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CONVERGENCE RATES OF SUMMATION PROCESSES OF
CONVOLUTION TYPE OPERATORS

TOSHIHIKO NISHISHIRAHO

ABSTRACT. We establish quantitative pointwise estimates of the rate of con-
vergence of equi-uniform summation processes of convolution type operators in
terms of the modulus of continuity of functions to be approximated and higher
order absolute moments of approximate kernels. Furthermore, applications are
presented for equi-uniform summation processes which are induced by various
important summability methods, and several concrete important examples of
approximating operators are also provided.

1. INTRODUCTION

Let Ny be the set of all nonnegative integers and let R denote the real line. Let
C: donote the Banach space of all 2w-periodic, continuous functions on R with the
supremum norm. Let {0, }nen, be the sequence of Fejér operators defined by

oulf)(x) = o /”Fn<x—t>f<t>dt (f € Con, 7 €R),

:% .

where

n+1

n .
IAESS (1 _ Ul )eiﬂ’u (u € R).
j=-n
Then for every f € Car, {on(f)(z)} is almost convergent to f(x) uniformly on R,
that is,

n—+m
1
Z or(f)(z) = f(x) uniformly in m € N,z € R

k=m

lim
n—oon + 1
(ct. [6], [8)).
In view of this result, we generally make the following situation:
Let (E,|| - ||) be a Banach space and let X be a compact convex subset of the
r-dimensional metric linear space R" of all r-tuples of real numbers, equipped with
the usual metric

r 1/s
i — Yl 1<s<
day) - (5l = uil) (1<s<00)
max{|z; —y;|: 1 <i<r} (s = 0)

(m = ($17$27-~~7$r)ay = (y17y27'” 7y7“) € RT)
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Let B(X, E) denote the Banach space of all E-valued bounded functions on X with

the supremum norm ||-||x. C(X, F) stands for the closed linear subspace of B(X, E)

consisting of all E-valued continuous functions on X. Let A be an index set. Let
= {ag,)n :n,m € Ng, A € A} be a family of nonnegative real numbers satisfying

o0

a?) =1 forall n € Ny and for all A € A.

n,m
m=0
Let 8 = {K, }nen, be a sequence of operators from C(X, E) to B(X, E). Then we
define

(1.1) Z N K, (F e C(X,E)).

Here we assume that the series (1.1) absolutely converges in B(X, E'). The sequence
R is called an equi-uniform A-summation process on C(X, FE) if for every F €
C(X,E),

(1.2) lim [[K,\(F)—F|x=0 uniformly in A € A.

The purpose of this paper is to consider the rate of convergence behavior of (1.2)
by giving quantitative pointwise estimates for the case where each K, is a convolu-
tion type operator in C'(X, F) under certain suitable conditions. Consequently, we
refine the estimates given in [13] for approximation by convolution type operators,
which include the Korovkin type operators (cf. [2], [7]). Furthermore, applications
are presented for various important summability methods which typically cover the
almost convergent method due to Lorentz [8] (cf. [1], [16]), and several concrete im-
portant examples of approximating operators are also provided. Further extensive
treatments of the rate of converegence for equi-uniform approximation processes of
integral operators are considered in [15], of which results can be refinements of the
estimates of the degree of approximation given in [13] (cf. [12], [14]).

2. SUMMATION PROCESSES OF INTEGRAL OPERATORS
Let F € B(X,E) and let 6 > 0. Then we define
ws(F,0) = sup{||F(z) — F(y)|| : z,y € X, ds(z,y) < 6},

which is called the modulus of continuity of F. Obviously, ws(F,-) is a monotone
increasing function on [0, c0) and

ws(F,0) =0, ws(F,0) <2|F|x (0 >0).
Note that
wS(F75) :wS(Fa(S(X)) (525(‘){))7
where §(X) denotes the diameter of X, and

li Fd)=0
5520%( )
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for all FF € C(X,E). For i =1,2,...,r, p; denotes the ith coordinate function on
R" defined by p;(z) = x; for all z = (x1,x2,...,2,) € R". Then we have

(21) d{;(ﬂf,y) S C(p, r, 5) Z |pl(x) _pl(y)|p (l’,y € Rra p> O)a
i=1
where
rp/s (1<s<o0,s#p)
C(p,T,S): 1 (1§$<OO,8:]9)

1 (s = 00).

Let L'(X) denote the Banach space of all Lebesgue integrable functions g on X
with the norm

lglls = /X l9(2)] da

We make use of the key estimate in the following lemma for integral operators on
C(X,E).

