wa Py,
2" 15,

= Yokohama Publishers
7]

Yo ok%
S1ou®

Journal of Nonlinear and Convex Analysis
Volume 10, Number 3, 2009, 487-502

Sinee 199

STRONG CONVERGENCE THEOREMS BY MONOTONE
HYBRID METHOD FOR A FAMILY OF HEMI-RELATIVELY
NONEXPANSIVE MAPPINGS IN BANACH SPACES

CHAKKRID KLIN-EAM, SUTHEP SUANTAI, AND WATARU TAKAHASHI

ABSTRACT. In this paper, we prove a strong convergence theorem by using mono-
tone hybrid method for a family of hemi-relatively nonexpansive mappings. Using
this theorem, we get some new results for a hemi-relatively nonexpansive mapping
or a family of hemi-relatively nonexpansive mappings in a Banach space. Conse-
quently, we obtain strong convergence theorems for a nonexpansive mapping or
a family of nonexpansive mappings in a Hilbert space.

1. INTRODUCTION

Let E be a real Banach space with || - || and let C' be a nonempty closed
convex subset of E. Then a mapping T of C into itself is called nonezpansive if
|Tx — Tyl < ||z —y| for all z,y € C. We denote by F(T') the set of fixed points
of T, that is, F(T) = {xr € C : x = Tz}. A mapping T of C into itself is called
quasi-nonezpansive if F(T') is nonempty and ||Tz — y|| < ||« — y|| for all z € C and
y € F(T). Tt is easy to see that if T is nonexpansive with F(T) # 0, then it is
quasi-nonexpansive.

The theory of nonexpansive mappings is an important subject which can be ap-
plied widely in applied areas, in particular, in image recovery and signal processing
[341]. However, the Picard’s sequence {T™x}> ; of iterates of a nonexpansive map-
ping T at a point z € C' may not converge even in the weak topology. In 1953,
Mann [13] introduced an iterative scheme which is now known as Mann’s iteration
process. This iteration is defined as follows:

(1.1) Tnt1 = nZp + (1 — ap)Txy, n >0,

where the initial guess x¢ € C' is chosen arbitrarily and the sequence {«,} is in the
interval [0,1]. However, we note that Mann’s iteration has only weak convergence
even in a Hilbert space.

In 2003, Nakajo and Takahashi [I8] proposed the following modification of Mann’s
iteration process (1.1, by using the following hybrid method in mathematical pro-
gramming, for a single nonexpansive mapping 7' : C' — C in a Hilbert space H: Let
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x1 = x € C and define {z,} by

Up = anTy + (1 — ap) Ty,
Crn={2€C:|z—un| <z -z},
Qn={2€C: (xy,—2z,x—x,) >0},

(1.2)

for all n € N, where {a,,} C [0,1]. They proved that the sequence {x,} generated by
(1.2)) converges strongly to a fixed point of 7' under an appropriate control condition
on the sequence {a,}.

In 2008, Takahashi, Takeuchi and Kubota [28] proposed the following modifica-
tion of the iteration method (1.2) for a family of nonexpansive mappings 7,, : C' — C
in a Hilbert space H: Let x; = x € C and define {x,} by

Up = anTy + (1 — an)Thay,
Cn={2€C:|z—u <z — 2},
Qn=4{2€C:(x,—z,x—x,) >0},

Tp4+1 = PCanniL"

(1.3)

for all n € N, where {ay,} C [0, 1]. They proved strong convergence of the sequence
{zn} generated by (1.3) under an appropriate control condition on the sequence
{ay,} and under the condition that the families {T;,}7° ; satisfies the NST-condition.

In 2008, Qin and Su [19] proposed the following modification of the iteration (1.2)
called the monotone hybrid method for a nonexpansive mapping 7" in a Hilbert space
as follows: Define {z,} by

rn=x€C, Co=Qy=C,

Up =y + (1 — ap) Ty,

(14) Co={2 € ot N Quy : 1z = wall < 12 =zl
Qn={2€Cro1NQn-1:{(xy — 2,2 —xy,) >0},
Tnt1 = Po,nq,®

for all n € N, where {a,} C [0,1]. By using this method, they proved a strong
convergence theorem under a control condition on the sequence {«;, } but the technic
they used in this paper is different from Nakajo and Takahashi [18]. More precisely,
they can show that the sequence {z,} generated by (1.4) is a Cauchy sequence,
without the use of demiclosedness principle, Opial’s condition and the Kadec-Klee
property.

Recently, Su, Wang and Shang [25] proposed the following monotone hybrid
method with generalized projection for a hemi-relatively noexpansive mapping 1" in
a Banach space: Define {z,} by

r1=x€C, Co=Qp=0C,

= J HanJzn + (1 — o) JTay),

(1.5) Cpn=1{2€Ch1NQn_1:0z,uy) < d(z,2,)},
Qn={2€Cph1NQn-1:(xyn— 2 Jr—Jz,) >0},
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where J is the duality mapping on F and {«,} C [0,1]. They proved that if

limsup o, < 1, then the sequence {x,} generated by (1.5) converges strongly to
n—oo
Hpryzo, where [lp(7) is the generalized projection from C onto F(T).

