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ALGORITHMS CONSTRUCTION FOR NONEXPANSIVE
MAPPINGS IN HILBERT SPACES

MENGQIN LI, YONGHONG YAO*, YEONG-CHENG LIOU, AND SHIN MIN KANG

ABSTRACT. In this paper, we construct two new algorithms for nonexpansive
mappings in Hilbert spaces. We show that the proposed algorithms converge
strongly to fixed points of nonexpansive mappings in Hilbert spaces.

1. INTRODUCTION

Let C be a nonempty closed convex subset of a real Hilbert space H. Recall that
a mapping T : C' — (' is said to be nonexpansive if

[Tz =Tyl < [l —yl|, v,y € C.

We use Fiiz(T) to denote the set of fixed points of T'.

Construction of fixed points of nonlinear mappings is an important and active
research area. In particular, iterative algorithms for finding fixed points of non-
expansive mappings have received vast investigations since these algorithms find
applications in a variety of applied areas of inverse problem, partial differential
equations, image recovery and signal processing (see, e.g., [7], [10]-[11], [21], [37]).

It is well-known that the Picard iteration z,1; = Tz, = --- = T" !z of the
mapping T" at a point € C' may, in general, not behave well. This means that it
may not converge even in the weak topology. One way to overcome this difficulty is
to use Mann'’s iteration algorithm that produces a sequence {z,} via the recursive
manner:

(1.1) Tnt1 = pxn + (1 — ap)Tx,, n >0,

where {a,} C [0, 1] and the initial value o € C' is chosen arbitrarily. For example,
Reich [23] proved that if {cv,} is chosen such that )" >7 | a, (1 — ay) = oo, then the
sequence {z,} defined by (1.1) converges weakly to a fixed point of 7. However,
this scheme has only weak convergence even in a Hilbert space.

Some attempts to construct iteration algorithm so that strong convergence is
guaranteed have recently been made (see, e.g., [1]-]9], [12]-][20], [22]-[36], [38]).

It is our purpose in this paper to introduce two new algorithms for nonexpansive
mappings in Hilbert spaces. We show that the proposed methods converge strongly
to fixed points of nonexpansive mappings in Hilbert spaces.
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2. PRELIMINARIES

Let C' be a nonempty closed convex subset of a real Hilbert space H with inner
product (-, -) and the induced norm || - ||, respectively. For every point € H, there
exists a unique nearest point in C, denoted by Poz such that

o = Poall < fla — yll, ¥y € C.
The mapping P is called the metric projection of H onto C. It is well known that
Po is a nonexpansive mapping and satisfies
(x — vy, Pox — Pcy) > ||Pox — Poyl|?, Y,y € H.
Moreover, P¢ is characterized by the following properties:
<m_PC$7y_PCx> <0,
and
lz =yl > ||z = Pox|” + |ly — Pex|?, Vz € Hyy € C.
In order to prove our main results, we need the following well-known lemmas.

Lemma 2.1 ([33]). Let C be a nonempty closed convex of a real Hilbert space H.
Let T : C'— C be a nonexpansive mapping. Then I —T is demi-closed at 0, i.e., if
Ty, =z €C and x, — Txy, — 0, then x = Tx.

Lemma 2.2 ([29]). Let {z,} and {y,} be bounded sequences in a Banach space
E and {B,} be a sequence in [0,1] which satisfies the following condition: 0 <
liminf,, o Bn < limsup,, . Bn < 1. Suppose that xp1 = (1 — Bn)xn + Bpyn for all
n > 0 and limsup,,_, o (|Ynt+1—=Ynll = | Tnr1—znl]) < 0. Thenlimy, oo ||yn—2n| = 0.

Lemma 2.3 ([31]). Assume {a,} is a sequence of nonnegative real numbers such
that ap+1 < (1 —yp)an + Ynon,n > 0 where {7y, } is a sequence in (0,1) and {0y} is
a sequence in R such that

(1) > ntoVn = 00;
(i) Hmsup,_ o 0n < 0 0r 3200 0 [8,yn| < 0.

Then lim,, .o an = 0.

3. MAIN RESULTS

Let C be a nonempty closed convex subset of a real Hilbert space H. Let T': C' —
C' be a nonexpansive mapping. Let 5 be a constant in (0,1). For each ¢t € (0,1),
define a mapping 13 : C' — C' by

Tix = Polt(Bx) + (1 — t)Tx], Yz € C.
For z,y € C, we have
[Tiz — Tiyll = [[Polt(Br) + (1 —t)Tz] = Polt(By) + (1 — )Tyl
< [1=@1 =8z -yl

which implies that T; is a contraction. Using the Banach contraction principle,
there exists a unique fixed point z; of T} in C, i.e.,

(3.1) wy = Polt(Bay) + (1 — t)Txy).