Lemma 2.1. Let {x(x;-) : & € X} be a family of functions in L'(X), T a continuous
mapping from X into itself and p > 1. Then for all F € C(X,E),z € X and for
all o > 0,

| [ xtasn ) - Pa) | < (sl + etasp. ) (P.6),
where
o(a; p, 8) = min{ & P|x(w; ) (x, ()11, 6 M x(as )Ll ) @, 7 () 117}
Proof. Since X is convex, by [13, Lemma 2.4 (b)] we have
ws(G,€8) < (1+ 6)ws(G, 6)

for all £,0 > 0 and for all G € B(X, E). Therefore, the desired result follows from
[13, Lemma 2.7].
Let A = {xn(z;-) : n € Ng,z € X} be a family of nonnegative functions in L*(X)
such that
sup{||xn(z; )1 : n € No,z € X} < 0.

We sometimes call [ a kernel. If
Ixn (@5 9)][1 = /Xxn(x; y)dy =1

for all n € Ny and for all x € X, then 2 is said to be normal. If ||x,(z;-)|1 <1 for
all n € Ny and for all z € X, then 2 is said to be quasi-normal. We define

(22)  Ku(F)() = /X (@) Fy)dy  (FeC(X,B), z € X),

which exists as a Bochner integral and let K, y be defined by (1.1).
Let p > 1 be fixed and we define

Mmi(x?p) = [Ixn(z;)|pi(z) — pi()[Pllh (neNp,zeX,i=1,2,...,7),
which is called the pth absolute moment of y,(z;-).
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For any n € Ny, A € A and for any x € X, we define
Ta(@) = [bpa(z) — 1],

z)i= ) anA,%L/Xxm(:v;y) dy,

m=0

where

and
On (25 p) Zanm,uml:np (i=1,2,...,r).
From now on, let {€, }nen, be a sequence of positive real numbers.

Theorem 2.2. For alln € No,\ € A, F € C(X,FE) and for all z € X,
(2.3) [ En\(F)(x) = F(2)|| < [|F(2)[7ax(@) + o (@)ws (F, €n),

where
Caa (@) = by A (@) + 7 a(2)
and

nn,)\(l‘) = mln{ c\p,7, 5 Zen)\z Z; P

c(p,r, S)l/p6 (Z B p))l/pbn)\(x)l—l/p}'

Proof. We have

04 [Kan(Po)— F@l < 3 | |l (P o) = P |

[l [ e dy = 1fIF@I = 1@ + 13

Here Iy(ll/)\(x) and Iff;\(x) denote the first term and the second term in the above

inequality, respectively. Then we have IT(LQ;\(x) = ||F(z)||thr(x). Taking x(z;-) =
Xm(x;+) and 7(y) = y in Lemma 2.1, we get

(2.5) I18@) < (boa@) + Y- alem(@:p, 8) )ws(F 0),
m=0

where

_ 1-1 1
e (@;p,8) = min{8 | (i )dB (, )1, 8 ()13~ g (a2, ) 17}
Now, if p > 1, then by Holder’s inequality we have

> —1 1
S m s )P g () B ()1}
m=0

< (3 ahibon e ) ™ (32 ohbontes s )
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which clearly holds for p = 1. Also, by (2.1) we have

T

(5 ) (2, )1y < e s) Y pmalzsp) (€ No).
i=1

Therefore, we obtain

@ Cm (23, 8) < min{5*p6(p, r,8) Y On (D),

m=0 i=1

(5711)”7)\(%)1*1/1’0(]), T, s)l/p (ZT: 9n7/\,i(a:; p)) 1/p}w5(F, J),
=1

and so putting § = €, in the above inequality, (2.4) and (2.5) yield the desired
estimate (2.3).

Corollary 2.3. Suppose that 2 is quasi-normal. Then for alln € Ng,A € A, F €
C(X,E) and for all z € X,

(26) 1K\ (F) (@) = F@)]| < [F@)lmaa@) + (1 +71@))ws(F ),
where
(@) = min{e(p,r,5)6 Y buna(wip), clp,r, ) et (3 bralwin)) 1/p}.
=1 i=1

In particular, if A is normal, then (2.6) reduces to
[ Kn A (F)(z) = F(z)]| < (14 ynx(2))ws(F, €n).