Employing the ideas of Qin and Su [19] and of Takahashi et al. [28] and Su
et al. [25], we modify iterations (1.3), (1.4) and (1.5) for a countable family of
hemi-relatively nonexpansive mappings in a Banach space and prove a strong con-
vergence theorem in a Banach space. Using this theorem, we obtain some strong
convergence theorems for a countable family of hemi-relatively nonexpansive map-
pings in a Banach space. Consequently, we obtain strong convergence theorems for
a nonexpansive mapping or a family of nonexpansive mappings in a Hilbert space.

2. PRELIMINARIES

Throughout this paper, all linear spaces are real. Let N and R be the sets of
all positive integers and real numbers, respectively. Let E be a Banach space and
let E* be the dual space of E. For a sequence {z,} of E and a point = € E, the
weak convergence of {x,} to x and the strong convergence of {z,} to z are denoted
by z, — x and z,, — =, respectively. The duality mapping J from E into 2F" is
defined by

Jr={z* € B*: (z,2%) = |lz|* = |2*|*}, Va € E.

Let S(E) be the unit sphere centered at the origin of E. Then the space E is
said to be smooth if the limit

e+ iyl ]
t—0 t
exists for all z,y € S(F). It is also said to be uniformly smooth if the limit exists
uniformly in z,y € S(E). A Banach space E is said to be strictly convez if || 52| <
1 whenever z,y € S(E) and = # y. It is said to be uniformly convez if for each
e € (0,2], there exists § > 0 such that |[Z%|| < 1 — 6 whenever z,y € S(E) and
|z — y|| > e. We know the following; see [26]:
(i) If E is smooth, then J is single-valued;
ii) if F is reflexive, then J is onto;
iii) if F is strictly convex, then J is one-to-one;
iv) if E is strictly convex, then J is strictly monotone;
v) if E is uniformly smooth, then J is uniformly norm-to-norm continuous on
each bounded subset of F.
Let E be a smooth, strictly convex and reflexive Banach space and let C' be a
closed convex subset of E/. Throughout this paper, define the function ¢ : ExFE — R
by

(2.1) ¢y, z) = |lylI* = 2(y, Jo) + ||l2|*, Vy,z € E.

Observe that, in a Hilbert space H, ¢(z,y) = ||z —y||? for all 2,y € H. It is obvious
from the definition of the function ¢ that, for all x,y € F,

1) ()l = lyl)?* < o2, y) < (=l + [lyl)?,

(3)o(z,y) = (z,Jz — Jy) + (y — z, Jy) < ||z|[|Jz — Jy| + [y — =|[|y]-

(
(
(
(
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Following Alber [I], the generalized projection Ilo from E onto C' is a map that
assigns to an arbitrary point z € E the minimum point Z of the functional ¢(y, x),
that is, Z is the solution to the minimization problem

o(Z,x) = ryrgg oy, x).

Existence and uniqueness of the operator Il follow from the properties of the
functional ¢(z,y) and strict monotonicity of the mapping J. In a Hilbert space, I
is the metric projection of H onto C.

Let C be a closed convex subset of a Banach space F, and let T' be a mapping
from C into itself. We denote by F(T') the set of fixed points of T', that is, F/(T) =
{r € C : x = Tz}. Recall that a self-mapping 7' : C — C is hemi-relatively
nonezpansive if ¢(u, Tx) < ¢(u,z) for all x € C and u € F(T).

A point u € C is said to be an asymptotic fixed point of T' [21] if C' contains a
sequence {x,, } which converges weakly to u and lim,,_,« ||z, —T'zy| = 0. We denote
the set of all asymptotic fixed points of T by F (T'). A hemi-relatively nonexpansive
mapping T : C' — C' is said to be relatively nonexpansive if F\(T) = F(T) # (). The
asymptotic behavior of a relatively nonexpansive mapping was studied in [2].

We need the following lemmas for the proofs of our main results.

Lemma 2.1 (Kamimura and Takahashi [8]). Let E be a uniformly convex and
smooth Banach space and let {x,} and {y,} be two sequences in E such that either
{zn} or {yn} is bounded. If lim, oo ¢(Tpn,yn) = 0, then lim, o ||z, — yn|| = 0.

Lemma 2.2 (Matsushita and Takahashi [16]). Let C be a closed convex subset of a
smooth, strictly conver, and reflexive Banach space E and let T be a hemi-relatively
nonexpansive mapping from C into itself. Then F(T) is closed and convex.