Now we show the strong convergence of this implicit algorithm.
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Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let T : C — C be a nonexpansive mapping with Fixz(T) # 0. For each t € (0,1), let
the net {xy} be generated by (3.1). Then, ast — 0, the net {x;} converges strongly
to a fixed point of T.

Proof. First, we prove that {z;} is bounded. Take u € Fix(T). From (3.1), we have
[1Polt(Bze) + (1 = 8)Tx] — Peul|

Btl|ze — ull + (1 = )Ty — ul| + (1 = B)t]ull

[1— Q1= B)tllze — ull + (1 = B)tllul,

e —ull

[VARVA

that is,
e — wll < Jlul.

Hence, {z;} is bounded.
Again from (3.1), we obtain

[t = Tal| = [[Pelt(Bze) + (1 = )Ty — Pl
<t Br — Tl
(3.2) — 0 as t—0.

Next we show that {x;} is relatively norm compact as t — 0. Let {¢,} C (0,1) be
a sequence such that ¢, — 0 as n — oco. Put x,, :== z4,. From (3.2), we have

(3.3) |zn, — Tay| — 0.
From (3.1) and (3.2), we get

lze —ul|* = (Po[t(Bxe) + (1 —t)Tay] — [t(Bae) + (1 — t)Txy), 2 — u)
+([t(Bxe) + (1 — ) Txy] — u,xp — w)
([t(Bze) + (1 = ) Twy) — w, 2 — )
Bt{xy —u,xy —uy + (1 — t)(Twy — x¢ + x4 — uy ¢ — w)
—(1 = p)t(u, zy — u)

< == Otlle = ull® — (1 B)t(u, z — u).
Hence,
e —ull* < (u,u— ).
In particular,
(3.4) |2n —ul* < (u,u —x,), u € Fix(T).

Since {zy} is bounded, without loss of generality, we may assume that {z,} con-
verges weakly to a point z* € C. Noticing (3.3) we can use Lemma 2.1 to get
x* € Fiz(T). Therefore we can substitute z* for u in (3.4) to get

|xn — 90*||2 < (z*,x" — xp).

Hence, the weak convergence of {x,} to * actually implies that z,, — x* strongly.
This has proved the relative norm compactness of the net {z;} as t — 0.



38 M. LI, Y. YAO, Y.-C. LIOU, AND S. M. KANG

To show that the entire net {x;} converges to x*, assume z;, — % € Fix(T),
where t,, — 0. Put z,, = z;,,. Similarly we have

|l — 2| < (2", 2% — zpn)
Therefore,
|2 — 2| < (a*, 2" — ).
Interchange z* and Z to obtain
|z* — & < (&, % — ).
Adding up the last two inequalities yields
2l — Z|* < [|l2* — %,

which implies that £ = x*. This completes the proof.
O

Next we construct an explicit algorithm and prove this algorithm has strong
convergence under some mild conditions on control parameters.

Theorem 3.2. Let C' be a nonempty closed convex subset of a real Hilbert space
H. Let T : C — C be a nonexpansive mapping with Fix(T) # 0. Let {an} and
{Bn} be two real sequences in [0,1] and X\ be a constant in (0,1). For given xy € C
arbitrarily, let the sequence {x,} be generated iteratively by

(3.5) Tyl = (1 = Ny, + APolanfnzn + (1 — apn)Txy),n > 0.

Suppose the following conditions are satisfied:
(i) limy—00 vy = 0;
(i) Do an = 00;
(iii) limsup,,_. OBn < 1.

Then the sequence {x,} generated by (3.5) strongly converges to a fixed point of
T.

Proof. First, we prove that the sequence {x,} is bounded. Take v € Fiz(T'). From
(3.5), we have

H:L’n_;,_l - UH H(l - )\)xn + )\PC[anﬂnxn + (1 - an)T'rn] - u”

< (@ =Nlzn —ull + A|[PelonSnzn + (1 — an)Tz,] — Poull
< (I =XN)||zn — || + AlanBnzn, + (1 — )Ty, — ull
< (A= Nllzn —ull + NewBallzn — ull + (1 — Bp)an]ul|
+(1 = an)l|an — ul]
= [1= (1= Bn)Aan]|lzn —ull + (1 = Bn) Ao [|ull
< max{|lzn — ul], [lull}.

Hence, {z,} is bounded and so is {Tz,}.