In the rest of this section, we restrict the integral operators K,, defined by (2.2)
to the subclass of C'(X, F) defined as follows:

Let T = {T(x) : z € X} be a family of mappings from F to itself such that for
each f € E, the mapping from X to E defined by =z — T(x)(f) := (T(z))(f) is
strongly continuous on X. Let L,, denote the restriction of K,, to the set {T'(:)(f) :
f € E}, that is,

(27) @) = [ xalasn)T@)(dy (€ B, e X),
which exists as a Bochner integral. We define
(2.8) Loa(@)(f) = Y aloLm(@)(f) (A€ A),

m=0

which converges in F.
The family £ = {Ly(z) : n € No,z € X} is called an equi-uniform %-A-
summation process on F if for every f € F,

(2.9) nh_}nolo Lo C)(fF) =TC)(f)lx =0 uniformly in A € A.

Concerning the rate of convergence behavior of (2.9), for each f € E and for each
6 > 0 we define

wsz(f,0) = sup{[|T(x)(f) = T(W)(N)]l : z,y € X, ds(x, y) < 6},



142 TOSHIHIKO NISHISHIRAHO

which is called the modulus of continuity of f associated with €. Then we have
the following result on the estimate for the rate of convergence of the equi-uniform
T-A-summation process £ given by (2.8) with (2.7):

Theorem 2.4. For alln € Nog,\ € A, f € E and for all x € X,
[LnA(2)(f) = T (@) (NI < [1T@)(F)ITar(@) + o (@)ws g (f, €n)-
Proof. Since

wsz(f,0) = ws(T()(f),0)  (feX, 6=0),

this follows from Theorem 2.2.

Corollary 2.5. Suppose that 2 is quasi-normal. Then for alln € Ng,A€ A, f € E
and for all z € X,

(2.10) Lo (@)(f) = T@) NI < IT@)(HlITnn(@) + (1 +yna(2))wsz(f; €n)-
In particular, if A is normal, then (2.10) reduces to
[Lna(@)(f) = T(@)(H)] < 1+ yna(2)ws s (f n)-

Let w be a monotone increasing continuous function on [0, c0) with w(0) = 0 and
M > 0. Let Hy(w, M) denote the class of all E-valued bounded functions F' for
which

ws(F,0) < Mw(d) for all § € [0,00).
In the special case w(8) = 6 (3 > 0), we write Lips(3, M) instead of Hg(w, M).
That is, F' € Lips(, M) implies
we(F,8) < M&® (6> 0),
which is equivalent to
IF(x) = F(y)| < Mds(z,y)” (2, y € X).

A function F' € Lips(, M) is sometimes said to satisfy a Lipschitz condition of
order 3 with constant M with respect to d;.
Let Hs x(w, M) denote the class of all elements f € E for which

wsz(f,0) < Mw(9) for all ¢ € [0, 00).

In the special case w(§) = 6° (3 > 0), we write Lips z(3, M) instead of H x(w, M).
That is, f € Lips z(5, M) implies

ws,T(fu 6) < M(Sﬁ (5 > 0)7
which is equivalent to
IT(2)(f) = TNl < Mds(z,9)°  (2,y € X).

An element f € Lip,<(3, M) is sometimes said to satisfy a Lipschitz condition of
order (# with constant M with respect to ds.

Theorem 2.6. For alln € Ng,\ € A, F € Hy(w, M) and for all x € X,
(2.11) [ K (F) (@) = F(2)|| < [[F(2)[[max(%) + Ma(@)w(en).-
In particular, if F' € Lips(3, M), then (2.11) reduces to

1Ko (F)(x) = F(2)|| < ||[F(@)||7x(2) + M ren-
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Proof. This follows from Theorem 2.2.

Corollary 2.7. Suppose that U is quasi-normal. Then for alln € Nog, A € A, F €
Hs(w, M) and for all x € X,

(2.12) [Kn\(F)(x) = F(2)|| < [|[F(@)|[Tax(@) + M(1 4y (2))w(en)
In particular, if A is normal, (2.12) reduces to
[EKpa(F)(2) = F(2)]| < M(1+ 95 (2))w(en).
Also, if F € Lips(5, M), then
(2.13) 1Ko (F)(x) = F(2)]| < [[F(@)]|7x(@) + M(1+ 31 (x))e,-
In particular, if A is normal, then (2.13) reduces to
[ K a(F)(2) = F(2)]| < M(1 4y (x))en.

Theorem 2.8. For alln € No,A € A, f € Hyz(w, M) and for all x € X,
(2.14) [Lna(@)(f) = T(@) (N < 1T @)()lITaa(z) + Ma(z)wlen).
In particular, if f € Lips<(8, M), then (2.14) reduces to

[ Ln (@) (f) = T(@) (I < 1T @) () Imna(@) + Ma(x)er.
Proof. This follows from Theorem 2.4.