Lemma 2.3 (Alber [I], Kamimura and Takahashi []]). Let C' be a closed convex
subset of a smooth, strictly conver and reflexive Banach space, x € E and let z € C'.
Then, z = ex if and only if (y — z,Jx — Jz) <0 for ally € C.

Lemma 2.4 (Alber [I], Kamimura and Takahashi [8]). Let C' be a closed convex
subset of a smooth, strictly convex and reflexive Banach space. Then

qb(x?HCy) +¢(Hcy>y) < ¢($ay)> Vr € Ca (TS E.

Lemma 2.5 (Kamimura and Takahashi [8]). Let E be a uniformly conver and
smooth Banach space and let r > 0. Then there exists a strictly increasing, contin-
uous and convex function g : [0,00) — [0,00) such that g(0) =0 and

g(llz = yl) < o(2,y)
for all z,y € B-(0), where B,(0) ={z € E: |z] <r}.

Lemma 2.6 (Zalinescu [29]). Let E be a uniformly convexr Banach space and let
r > 0. Then there exists a strictly increasing, continuous and convex function
g :10,00) — [0,00) such that g(0) =0 and

[t + (1= Oyl* < tllzl* + (1 = O)lly]* — (1 = gl - y])
for all z,y € B, (0) and t € [0,1], where B.(0) ={z € E : ||z| < r}.
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Lemma 2.7 (Kohsaka and Takahashi [I1]). Let E be a reflexive, strictly convex
and smooth Banach space, let z € E and let {t;}7*, C (0,1) with > ;" t; = 1. If
{z;}*, is a finite sequence in E such that

¢(Z7 Jfl(z t’LJxZ)) == Z tl¢(z7 xi)?
i=1 i=1
then xt1 = x9 =+ = Ty,

3. NST-CONDITION

Let E be a real Banach space and let C be a closed convex subset of E.
Motivated by Nakajo, Shimoji and Takahashi [I7], we give the following definitions:
Let {T,,} and 7 be two families of hemi-relatively noexpansive mappings of C' into
E such that (2, F(T,,) = F(T) # 0, where F(T},) is the set of all fixed points of
T, and 7 is the set of all common fixed points of 7. Then , {T},} is said to satisfy
the NST-condition with T if for each bounded sequence {z,} C C,

lim ||z, — Thx,|| =0= lim ||z, —Ta,||=0, forall Te€T.
n—00 n—0o0
In particular, if 7 = {T'}, i.e., T consists of one mapping T, then {7} is said

to satisfy the NST-condition with T'. It is obvious that {7} with 7,, = T for all
n € N satisfies the NST-condition with 7 = {T'}.

Lemma 3.1. Let C be a closed convex subset of a uniformly smooth and uniformly

convexr Banach space E and let T be a hemi-relatively nonexpansive mapping from

C into E with F(T) # (0. Let {f,} C [0,1] satisfy liminf 8,(1—08,) > 0. Forn € N,
n—oo

define a mapping T,, from C into E by
Tox = J ' (BuJz + (1 — B,)JTx)

for all x € C, where J is the duality mapping on E. Then, {T,} is a countable
family of hemi-relatively nonexpansive mappings satisfying the NST-condition with
T.

Proof. First, we can show that F(T,,) = F(T) for all n € N. Then (2, F(T,) =
F(T) for all n € N and T,, is a hemi-relatively nonexpansive mapping. Indeed, for
u € F(T),) and = € C, we obtain that

o(u, Tpx) = ¢(u, J H(BpJz + (1 = B,)JTx))
= [Jull® = 2(u, BuJx + (1 = Bn)JTx) + ||BpJz + (1 = Bn) JTx|?
< ul® = 280 (u, Jx) = 2(1 = Bn){u, JTx) + Bollz|? + (1 = 58,)|| x|
= Bnd(u, ) + (1 — Bn)¢(u, Tx)
< Bnd(u, ) + (1 = Bp)o(u, z) = d(u,z)

for all x € C. Hence T, is hemi-relatively nonexpansive.

Next, we show that lim, e ||z, — Tz,|| = 0 whenever {z,} is a bounded
sequence in C such that lim, . ||z, — Th2zn| = 0. To show this, suppose that
{zn} a bounded sequence in C' such that lim, . ||z, — Th2zn| = 0. Since {z,}

is bounded, we obtain that {Jz,} and {JTz,} are also bounded. Put r =
max{sup,, ||z, ||, sup,, || /||, sup,, ||JTzy|}. Then there exists » > 0 such that



492 C. KLIN-EAM, S. SUANTAI, AND W. TAKAHASHI

{zn},{Jzn},{JTyn} C B;(0). Therefore Lemma 2.6/ is applicable and we observe
that for u € (o2, F'(Ty),

(f)(u, Tn«rn) = QS(U’ J (/Bann + (1 - Bn)JTxn))
= [Jull® = 2(u, Budzn + (L — Bo)JTan) + | Brdan + (1 — Ba) JT ][>

= Bn(1 = Bp)g(|Jzn — JTn|)
= Bnd(u, xn) + (1 = Bn)d(u, Tan) — Bn(l = Bu)g(|Jan — JTanl|)
< Bnd(u, n) + (1 = Bn)d(w, zn) — Bu(l = Bn)g([|Jzn — JTz4p]|)
= ¢(u,zn) — Bu(1 = Bp)g(| Tz — JTzn ).
That is, we have
(3.1) Bn(1 = Br)g(|Jzn — JTxn ) < d(u, 2n) — ¢(u, Tnay).

