jr = (I +7rBJ) for allr > 0. Let {x,} be a sequence generated by o = x € E
and

Un = Jrnxnv

H, = {Z erL: ¢(un7z) < qﬁ(mn,z)},

Wp={2€FE:{(x—x,,Jz— Jr,) <0},

Tni1 = Ry,nw, T
for every n € N U {0}, where J is the duality mapping on E and {r,} C (0,00)
satisfies liminf,, o7y, > 0. Then {z,} converges strongly to Rj-1g-1px, where
Rj-1p-1¢ is the sunny generalized nonexpansive retraction from E onto J~'B~10.

Proof. Putting T' = I,C = E and a,, = 0 in Theorem 3.3, we can complete the
proof. O

Let E be a reflexive Banach space and let f : E* — (—o00, 00] be a proper lower
semicontinuous convex function. By Rockafellar’s theorem [22, 23], the subdifferen-
tial 0f C E* x E of f defined by

of (") ={z e E: f(z") + (x,y" —2") < f(y"), Vy" € E*}
for all z* € E* is maximal monotone.

Corollary 3.5. Let E be a uniformly convexr and uniformly smooth Banach space
and let C' be a nonempty closed subset of E such that JC is closed and convex. Let
T :C — C be a generalized nonexpansive mapping such that F(T) # () and assume
that F(T) = F(T). Let {x,} be a sequence generated by xo = = € C and

Up = Ty + (1 — ap) Tz,

Hn = {Z eC: ¢(Un,2) < ¢($naz)}7
W,={z€C:{(x—an,Jz— Jzr,) <0},
Tn+1 = Ry, ow,
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for every n € N U {0}, where J is the duality mapping on E and {a,} C [0,1)
satisfies liminf,, oo (1 — an) > 0. Then {x,} converges strongly to Rp(ryx, where
Rp(y is the sunny generalized nonexpansive retraction from E onto F(T)).

Proof. Set B = 0ij¢ in Theorem 3.3, where i ;¢ is the indicator function of JC, i.e,

. { 0, z*eJC,
Ljc =

oo, otherwise.

Then, we have that B is a maximal monotone operator. Let J,. be the resolvent
of B. Then J, = R¢ for » > 0, where R¢ is the sunny generalized nonexpansive
retraction of F onto C'. Indeed, for any x € E and r > 0, we have from Lemma 2.5
that

z=Jrx & x€z+1rdijo(Jz)
& x—z€erdigo(Jz)

. r—2z . * * *
& ch(Jz)—i-(T,y —Jz) <ijey"), Vy* € E

& 0> (x—2Jy—Jz), VyeC
& 2= Rewx.

So, from Theorem 3.3, we obtain this corollary. O

4. CONVERGENCE THEOREM BY THE SHRINKING METHOD

In this section, we prove a strong convergence theorem by the shrinking projec-
tion method [28] for generalized nonexpansive mappings with resolvents of maximal
monotone operators in a Banach space.

Theorem 4.1. Let E be a uniformly convexr and uniformly smooth Banach space
and let C be a nonempty closed subset of E such that JC 1is closed and convez.
Let B C E* x E be a mazimal monotone operator with JC O D(B) and let J, =
(I +rBJ)~! forallr > 0. Let T : C — C be a generalized nonexpansive mapping
such that F(T) N J'B7'0 # 0 and assume that F(T) = F(T). Let {x,} be a
sequence generated by o =x € C,Hy = C and

Un = oy + (1 — )T Iy, Tp,

Hy = {Z € H,: ¢(Um Z) < (b(xn,z)},

Tny1 = Rp, @
for every n € NU{0}, where {ay} C [0, 1) satisfies liminf, oo (1 —ay) >0, {r,} C
(0,00) with liminf, oo r, > 0 and J is the duality mapping on E. Then {z,}
converges strongly to Rp(r)nj-1p-10%, where Rp(p)nj-1p-1¢ is the sunny generalized
nonexpansive retraction from E onto F(T)N J~1B~10.

Proof. As in the proof of Theorem 3.3, we have that F(T) N J-!B~10 is a sunny
generalized nonexpansive retract of E.

For each n € N U {0}, it is easy to see that H,, is closed. Further, JH, = {z* €
Hy, : (2, Juy) < ¢u(2%, Jay,)} is also closed and convex. Indeed, since JHy = JC
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and JC'is closed and convex, J H is closed and convex. Suppose that JH}, is closed
and convex for some k£ € N U {0}. Since

Pu (27, Jun) < ¢u(27, Juy) & ||<]Un||2 — 2(up, 2%) — ||<]$n||2 + 2(xp,2") <0
& [Junl? = [J2nll?* = 2{@n — un, 2) <0,
we have JHy,1 is closed and convex. So, JH, is closed and convex for all n €
N U {0}. If we can show that H, is nonempty, then Theorem 2.6 ensures that H,
is a sunny generalized nonexpansive retract of E for all n € NU {0}. We will show
that F(T)NJ 'B~'0 C H, for all n € NU {0}.