Corollary 2.9. Suppose that A is quasi-normal. Then for allm € Ng, A € A, f €
Hgz(w, M) and for allx € X,

2.15) Lo (@)(f) = T(@)(NI < NT@)(PlITna(@) + ML+ ynx(2))w(en)-

In particular, if A is normal, then (2.15) reduces to

[ Lo (@)(f) = T(@)(F)| < M1+ v (@))w(€n)-
Also, if f € Lipsz(8, M), then

(2.16) 1Zua@)(f) = T(@) ()l < I T @) ()7 (2) + ML+ (@))en-

In particular, if A is normal, then (2.16) reduces to
L (2)(f) = T(@)(FIl < M1+ 30 x(2))en.
3. SUMMATION PROCESSES OF CONVOLUTION TYPE OPERATORS

Let ¢ > 0 and let {gy, }nen, be a sequence of nonnegative even continuous functions
on [—c¢, ] such that

/ gn(t)dt =1 for all n € Nj.
Let
X:H[ai,bi], 0<bi—ai§c (i:1,2,...,7“)
and

1
Xo = [lai + 6i, b — 6], 0<di < gbi—a),  (i=12....7).
=1
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For each = = (z1,x2,...,2,) € X, we define
n(z;) = min{z; —a;, b —a;}  (i=1,2,...,7),

§(w;) = max{w; — a;, b —x;} (i=1,2,...,7)
and

oo (24
Galzi) =Y al), / tPgm(t)dt  (i=1,2,...,7).

Now, we define

T

Xn(@9) = [[(gaop)(z—y)  (z.y€X, neNy)
=1

and again, let p > 1 and let {€,}nen, be a sequence of positive real numbers.

Theorem 3.1. The following statements hold:
(a) For alln € No,\ € A, F € C(X,E) and for all x = (x1,x2,...,2,) € Xo,

[ Kn(F) () = F(2)]| < 2[|F(z )HZ (1 ) Vn i (5 P)

+ (Apa(x) + By (x))ws(Fen),

where
i) =Sl [ Pgaydr (=120,
m=0 77(551)
0 0 T pé(w)
Apa(x) = Z gy i, (H/ gm(t) dt)
m=0 i=1 75(12)
and

Bp(z) = min{c(p, r,s)e, Z Gox (i),

i=1

C(p, Ty S)l/pegl (zr: Gn,k@%)) UpAn,)\ (x)l—l/p}'

(b) For alln € No,\ € A, f € E and for alla::(xl,mg,...,:c ) € Xo,

[Lna(2)(f) = T(2)(H) < 2T (@)(f)]l Z Vi (5 D)

+ (Apr(x) + By a(x))ws s (f, €n).

Proof. For all m € Ng, we have

5(1’1
/xmxydy<H/ (z € X),
Oél—/xmx;y dy <2
. (z;y) ;77

/ D PWgndt  (z € Xo)
n(x;)

P(z)
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and

;/Xxm(w;y)!pi( z) — pi(y)[P dy < Z/ tPgm(t)dt  (z € X)

(cf. [11, Lemma 4]). Therefore, we obtain b, »(z) < An,)\(:n) and np, A (z) < Bpa(2).
Consequently, the desired results (a) and (b) follow from Theorems 2.2 a d 2.4,
respectively.

Corollary 3.2. The following statements hold:
(a) For alln € No,\ € A, F € Hy(w, M) and all z = (x1,z2,...,2,) € Xo,

(3.1) 1K A (F) () = F(2)|| < 2| F(2 )HZ (11) Vni(73 D)

+ M (A x(x) + Bya(x))w(en).
In particular, if F' € Lips(5, M), then (3.1) reduces to

| KA (F)(@) = F(z)]| < 2| F(@)] Z p
—1 K3

+ M(An,/\(l‘) + Bn,A($))€g'
(b) For alln € Nog,A€ A, f € Hyz(w, M) and all z = (xl,xg, o2y € X,

n)\z(x p)

(3.2) [ Lna(2)(f) = T()(F)] < 2(T(« HZ Vi (@3 )

+ M (A, \(z) + Bpa(2))w(en).
In particular, if f € Lipsz(8, M), then (3.2) reduces to

[Lna(2)(f) = T(2)(H) < 2T (@)(f)l Z Vi (25 P)

+ M(A,x(z) + Bo(z))er.

For a > 0, we define

C

pn () = [t|%gn (t) dt (n € Ny),

—C

which is called the ath absolute moment of g,,.