Let {||zn, — Ty, ||} be any subsequence of {|z, — Tx,||}. Since {zy, } is bounded,
there exists a subsequence {xn/} of {x,, } such that

lim ¢(u,z /) = limsup ¢(u, z,, ) = a,
Jj—oo k—oo

where u € (., F(T,). Using properties (2) and (3) of ¢, we have
gb(u,xn;) = gb(u,Tn;:rn/) + o(T, Wt s T /) +2(u — Tn;xn;, JTn;,:rng - Jmn;)
< (1, Ty 000) + 1 To i NI T 0y = T |+ [T g, — s |
42— Tyt N T s — T |

Since lim,, o0 ||Zn — TnZyn|| = 0 and E is uniformly smooth, we have
lim ||Jz, — JT,z,| = 0.
n—oo

So, it follows that

a = liminf ¢(u, z ,) < liminf ¢(u, T), X r).

j—00 j—00
Since ¢(u, Tp,zp) < ¢(u, xy,), we have

limsup ¢(u, T, /) < limsup ¢(u, x /) =a.

j—00 J—00
Hence
lim ¢(u,z /) = lim ¢(u, T, x, ) = a.
J—00 J J

Jj—oo

Since liminf,, o 5,(1 — 8,) > 0, it follows from (3.1) that
Jim g([[Jan; — JTxn,[|) =0

By properties of the function g, we have lim;_, Han; — JTacn; || = 0.

Since J! is also uniformly norm-to-norm continuous on bounded sets, we obtain
lim; o ||:cn; —Tx, || = 0 and then lim, o ||z, — Tzy| = 0. O
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Lemma 3.2. Let C be a closed convex subset of a uniformly smooth and uniformly
convexr Banach space E and let S and T be hemi-relatively nonexpansive mappings
from C into E with F(S)NF(T) # 0. Let {$,} C [0,1] satisfy liminf 3,,(1—7,) > 0.
n—oo
For n € N, define a mapping T,, from C into E by
Thx=J" (ﬁnJSx +(1- ﬂn)JTx)

for all x € C, where J is the duality mapping on E. Then, {T,} is a countable

family of hemi-relatively nonexpansive mappings satisfying the NST-condition with
T ={ST}.

Proof. First, we can easily show that (", F(1,,) = F(T) for all n € N and T}, is a
hemi-relatively nonexpansive mapping. Indeed, note that F(7) = F(S)N F(T) C
Noey F(T,) for all n € N. For v € F(S)N F(T) and = € C, we obtain that

o(u, Tpz) = ¢(u, J (B Sz + (1 — B,)JTz))
= ||ul|® = 2(u, BnJ Sz + (1 — Bp)JTx) + ||BnJ Sz + (1 — B,) JTx|?
< lull® = 285 (u, JSx) — 2(1 = Bp) (u, JT2) + Bl Sz|* + (1 = 8,) | Tz|*
= Bnd(u, Sz) + (1 = Bn)o(u, Tx)
< Bno(u, ) + (1 = Bn)o(u, )
= ¢(u,x).
Then, for all v € F(T,), we have
P(u,v) = d(u, Thv) = (u, J 1 (BaJSv + (1 — 8,)JTv))
= [Jul|? = 2(u, B JSv + (1 = B,)JTv) + ||Bnd Sv + (1 — Bn)JT|?
< ul® = 285w, JSz) = 2(1 = Ba)(u, JTv) + Bl Sv[|* + (1 = Ba) || T0|>
= Bnd(u, Sv) + (1 = Bn)o(u, Tv)
< Bnd(u,v) + (1 = Bn)o(u, v) = ¢(u,v).
That is, we have
d(u, J7H(BnJ Sv + (1 — B,)JTv)) = Bpd(u, Sv) + (1 — Bp)d(u, Tv) = ¢(u,v).
By Lemma 2.7, we have v = Sv = Tv. So F(T,,) C F(S)NF(T) for all n € N. This
implies that ()72, F(T,,) = F(7) for all n € N.
Next, we show that limy, .o ||z — Txp| = limp—oo |20 — Szp| = 0 if {x,} is

a bounded sequence in C such that lim,_, ||z, — Thx,| = 0. By Lemma 2.6, we
have that for u € (", F(T,,),