Put y, = J,, x,. From Hy = C, we have F(T)N J 'B~10 c Hy. Suppose that
F(I)YNnJ'B7'0 c Hy, for some k € N. Let w € F(T)NJ 'B~10 C Hy. Since J,.,
and T are generalized nonexpansive, from the convexity of || - ||* we have

O(un, w) = Planzn + (1 — an)Typ, w)
= |loanzn + (1 = an)Tynl|* = 2{anzn + (1 — ) Ty, Jw) + ||w]|?

< anllza]? + (1= an)l|Tyal
—2a, (T, Jw) — 2(1 — ap)(Tyn, Jw) + ||w|?
= pd(Tn, w) + (1 — ) P(Tyn, w)
(4.1) < apd(n, w) + (1 — an)d(yn, w)
< and(xn, w) + (1 — an)P(x,, w)

O (X, w).

So, we have w € Hyyy and hence F(T)N J'B~10 c H, for all n € NU {0}.
Therefore, {z,} and {y,} are well-defined.

We next prove that lim, o ¢(z,x,) exists. From z, = Ry, = and Lemma 2.5,
we have

bz, 2,) = (2, Ry, x) < ¢(x,2) — ¢(Ry, x,2) < (x,2), Yz € F(T)nJ B0

Thus {¢(z, z,)} is bounded, and hence {z,} and {y,} are bounded. Since H, 41 C
H,, and z,, = Ry, z, it follows from Proposition 2.7 that

Oz, 2p) < d(x, n41), Yn e NU{0}.
Thus {¢(z,x,)} is nondecreasing and hence lim,,_,o, ¢(z, x,) exists.

We next show that lim, . |4y, — || = 0. From Lemma 2.5,
¢(@n,nt1) = ¢(RH,T,Tni1)

¢(x, Tns1) — ¢(2, Ru, )
= oz, Tnt1) — O(z, Tn).

Therefore, lim, . ¢(n, Tpy1) = 0. From 41 = Ry

IN

wi1T € Hpi1, we have
d(Un, Tnt1) < A(Tn, Tnt1), Yn € NU{0}.

Therefore, limy,, oo @(ty, Tpy1) = 0. From Lemma 2.1, we have

(42) T [y — | = T o — @ = 0.

Since ||uyn — zp|| < ||un — Tpt1ll + ||Tnt1 — znl|, we have limy, o0 ||uyn — 25| = 0.
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Next, we show that lim ||z, — y,|| =0 and lim ||JTy, — Jy,| = 0. From
n—oo n—oo

Hun - xn—&-l” = ”anxn + (1 - an)Tyn - xn—i—l”
= Han(xn - anrl) + (1 - an)(Tyn - l‘n+1)||
> (1= an)lTyn — Tny1ll — anllrn — pgall,

we have

1

|Tyn — znall < 1 (lun = zpsa || + onllen — znia )
1
< 1— a, (lun = znsall + [lzn — zpga )
From (4.2) and liminf, .o (1 — o) > 0, we have lim, .o [|Tyn — Zn41]| = 0.
From || Ty, — zn| < [|[Tyn — niall + 201 — 20, we have
(4.3) lim || Ty, — x| = 0.
n—oo

Let w € F(T)Nn J-'B~10. Using y, = J,., Ty, from (2.3) we have
d(xn,w) > @z, Iy, zn) + O(Jr, Tn,w)
= &(Tn, Yn) + ¢(Yn, w).
Hence
(@n, Yn) < ¢(Tn, w) — G(Yn, w).
From (4.1), we have ¢(un,w) < and(zn, w) + (1 — an)d(yn, w) and hence

(;b(una w) - anfb(xm ’LU) .

A (Yn, w) > 1— o,

Therefore, we have

¢(xnayn) § ¢($n7w) _ (b(un’w)l__(:;‘b(b(xn,w)

(4.4) _ O@n,w) = $un,w)

1—oqay,

Since

¢(xn7 w) - ¢(un7 w)

lznll? = 20w, Jw) + w]]* = [Junll® + 2(un, Jw) — [Jw]?
lznll? = llunll* = 20@n = un, Jw)
< aall® = llunl®] + 21z — un, Jw)|

< (lzall + llunlDllzn = uall + 2[lzn = unllf|Jwl]

A

and limy, o [|[2n, — upl| = 0, we have lim,_oo(¢(zn, w) — ¢(un,w)) = 0. Since
liminf(1 — o) > 0, from (4.4) we have lim ¢(xy,,yn) = 0. From Lemma 2.1,
we have

(4.5) lim ||z, — yn| = 0.