Theorem 3.3. The following statements hold:
(a) For alln € Ng,\ € A, F € C(X,E) and for all x = (x1,x2,...,z,) € Xy,

T

|Kaa(F)(@) — F@)] < | F@]Gune)? Y ——

2. @) + (14 Cpa(z))ws(F, €n),

where

Car(p (i a tim () )Up

m=0



146 TOSHIHIKO NISHISHIRAHO

and
I8

Cp(x) = min{ c(p,rys) ZG”’\ x;), (c(p,r, s))l/pe (Z Gn’,\(xi)>1/p}.

i=1
(b) For allm € Ng, A € A, f GE and for all v = (xl,xQ,...,xT) € Xo,
[ Ln (@) (f) = T (@) (NI < T @) ()G (p pz

+ (1 + Cpn(2))wsz(f,€n)-

Proof. We have

m=0

T E(xl) T c
H/ gm(t) dt < H/ gm(t)dt =1
i=1" —€(i) =17 ¢

Thus, we obtain A, x(z) <1, and so the desired result follows from Theorem 3.1.

Corollary 3.4. The following statements hold:
(a) For alln € No,\ € A, F € Hy(w, M) and all x = (z1,22,...,2,) € Xo,

T

(3:3) 1Kur(F)(@) = F@) < IF@N6aa®)l D 57
i=1 ’

In particular, if F' € Lips(3, M), then (8.3) reduces to

+ M(1+ Cp(z))w(en).

r

1Ky (F)(@) = F@)] < [F@)lI¢un®)? S np(lxa
i=1 t

(b) For alln € No,A€ A, f € Hyz(w, M) and all x = x1,22,...,2,) € Xo,
1

(3.4) [ Lnx(@)(f) = T@) (O < N1T@)Snn @)D ()
i=1 ¢

+ M1+ Cop (@)l

+ M(1+ Gy (z))w(en)-
In particular, if f € Lipsz(8, M), then (3.4) reduces to

T

I1Ln (@) (f) = T(@) () < I @) () IGan®) Y

— nP(x)

Let ¢ be a nonnegative, continuous even function on [—c,¢| such that ¢ is de-
creasing on (0, ¢] and

e(0)=1, 0<p(t)<1 0<t<e).

+ M(14 Cpa(z))él.

We define
gn(t) = anOn(t) (’t’ <c¢ ne N0)7
where

pn = (/C o(0ydt) " (neNo).

—C
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Then we have

T

Xn(@iy) = pp [[(#" op)(z—y) (2,9 €X),
=1

which reduces to the Korovkin kernel in case r = 1.
Suppose now that

(3.5) lim L=o) =K

for some x > 0 and ¢ > 0.

Lemma 3.5. Let0 <b—a<cand0<e < k. Let « >0 and 8 > 1. Then the
following inequality holds for all n € Ny \ {0} and there exists T € (0,(b—a)/3):

(3.6) Aa, q, K, €) ( T 1)q1—|— o 1)(a+1)/q + B(a, g, k, €)e k™
< [t < o ma () 4 EE T o,
where ' e
A(a, q, Ky €) &I’( )</€+ ) ,
B(a, q,k,€) ail<7a+1 ( _1'_ )O‘H/q)’
Cla,q, ky€) ;F<a;rl>< 1 )aH
and

I'(z):= /OO t* et dt (x >0)
is the gamma function. ’
Proof. By (3.5), there exists 79 € (0, (b — a)/3) such that
(k—e)t! <1—0(t) < (k+e)t? (0 <t <)
Take 7 so that

(3.7) 0<7< min{To, </€ —1i- 6>1/q}.

Then we have 0 < 7 < (b—a)/f8 < ¢ and
(3.8) 0<l—(k+et! <o(t)<l—(k—e)t? 0<t<T).

Since ¢ is decreasing on [7, ¢], by (3.8) we have

/Octa ”()dt</OTta "(t) dt + o™ (7 )/Tctadt

T at+l _ —a+l n
g/ ta(l—(n—e)tq)"dHL@—(ﬁ—e)Tq) =1+ I,
0

a+1
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say. Since 1 —z < e * (z > 0), we have

T (at1)/q [n(r—e)/1T
L < / et gy <#> q/ %" dz
0 n( ) 0

R — €

_ ;(n(ﬁl_ €)>(a+1)/q /On(K_E)Tq tlat)/a=1 —t gy
S;F<a;—1)<n( 1 )(a+1)/q‘

K —€)

Also, we have

ca+1 _ TaJrl

a+1
Therefore, the right-hand side of (3.6) holds.