o(u, Tozn) = d(u, J 1 (BrJ Stn + (1 — Br) JTx0))
= |Ju||® = 2(u, BuT Sty 4+ (1 — Bn)JTxy) + ||Bn S + (1 — B) JTxy||?
< ull? = 28 (u, JSzn) — 2(1 = Bn)(u, JTp) + BullSzn?
+ (1= Bu)ITznl* = Bu(1 = Bu)g(||J Sz — JTx0]))
= Bnd(u, Sxpn) + (1 = Br)p(u, Tpn) — Bu(l — Bu)g(|JSzy — JT20||)
< Bnd(u, 2n) + (1 = Bp)d(u, 2n) — Bn(1 = Bn)g(||JSzn — JT24]))
= ¢(u, 2n) — Bn(1 = Bn)g(||JSzn — JT4)),
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where g : [0,00) — [0,00) is a continuous strictly increasing and convex function
with ¢(0) = 0. That is

(3.2) Bn(1 = Bn)g([[JSzn, — JT ) < ¢(u, 2n) — ¢(u, Tnwn).

Let {||Szp, —Txp, |} be any subsequence of {|| Sz, —Txzy| }. Since {z,, } is bounded,
there exists a subsequence {;rn;} of {x,, } such that

lim ¢(u,z /) = limsup ¢(u, z,, ) = a,
J—00 k—oo

where u € (.2, F(T,). Using properties (2) and (3) of ¢, we have
(Z)(U,H?n;):d)(u T/x /)—i-(b( /LU/ x/)+2(u IJI/ JT/.T/ an;>
< ¢(u T, /l’ ’) + HT ’mn’ HH‘]Tn;xn; - Jmné” + HTn;xn; - ivn;HHl‘n;H
+2u = Ty [T s — T |

Since limy, oo ||Zn — Thxn|| = 0 and E is uniformly smooth, we have
lim ||Jz, — JT,z,| = 0.
n—oo

So, it follows that

a = liminf ¢(u, x /) < liminf ¢(u, T,, X /)

Jj—00 j—00
Since ¢(u, T,zpn) < ¢(u, x,), we have

limsup ¢(u, T, L /) < limsup ¢(u, z /) = a.

j—00 j—00
It follows that
lim ¢(u,z /) = lim ¢(u, T, x, ) = a.
J—00 J J

Jj—oo

Since liminf,, . Bn(1 — Br) > 0, it follows from (3.2)) that

lim g(HJSwn; - JTxn;H) =0

By properties of the function g, we have lim;_, ||JS:En;_ — JTxn;_ | = 0.

Since J~! is also uniformly norm-to-norm continuous on bounded sets, we obtain
lim; o Han; — Ty || = 0 and then lim,_, ||Sx,, — Tzy| = 0. Since

|z — JSxy|| < ||Jxn — JTpzn|| + || JThxn — JSxy|]
= |[Jzp — JThxy|| + (1 — Bn)||J Sy — JTxy||,
we obtain limy, .« ||J2, — JSz,|| = 0. Hence, we have lim,,_. ||Jx,, — JTxy| = 0.

Since J~! is also uniformly norm-to-norm continuous on bounded sets, we obtain
limy, .o ||y, — Szy|| = 0 and hence, lim,, . ||z, — Tz,|| = 0. 0
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4. STRONG CONVERGENCE THEOREM

In this section, we prove a strong convergence theorem for a family of hemi-
relatively nonexpansive mappings in a Banach space by using the monotone hybrid
method. Recall that an operator 7" in a Banach space is called closed, if z, — =
and Tz, — vy, then Tx = y.

Theorem 4.1. Let E be a uniformly convexr and uniformly smooth Banach space
and let C' be a nonempty closed convex subset of E. Let {T,,} be a countable family of
hemi-relatively nonexpansive mappings from C into E and let T be a family of closed
hemi-relatively nonexpansive mappings from C into E such that (2, F(T,) =
F(T) # 0. Suppose that {T,} satisfies the NST-condition with T. Let {xy} be a
sequence generated by

(21=2€C, Co=Qy=C,
Up = J 1 (aann +(1- an)JTnxn),
Cpn={2€Ch_1NQn_1:0(z,un) < &(z,2)},
Qn={2€Ch1NQpn-1:{(xy— 2z Jor— Jx,) >0},
Tnt1 = le,ng,

for alln € N, where J is the duality mapping on E and {ay,} is a sequence in [0, 1]
satisfying liminf(1 — o) > 0. Then, {x,} converges strongly to Upryz, where
n—00

Hp (1) is the generalized projection from C onto F(T).