From | Tyn — ynll < |TYn — nll + [|xn — ynll, (4.3) and (4.5), we have
(4.6) lim [Ty — g = 0.
n—oo
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Since E is uniformly smooth, J is uniformly norm-to-norm continuous on bounded
sets. And from (4.6), we have

(4.7) lim || JTy, — Jyn|| = 0.

Since {Jzy,} is bounded, there exists {z,,} C {x,} such that Jx,, — z*. Since J is
uniformly norm-to-norm continuous on bounded sets, we have from (4.5) that

lim |[Jzy, — Jyn|| = 0.
n—oo

This implies Jy,, — z* and hence from (4.7), J~'2* € F(T). Putting z = J~'2*,
we have z € F(T).

We next show that z € F(T)NJ~'B~10. By the assumption, we have z € F(T).
Since By, = (I — J;,)/m, and l%lrrii(gf rn > 0, we also have

lZn — ynl| _
Tn

0.

lim || By, x| = lim
—00 n—
If (w*,w) € B, then it follows from the monotonicity of B and (Jy,, By, z,) € B

that
(w—= By, xp,w" — Jy,) >0, ¥Yn € NU{0}.

Hence

(w = By, Tp;, w* — Jyn,;) > 0.

Letting ¢ — oo, we have (w,w* — z*) > 0. By the maximality of B, we have
z* € B710 and hence z € J-'B~10.
We next show that z = Rp(1)nj-1p-102. Let w = Rp(1ynj-1p-102. From 41 =

Ry, .,z and u € F(T)NJ'B7'0 C Hy41, we have
gf)(SC, SUTLJrl) < ¢($v u)
Since || - ||? is weakly lower semicontinuous, from Jz,, — Jz we have
$z,2) = |lz]* = 2z, Jz) + |||
< liminf(|a|® - 2(z, Jzn,) + [lon]*)
1— 00
= liminfo(z, zy,)
1— 00
< limsupg(z, zn,)
1—00
< ¢lz,u).

From the definition of u, we have u = 2. Thus we obtain z* = Jz = Ju.
Furthermore, we can conclude that for any subsequence {x,, } of {z,} such that
Jp, — 2%, 2* = Ju. Hence Jx, — Ju.
We finally show that x,, — z. From (2.2), we have

d(z,2n) = ¢(2,2) + ¢(x, 2p) + 2(z — , Jx — Jzy), Yn € NU{0}.
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Since z,, = Ry, x and z € F(T)NJ'B~10 C H,, we have ¢(z,1,) < ¢(z,2) and
hence

limsupo(z,z,) = limsup{p(z,x)+ é¢(z,xn) +2(z —x, Jx — Jx,)}

n—oo n—oo
< limsup{¢(z,z) + ¢(x, 2) + 2(z — x, Jor — Jxy,)}
n—oo
o(z,2) + ¢z, 2) +2(z —x, Jx — Jz)
d(z,2) =0.
Thus lim ¢(z,z,) = 0 and hence lim ||z — 2| = 0. This completes the proof. [
n—oo n—oo

As consequences of Theorem 4.1, we can obtain the following corollaries.

Corollary 4.2. Let E be a uniformly convexr and uniformly smooth Banach space
and let B C E* x E be a mazimal monotone operator with B~'0 # (0 and let
Jro = (I +rBJ)~! for allr > 0. Let {z,} be a sequence generated by xg = = € E,
Hy=F and

Up = Jrnl'm

Hpi1 = {2 € Hy : ¢(un, 2) < ¢(xn, 2)},

Tnt1 = RHTL+1:L'
for every n € N U {0}, where J is the duality mapping on E and {r,} C (0,00)
satisfies liminf, ooy, > 0. Then {x,} converges strongly to Rj-1g-1px, where
Rj-15-1¢ is the sunny generalized nonexpansive retraction from E onto J~'B~10.

Proof. Putting T' = I,C' = E and a,, = 0 in Theorem 4.1, we can complete the
proof. O

Corollary 4.3. Let E be a uniformly convexr and uniformly smooth Banach space
and let C' be a nonempty closed subset of E such that JC is closed and convex. Let
T :C — C be a generalized nonexpansive mapping such that F(T) # () and assume
that F(T) = F(T). Let {x,} be a sequence generated by xo = x € C and

Uy = ATy + (1 — ap) Ty,

Hyq = {Z € Hy: ¢(Un,2) < qb(xn,z)},

Tn4+1 = RHH+11'
for every n € N U {0}, where J is the duality mapping on E and {oy} C [0,1)
satisfies liminf,, oo (1 — an) > 0. Then {x,} converges strongly to Rp(ryx, where
Rp 7y 1s the sunny generalized nonexpansive retraction from E onto F(T).

Proof. Set B = 0ij¢c in Theorem 4.1, where ijc is the indicator function of JC.
So, we obtain this corollary. O
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