Next, by (3.7) and (3.8) we have
/ 1 0(¢) dt > / 1(1 = (5 + )" dt
0 0
at1 (kte)re
1( 1 )( + )/q/ x(a+l)/q_1(1—x)ndaj’
g\K+e€ 0
1/ 1 \(e+D/a, [
. (at1)/q=1(1 _ \n
q(/<a+e> (/03: (1 —2x)"dx

1
- [ el ey ds) =1 -
(k+e)Te

D(x) 2% 12V

I, <

—n(k—e)Td _

say. Since

(cf. [2]), we have

I 1( 1 )(Oé+1)/fZF((oz—|—1)/q)F(n—|—1)

(a+1)/
Py T+ D/qgtn+1) 22(516) " qF(azl)

plat1)/ ( a+1 ) (n+1/2)(a+1

—(a+1)/q
+n+Q

> (1)(%i€>(a+1)/qp(a+1)<a+1+1 >(a+1)/q

q (n+1)q
Also, we have

1/ 1 \(a+D)/q
I <= (at+1)/q=1(1 _ a\"
4= q(n—i—e) /(H+€)qu ( (k+or ) da

_ ail ((FLL)(“*”” =) (1= (s + r?)”

< 1 (( 1 )(a+1)/q _ TO‘H) o nlrte)T?
T a+1\\k+e
Consequently, the left-hand side of (3.6) holds.
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Theorem 3.6. The following statements hold:
(a) For alln € No,\ € A, F € C(X,E) and for all x = (x1,x2,...,2,) € Xo,
1
K (F)(x) = F(2)| < K(p, )| F(2)l€} \(p,q) > )
i=1 v

+ (14 Cpa(z))ws(F, €n),

where
K(p,q) = SUP{(m—i- 1)p/qum(p) ‘m e NO} < 00
and "
R Qi 1/p
6n,>\(p7 Q) = <n;) (m—l—l)p/q) .

(b) For alln € Nog,A € A, f € E and all v = (x1,x2,...,2,) € X,

T

ILn () (@) = T(@) (Nl < Colp, DIT @) (IR A (0 0) Y np(lm)
i=1 v
+ (1 + Cn,A(x))ws,T(fv en)'
Proof. Let
a = max{ay,ag,...,a;}, b =min{by,be,...,b.}, a =p.

Then, by Lemma 3.5 we have
o /C S8 dt < C(p, q, K, e)n~(@Ft1/a 4 cap=nln—are ’
0 A0,q,k,€)((n+1)g + 1)=Y/9 4+ B(0, q, k, €)e=rste)T1
and so K (p, q) is finite. Therefore, we have
wA(p) < K(p,q)el \(p,q)
for all n € Ny and for all A € A. Thus, the desired result follows from Theorem 3.3.

Remark 3.7. Let o > 0. Then we have
1 a/q
n(a) < K(a,p)| —
pnl0) < K(0p) (=)

for all n € Ny, and so lim pu,(a) = 0. In particular, we have
n—oo

i) < K2.0) ()"

for all n € Ny (cf. [2, Proof of Theorem 1}), and so lim p,(2) =0 (cf. [7, Proof of
Theorem 5]).

Corollary 3.8. The following statements hold:
(a) For alln € No,\ € A, F € Hy(w, M) and for all x = (x1,x2,...,2,) € Xo,
P - 1
(3.9) 1Ko\ (F)(2) = F(@)]| < K(p, )| F(@) €l (P, a) Y 7
i=1 !

+ M(1+ (@) (en).
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In particular, if F' € Lips(3, M), then (8.9) reduces to

1Ko (F)&) = @) < Kp. ) I s(0.0) Y s

+ M(1+ Cpa(x))el.
(b) For alln € No,A € A, f € Hyz(w, M) and for all x = (x1,x2,...,2,) € Xo,

r

(3.10) 1 Lo (£) (@) = T@) (Ol < K(p, )IT@)()led 5 (p:0) D np(lx,)
i=1 '
+ M1+ Cpa(2))w(en).
In particular, if f € Lips<(8, M), then (3.10) reduces to
ILnx(F)(@) = T(@)(H < K, @) IT()(H)llh (2 a) Y np(lx,)
i=1 '

+ M(1+4 Cpa())en.
We further assume that ¢ is continuously differentiable on (0, ¢) and

o) _
t—+0 a1

(3.11)

for some ¢ > 0 and A < 0. Then, by (3.5), we have Kk = —A/q.