Proof. We first show that C), and @, are closed and convex for each n € N. From
the definitions of C), and @), it is obvious that C,, is closed and @, is closed and
convex for each n € N. Next, we prove that (), is convex. This follows since
d(z,un) < @(2,zy) is equivalent to

0 < flal® = llunl® = 2(z, Jan — Juy),

which is affine in z, and hence C), is convex. So, C,, N Q) is a closed and convex
subset of E for all n € N. It is clear that F/(7) C C' = CyNQp. Next, we show that
F(T) c C,NnQ, for all n € N. Suppose that F(7) C Cr_1 N Qx—1 for k € N. Let
u € F(T). Since T,, are hemi-relatively nonexpansive mappings for all n € N, we
have

plu,ug) = ¢plu, J " (apJzp + (1 — ag) JTxy))
= ||ul|® = 2(u, ap Ty + (1 — o) JThar) + ||ar Ty + (1 — o) J Ty ||
< Jul® = 2an (u, Jzg) — 2(1 — ag ) (u, JTpxr) + ogllzr]|? + (1 — o) | T ||
= agd(u, zx) + (1 — o) p(u, Trwk)
< agp(u, o) + (1 — o) p(u, 1)
= P(u, z,).

This implies that F(7) C C. Since zy, is the projection of  onto Cyx—1 N Qk—1, by
Lemma 2.3/ we have

(g — 2z, Jr — Jxg) >0, Vz e Cr_1NQp—_1.
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Since F(7) C Cx—1 N Qp_1, we have

(xp — 2z, Je — Jag) >0, Vze F(T).
This together with definition of @ implies that F(7) C Qj and hence F(7) C
Cr N Q. By induction, we obtain F(7) C C, N Q,, for all n € N. This implies that

{zn} is well defined. From x,, = Ilg,z and z,41 = llg,ng,x € C, N Qn C Qp, we
have

(ls(fﬁn,.%') < ¢(xn+1;1'), Vn > 0.

Therefore, {¢(xn,x)} is nondecreasing. It follows from Lemma 2.4/ and z,, = Ilg,z
that

P(2n, x) = o(llg,z, ) < d(u, ) — d(u, Mg, z) < ¢(u, )
for all w € F(T) C Q. Therefore, {¢(x,x)} is bounded. Moreover, by the
definition of ¢, we know that {z,} is bounded. So, the limit of {¢(x,,x)} exists.
For any positive integer k, we have from z, = Ilg, x that
¢($n+k, mn) = ¢(xn+kv Hin‘) < ¢(Jjn+k’ 33) - ¢(Hanv :C) = ¢(xn+ka 'T) - d)(-Tna :C)
This implies that lim ¢(zp1k, z,) = 0. Using Lemma 2.5, we have that, for m,n €
N with m > n,

Iz — znll) < d(2m, 20) < O(@Tm, ) — ¢(Tn, T),

where g : [0,00) — [0,00) is a continuous, strictly increasing and convex function
with g(0) = 0. Then the properties of the function g yield that {x,} is a Cauchy
sequence in C, so there exists w € C such that x, — w. In view of z,41 =
Ilc,ng,r € C), and the definition of C),, we also have

A(Tnt1,un) < G(Tny1, Tn)-
It follows that lim ¢(zpy1,un) = lim ¢(zpy1,2,) = 0. Since E is uniformly
convex and smogaﬁowe have from LennTIC;loa 2.1l that
nh_{go [Zn1 — 2ol = nlLHOlo [T — un = 0.
So, we have lim |z, — u,|| = 0. Since J is uniformly norm-to-norm continuous on
bounded setsn,ﬂwog have
(4.1) lim || Jzps1 — Ja,|| = lm || Jxpy1 — Juy|| = lim ||Jz, — Ju,| = 0.
n—o0 n—o0 n—oo
On the other hand, we have
| Jznt1 — Jup|| = [ Jon+1 — anJzn — (1 — an) JThzy ||
= |lan(Jxnt1 — Jxn) + (1 — ap)(Jxpns1 — JThxy)||
=|(1 — an)(Jxpnt1 — JThxn) — an(Jzn — Jpit)]
> (1 —an) || Jont1 — JThzy| — anl|Jzn — JTpt1]]-

This means that

|Jzpi1 — JThzn| < ([Tzn+1 — Jun|| + an||Jzy — Jang1]])-

1—ao,
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From (4.1) and liminf(1 — ay,) > 0, we obtain that lim ||Jx,+1 — JT,x,|| = 0.
n—oo n—oo

Since J~! is uniformly norm-to-norm continuous on bounded sets, we have

nh—g)lo [#n+1 — Than| = 0.
From
|20 — Toznl| < ll2n — zns1 | + 2041 — Tzl
we have

lim |z, — Thx,| = 0.
n—oo
Since {T},} satisfies the NST-condition with 7, we have that
lim ||z, — Tz,|| =0
n—o0

for all T € 7. Since x,, — w and T is closed, w is a fixed point of 7. From Lemma
2.4, we have