ALGORITHMS CONSTRUCTION FOR NONEXPANSIVE MAPPINGS 39
Set yn, = Polanfnxn + (1 — an)Txy] for all n > 0. It follows that

[yn = yn—1ll = [[Polanbpzn + (1 — ay)Tay)
—Pelan-1Bn-12p-1) + (1 — an—1)Tzn-1]||
< NonBrzn + (1 — an)Tay)
—[an_lﬂn_lxn_l) + (1 — Oln—l)TfEn—l]H
< |NTzy — Tep—1|| + anl|Brxn — Ty
Fan-1l|Bn-1Tn—1 — Txp1]|
< lon — xp—1 || + M (o + an—1),

where M is a constant such that sup, {||Bnzn — Tzn||} < M.
Therefore, we have

limsup(Hyn - yn—lH - Hxn - xn—lu) <O0.
n—oo

This together with Lemma 2.2 implies that

lim |y, — z,| = 0.
n—oo
Hence,
lim ||zp+1 — zp]| = lm Ay, — x,] = 0.
n—oo n—oo
Note that
|xnt1 — Txy| (I = N)||zn — Tan|| + M| Polonfnrn + (1 — an)Tzy] — PoTx,||

<
< (1= MN||zn — Txn|| + | Brxn — Ty
Then, we have

[n = Zns1ll + [Znt1 — Tan|
[z = Zpga [l + (1 = |z — Tapl| + Ao Brzn — Tanl,

|20 — Ty

IA A

which implies that

|zn — Ty < [Zn — Tnt1ll + anl|Bnrn — Tl — 0.

H
Let the net {z;} be defined by (3.1). By Theorem 3.1, we have x; — z* as t — 0.

Next we prove limsup,, .. (z*,2* — yn) < 0. Set y¢ = t(Bz¢) + (1 — t)Txy.

Poyi — xn, Poye — Tn)

2y — zpl]* = (
= (Poyt — Yyt Poyr — @n) + (Yt — T, T — Tp)
(

< (Y — T, — )
= t(xy — xp, 20 — ) — (1 = B)t{xy, 2 — x0)
+(1 = t)(Txy — Tan,x — xp) + (1 — ) (Txp — T, T — )
< lwe — znl? = (1= B)t{@, 2 — z0) + (1 — )Ty — T, T — T0)
< cht—ﬂcnu2 — (1= Bz, 20 — xn) + M[|Txn — 20,
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where M > 0 such that sup{||z¢||?, 2||z; — Tz, ||, |z: — z,||,t € (0,1),n > 0} < M.
It follows that

(g, — ) < (1—]\/[5)tHTx" — p|-
Therefore,
(3.6) lim sup lim sup(z, ¢ — ) < 0.
t—0 n—00
We note that
(¥, 2" —xp) = (22" —x) + (2" — @, 1 — xp) + (T4, T — T4)

atwt =) + |27 = welll|lwe — @l + (o, w0 — n)

(
(@*, " — @) + ||a" — x| M + (@, 26 — T0).

This together with z; — 2* and (3.6) imply that

<
<

lim sup(z*, 2" — z,,) <O0.
n—oo

Hence, we have

limsup(z*, z* — y,) < 0.

n—oo

Finally we show that x, — z*. First, we set u, = a,Gntn + (1 — ap)Txpn,n > 0.
Note that

(Poup) — un, Poluy] — %) <0.

From (3.5), we have

Hy” - m*HZ = <P0[un] - umPC[un] - HT*> + <un - x*7yn - $*>

< <un — 2 yy — -T*>

= apfn(Tn — 2%, yn — ) + (1 = Bn)an(z™, 2" — yn)
+(1 = an)(Tzy — 2%, yn — 27)

< lenBp + (1= an)ll|on — 2™[[lyn — 2% + (1 = Bp)on(a™, 2% — yn)
1—(1-06,)a . . . .

< OB 0 2 4y, — ) + (1= Bl o — )
1—(1-— o . 1 . . .

< (f”)”llwn—w I+ Sy = 2711 + (1= Bo)an(a™, 2" = ya).

It follows that
3.7 lyn — x*”z < [1 —(1- ﬂn)an]uxn - x*||2 +2(1 - ﬁn)an<x*:$* - yn>-
From (3.5) and (3.7), we have
|zni1 — 2> < (1= X)]an — 2%+ Mlyn — 2°|?
< (= Nlzn — x*HQ + AL = (1 = Bn)an]l|zn — x*HQ
+2 o, (1 — Bp)(z™, 2" — yn)
= [1 =M1 = Bn)an]llzsn — x*HQ + 2Aan (1 = Bn) (2%, 2" — yn).

We can check that all assumptions of Lemma 2.3 are satisfied. Therefore, x, —
x*. This completes the proof. O
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Corollary 3.3. Let C' be a nonempty closed convex subset of a real Hilbert space

H.

Let T : C — C be a nonexpansive mapping with Fiz(T) # 0. Let {a,} be a real

sequence in [0,1] and X be a constant in (0,1). For given xy € C' arbitrarily, let the
sequence {x,} be generated iteratively by

Tnt1 = (1 = N)xy + APc[(1 — an)Txy], n>0.

Suppose the following conditions are satisfied:

(1]
2]

3]
(4]
[5]

(6]

(10]
(11]
(12]

(13]
(14]

(15]
(16]
(17]
(18]
(19]

20]

(i) limy—00 vy = 0;
(i) Y57 g an = oo.

Then the sequence {x,} converges strongly to a fized point of T.
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