Now, let @ be a nonnegative, continuous even function on [—c, ¢, which satisfies
the following conditions:

(@-1) ®(0) = 0;

($-2) @ is increasing and positive on (0, c[;

(#-3) @ is continuously differentiable on (0, ¢) and

o'(t)

(.12) iy a1

=B

for some ¢ > 0 and B > 0.
We define
o(t) = e 20 (—e<t<ec).
Then (3.11) is satisfied with A = —B, and so k = B/q. Let # > 0 and we specially
define
() = byt) = [t (~e<t<e),
Then (3.12) holds with ¢ = B = 3. Several examples of 3 induces the following

important kernels:
(1°) Picard:

(2°) Weierstrass:

2

B=2 ot)=e ", ¢g=B=2 r=1.
(3°) Bui-Fedorov-Cervakov:



CONVERGENCE RATES OF SUMMATION PROCESSES 151

B=1/v, v>0; ¢(t)= e_|t|l/y, g=B=1/v, k=1.
The other important examples of ¢ satisfying (3.11) are the following:
(4°) de la Vallée-Poussin:
1
o(t) = cos® it; c=m, q=2, A=-1/2, k=1/4.
(5°) Let v > 0 and

1
o(t) = (C055t)y; c=m q=2, A=—v/4, k=v/8.

(6°) Landau:
ot)=1—1t* ¢c=1,¢=2, A=-2 r=1.
(7°) Mamedov:
et)=1—t"" ¢=1, meN, ¢=2m, A= —-2m, k=1.
(8°) Let v > 0 and
et)=1—1t|"; c=1,q=v, A=—-v, k=1

Note that the above examples (6°), (7°) and (8°) can be also particular cases of
¢ which is defined as follows:

Let u > 0 and let ¥ be a nonnegative, continuous even function on [—1, 1], which
satisfies the following conditions:

(-1) v(0)=0, 0<¥(t)<1 (0<t<1);

(¥-2) ¥ is increasing on (0, 1];

(¥-3) tlir}rlolp(t)/t” =K for some K > 0.

Then we define

pt)=1-w@)  (t|<1),

and so (3.5) holds with ¢ = p and k = K.

4. VARIOUS SUMMABILITY METHODS

Let A= {ag,)n :n,m € No, A € A} be a family of scalars. A is said to be regular

if it satisfies the following conditions:

(A-1) For each m € Ny, lim ax‘% =0
n—oo

=S O . :
(A-2) lim > anm= uniformly in A € A.
=00 m=0

(A-3) For each n € Ny and for each A € 4,

o= 3 lafdhl <
m=0

and there exists ng € Ny such that

uniformly in A € A.

sup{al : n > ng,n € Ng, A € 4} < .
A is said to be stochastic if
aN >0 (n,m € Nog, A € A)

n,m
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and

Za(’\) = (n€Ng, AeA).

Obviously, if A is stochastlc, then Conditions (A-2) and (A-3) are automatically
satisfied.
A sequence { fm}meNO of elements in F is said to be A-summable to f if

(4.1) hm H Z g‘)n m— fH =0 uniformly in A € A,

where it is assumed that the series in (4.1) converges for each n € Ny and for each
Are A

Concerning the relation between the regularity of A and A-summability, A is
regular if and only if every convergent sequence of elements in E is A-summable to
its limit (cf. [1], [10]).

As the following examples show, there is a wide variety of families A and their
particular cases cover many important summability methods:

(1°) Given an infinite matrix A = (@nm )n,meny, if a%)n = apm for all n,m € Ny
and for all A € A, then we obtain the usual matrix summability method by A.

(2°) If A = Ny, then we obtain the summation method introduced by Petersen
[16] (cf. [1]). In particular, if

1 .
a)\ :{7L+1 lf)\émg)\‘i‘n,

o 0 otherwise,
then we obtain the notion of almost convergent method (F-summability) introduced
by Lorentz [8].

(3°) Let Q@ = {¢™ : X € A} be a familiy of sequences ¢») = {q,(f‘)}neNo of
nonnegative real numbers such that

Q%) (/\)+q§)_|_,,,+q()\)>() (n € Ng, A€ A).

n

We define

q(A) ¢
n m i

a® = o0

n,m )
0 if m>n.

m < n,

Then A-summability is called a (N, Q)-summability method, and this kind of summa-
bility is called the Norlund summability method in the case where ¢V = = {qn }nen,
is a fixed sequence of nonnegative real numbers satisfying gg > 0. The special case
of interest is the following: We set N := Ny \ {0}. Let A C [0,00), 8> 0 and

N = A8 (A e A, neNy),

where

C((]u) —1, oW = <n+l/> B (I/—|-1)(I/—|—2')"'(V+n)
n n!
(v >—1, neN).
In particular, if A = {0}, then we have the Cesaro summability method of order .
(4°) Cesaro type:
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Let A C (0,00),3 > —1 and define
0 _ {OéinPcﬁf)/céﬁ“’ if m<n,

a
L 0 if m > n.