QS(U}, HF(T)I) + ¢(HF(T)J"7 I) < QS(U}, $)
Since zp4+1 = Ilg,ng,z and w € F(T) C Cp, N Qy, we get from Lemma [2.4] that

oM pryr, Tri1) + d(Tnt1,2) < d(Ilp7)T, 7).
By the definition of ¢, it follows that ¢(w,z) < ¢(lpyz,z) and ¢(w,z) >
¢(Up(yr, ), hence p(w, x) = ¢(lp(7)x, ). Therefore, it follows from the unique-
ness of the Ilpyz that w = Ip7)z. This completes the proof. O

5. DEDUCED RESULTS

In this section, using Theorem 4.1, we obtain some new strong convergence
theorems for hemi-relatively nonexpansive mappings and a family of hemi-relatively
nonexpansive mappings in a Banach space.

Theorem 5.1 (Su, Wang and Shang [25, Theorem 3.1]). Let E be a uniformly
convez and uniformly smooth Banach space and let C be a nonempty closed convex
subset of E. Let T be a closed hemi-relatively nonexpansive mapping of C into E
such that F(T) # 0. Let {x,} be a sequence generated by

rn=xz€C, Ch=Qp=0C,

Up = J_l(oszxn +(1- ozn)JTxn),
Cn={2€Ch1NQn-1:d(z,un) < d(z,2,)},
Qn={2€Cro1NQn_1:(xp —2,Jx — Jx,) > 0},

Tni1 = le,ng, T

for alln € N, where J is the duality mapping on E and {ay,} is a sequence in [0, 1]
satisfying liminf(1 — ay,) > 0. Then, {x,} converges strongly to Upyx, where
n—oo

Hp 1y is the generalized projection from C onto F(T).

Proof. Define T,, = T for all n € N. It obvious that {T},} satisfies the NST-condition
with T'. So, we obtain the desired result by using Theorem 4.1. O
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Theorem 5.2. Let E be a uniformly convexr and uniformly smooth Banach space
and let C' be a nonempty closed convex subset of E. Let T be a closed hemi-relatively
nonexpansive mapping of C into E such that F(T) # 0. Let {x,} be a sequence
generated by

xlz.’L‘GC, C():Q():C,

Uy, = Jfl(aann + (1 —ap) (B, + (1 — ﬁn)JTxn)),
Cpn={2€Ch_1NQn-1:0(z,up) < é(z,zp)},
Qn={z€Cr-1NQp_1:(xy—2z,Jx— Jx,) >0},
Tn1 = le,ng, T

\

for alln € N, where J is the duality mapping on E and {a,} and {B,} are sequences

in [0,1] satisfying liminf(1 — a,) > 0 and liminf 8,(1 — 5,) > 0. Then, {x,}
n—oo n—oo

converges strongly to Ilpryx, where UpTy is the generalized projection from C
onto F(T).

Proof. Define Tpx = J_l(oszx + (1 - ozn)JTx) for all n € N and z € C. By
Lemma 3.1, we know that {7} satisfies the NST-condition with 7. So, we obtain
the desired result by using Theorem 4.1. O

Theorem 5.3. Let E be a uniformly convexr and uniformly smooth Banach space
and let C be a nonempty closed convexr subset of E. Let S and T be closed hemi-
relatively nonexpansive mappings of C into E such that F(S)NF(T) # 0. Let {xz,}
be a sequence generated by

r1=x€C, Ch=Qp=C,

Uy = J_l(anJ:L"n + (1 —ap)(BpJSzy + (1 — ﬁn)JTmn)),
Cn= {Z €Ch1NQp_1: Qb(zaun) < ¢(27xn)}7
Qn=1{2€Ch1NQn-1:{(xn—2Jr—Jx,) >0},

Tnt1 = le,ng, T

for alln € N, where J is the duality mapping on E and {ca,} and {5,} are sequences

in [0,1] satisfying liminf(1 — o) > 0 and liminf 5,(1 — 5,) > 0. Then, {z,}
n—oo n—oo

converges strongly to lps)ynp(r)®, where Ilpsynp(y is the generalized projection

from C onto F(S)NF(T).

Proof. Define T,z = Jfl(anJSw + (1 - an)JTx) foralln € Nand z € C. By
Lemma 3.2, we know that {7} satisfies the NST-condition with 7 = {S,T'}. So,
we obtain the desired result by using Theorem 4.1. O

6. APPLICATIONS

In this section, we prove strong convergence theorems for families of nonex-
pansive mappings in Hilbert spaces. In a Hilbert space, we know that ¢(z,y) =
|z — y||? for all 2,y € H and every nonexpansive mapping with a fixed point is
hemi-relatively nonexpansive and closed. The following two lemmas are directly
obtained by Lemma (3.1l and Lemma 3.2 respectively.
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Lemma 6.1 (|28, Lemma 2.1]). Let C be a closed convex subset of a Hilbert space
H and let T be a nonexpansive mapping from C into itself with F(T) # (). Let
{Bn} C [0,1] satisfy lirriinfﬁn(l — Bn) > 0. Forn € N, define a mapping T,, of C
into itself by e

Thx = Ppr+ (1 — Bp)Tx
forallxz € C. Then, {T,,} is a countable family of nonexpansive mappings satisfying
the NST-condition with T'.

Lemma 6.2 ([28, Lemma 2.3]). Let C be a closed convex subset of a Hilbert space H
and let S and T be nonexpansive mappings from C into itself with F(S)NEF(T) # 0.
Let {3,} C [0,1] satisfy linniioxéfﬂn(l — Bn) > 0. Forn € N, define a mapping T, of
C' into itself by

Thx = BpSx+ (1 - 5,)Tx
forallz € C. Then, {T,,} is a countable family of nonexpansive mappings satisfying
the NST-condition with {S,T}.

Theorem 6.3. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let {T,,} and T be families of nonexpansive mappings of C into itself
such that (o2 F(T,) = F(T) # 0. Suppose that {T,,} satisfies the NST-condition
with T. Let {x,} be a sequence generated by

wlzxecv COZQO:C7

Up = ApTy + (1 - an)Tn-xn?

Cpn={2€Cro1NQn-1: Iz —un| < Iz — 2|},

Qn = {Z €Cp1NQp_1: <xn —Z, T — $n> > O},

Tn+1 = HCannl’

for alln € N, where {ay, } C [0, 1] satisfies liminf(1—ay,) > 0. Then, {z,} converges
n—oo

strongly to gz, where Up 7y is the metric projection from C onto F(T).

Proof. In a Hilbert space, we know that ¢(z,y) = ||z — y||? for all z,y € H. We

also know that every nonexpansive mapping with a fixed point is hemi-relatively

nonexpansive and closed. By using Theorem 4.1, we are easily able to obtain the
desired conclusion. O

Theorem 6.4 (Su and Qin [19]). Let H be a Hilbert space and let C be a nonempty
closed convex subset of H. Let T be a nonexpansive mapping of C into itself such
that F(T) # 0. Let {x,} be a sequence generated by
(w1=2€C, Ch=Qo=C,

Up = oy + (1 — ap) Ty,

Cn={2€Cr1NQn-1:|z—ul <]z —anl},

Qn = {Z €Ch1NQp_1: <«73n — & = xn> > O},

Tnt1 = le,ng, T

for alln € N, where {ay,} C [0,1] satisfies liminf(1—a,) > 0. Then, {zy,} converges
n—oo
strongly to I ppyx, where g7y is the metric projection from C' onto F(T).
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Proof. Define T,, = T for all n € N. It obvious that {7}, } satisfies the NST-condition
with T'. So, we obtain the desired result by using Theorem 6.3. O

Theorem 6.5. Let H be a Hilbert space and let C' be a nonempty closed convex
subset of H. Let T' be a nonexpansive mapping of C into itself such that F(T) # (.
Let {z,} be a sequence generated by

37123360, Con():C,

Up = oy + (1 — an)(Bnn + (1 = Bn)Txy),
Cn={2€Cna1NQn-1: |z —unl < llz — =]},
Qn = {Z € Cn—l N Qn—l : <xn — & = xn> > O}a
Tnt1 = ey,

for alln € N, where {a,,} and{B,} are sequences in [0, 1] satisfying liminf(1—a,,) >
n—oo
0 and liminf 3, (1—3,) > 0. Then, {z,} converges strongly to Il gz, where Il p7)
n—oo
is the metric projection from C onto F(T).
Proof. Define T, x = apx + (1 — )Tz for all n € N and x € C. By Lemma 6.1}

we know that {T,,} satisfies the NST-condition with 7". So, we obtain the desired
result by using Theorem 6.3. O

Theorem 6.6. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let S and T be nonexpansive mappings of C into itself such that
F(S)NF(T)# 0. Let {x,} be a sequence generated by

r1=x2€C, Co=Qo=0C,

i = 0+ (1= ) (3,520 + (1= B,)T,),

Co = {2 € Cot NQuor 12— wall < 12— wall},
Qn={2€Cpn1NQp-1:{(xn—2z,Jor— Jx,) >0},

Tni1 = le,ng, T

for alln € N, where {a,,} and {B,} are sequences in [0, 1] satisfying liminf(1—ca,,) >
0 and liminf 8,(1 — ) > 0. Then, {x,} converges strongly to U ps)nrr)z, where
Hp(s)nrr) is the metric projection from C onto F(S) N F(T).

Proof. Define T,,x = o, Sz + (1 — )Tz for all n € N and z € C. By Lemma 6.2
we know that {T,,} satisfies the NST-condition with 7 = {S,T}. So, we obtain the
desired result by using Theorem 6.3. O
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