(5°) Euler-Knopp-Bernstein type:
Let A C [0,1] and define

oM (MYA™(1 = A)" it m <n,
’ 0 it m > n.

Note that this can be a particular case of the generalized Lototsky matrix defined
as follows (cf. [4], [5], [6], [17]): Let {hi}ien be a sequence of continuous functions
from [0, 1] to itself and let {1, }nen be a sequence of nonnegative continuous func-
tions on [0,1]. Then we define

afg =1, aly =0  (m>n),

and

(4.2) Un(N) [[@hi(N) +1 = hi(A) = >~ al), 2™
i=1 m=0

In particular, if ¢, (A) =1 for all n € N, A € [0, 1], and if h is a continuous function
from [0, 1] to itself and h; = h for all ¢ € N, then (4.2) implies

(4.3) o), = (”)h(x)mu — h(\)" ™.

m

Therefore, if h(\) = M (3 > 0), then (4.3) reduces to
2= (")
: m
(6°) Meyer-Kdnig-Vermes-Zeller type:
Let A C[0,1) and define
an)\m _ (n + m) )\m(l _ /\)n+1'
: m

(7°)Borel-Szdsz type:
Let A C [0,00) and define

(8°) Baskakov type:
Let A C [0,00) and define
-1
a®) :<n+"n )XW1+AY”ﬂW

n,m
’ m

This can be generalized as follows (cf. [3], [9]): Let {¢n}nen be a sequence of
real-valued functions on [0, 00) which possess the following properties:
(p-1) Each function ¢, is expanded in Taylor’s series on [0, 00);

(¢-2) en(0) =1  (n€N);
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(¢-3) Each function ¢, is completely monotone, i.e.,

(=)™ (1) >0  (t€]0,00),n € N,m € Ny);

n

(¢p-4) There exists a strictly monotone increasing sequence {¢, }nen of positive
integers and a sequence {ou, m }nmen of real-valued functions on [0, c0) such that

(1) = —np™ V(1 + apm(t)  (t€[0,00)).

Now we define
W=t =0 (mem

(n € N,m € Np).

(9°) Abel type:
Let {ry }nen, be a sequence of real numbers converging to one such that 0 < r, <
1 for all n € Ny and Let A C (—1,00). We define

==yt (N
’ m

(10°) logarithmic type:
Let {7y }nen, be as in (9°) and A C (0,1]. We define

N ()\rn)m—i-l
Um = "+ 1) log(1 — M)

(11°) Let {hn}nen, and {vy,}nen, be sequences of positive continuous functions
on (0,00). Let A C (0,00) and define

o etim) G (eg))” i o<msn,
o 0 if m > n.

Special selections of h,, and v,, yield the following summability methods:
(12°) Let {by }nen, be a sequence of positive real numbers and let g be a sequence
of positive continuous function on (0,00). Let A C (0, 00) and define

- s @b 02

a
e 0 if m>n.

(13°) Let {by}nen, be as in (12°) and 3 > 0. We define

(A :{wixw(ffl)bwmﬁ if 0<m<n,

a
o 0 if m>n.

(14°) Baldzs type:
Let {b, }nen, be as in (12°) and define

o) = oy () O™ i 0<m <,
o 0 if m > n.

(15°) Bleimann-Butzer-Hahn type:
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We define 1
N — W(;’)Am if O§m§n7

an,m 0

if m > n.

Remark 4.1. All the families A of the generic entries a%)n given in (2°)-(9°) and
(11°)-(15°) are stochastic and all the families A of the generic entries aﬁﬁ}n given in
(4°)-(10°) are regular for any bounded closed interval A. Let A be a bounded closed

interval of (0, 00). If

and

vn(N) .
SUP{hn(A) A E A, nGNO} < 00,

then A is regular. If 0 < a < b, < b < oo for all n € Ny, then A given in (12°) is
regular, and so the summability method given in (13°) is regular. In particular, the
summability method of Baldzs type given (14°) is regular, and so the summability
method of Bleimann-Butzer-Hahn type given in (15°) is regular.
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