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GLOBAL BIFURCATION OF A NEUMANN PROBLEM

IN-SOOK KIM AND YUN-HO KIM

ABSTRACT. We are concerned with global bifurcation of a nonlinear Neumann
problem

—div (w(z)|Vul|P > Vu) = (um(z) — D]ul’*u+ fA, z,u, Vu)

when p is not an eigenvalue of the corresponding problem with f = 0 in the weak
formulation.

1. INTRODUCTION

Some bifurcation problems for a nonlinear equation of the form
—div (w(x)|VulP2Vu) = dm(x)|ulP2u + f(\, 2, u)
subject to Dirichlet boundary conditions are given in [1]. Recently, a global bifur-
cation result of nonlinear Neumann problem
—div (|VuP2Vu) = dm(2)|uP"2u + f(\, z,u)

was obtained in [4], based on the work of Huang [3]. While bifurcation from the
first eigenvalue was dealt with in [1,4], global bifurcation of the p-Laplacian with
Dirichlet boundary conditions

—div (|Vu|P72Vu) = plufP2u+ f(\ z,u, Vu)
was investigated in [7] when p is not an eigenvalue in some sense, by applying

nonlinear spectral theory for homogeneous operators.

In the present paper, we study the following boundary value problem

(B) —div (w(z)|Vu[P72Vu) = (um(x) — )|ulP"2u+ f(\,z,u, Vu) in Q
% =0 on 0f)

when p is not an eigenvalue of

—div (w(z)|VulP~2Vu) = (pm(z) — 1)|ulP~2u  in Q
E) { g—x =0 on 0f)

in the weak formulation. Here Q is a bounded domain in R with smooth boundary,
p > 1, wis a weight function, m belongs to L¥(Q), f : R x @ x R x RV — R
satisfies a Carathéodory condition, and g—z denotes the outer normal derivative of
u with respect to 0f).
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Let w be a positive measurable function in € that satisfies

_ 1 N 1
w T € Ly 106(€), w™® € Li(Q2) for some s € (—,00) N [71,00).
p p—

Let X = WP (w, ) be the weighted Sobolev space endowed with the norm

1
Jullx = (/ﬂw|Vu|pdx+/Q\u|pdx>p,

where | - | denotes the Euclidean norm on RY and R!, respectively. Let (-,-) :
X* x X — R be the usual pairing of X and its dual X*. Define three operators
J: X - X*G: X - X* and F:R x X — X* by setting

(), ¢) = / ([ VulP2Vu - Vo + |ul2up) de,
Q

(G(u), ) = / m\u|p*2ugoda:,
Q

(F(\u), p) = /Qf()\,x,u, Vu)pdx.

A pair (A, u) in R x X is said to be a weak solution of (B) if u is a solution of the
operator equation

J(u) — pG(u) = F(A\ u).
A real number p is said to be an eigenvalue of (E) if the equation J(u) = puG(u)
has a nontrivial solution.

2. MAIN RESULT

Let 1 <p<oo,p=p/(p—1), and ps = ps/(s+ 1). Assume that

(f1) f: R x QxR x RY — R satisfies the Carathéodory condition in the sense
that f(),-,u,v) is measurable for all (\,u,v) € R x R x RY and f(-,z,-, ")
is continuous for almost all x € €.

(f2) For each bounded interval I C R, there are a function a; € Ly(£2) and a
nonnegative constant by such that

[FO 2, u0)] < ar(e) + br(fult + o] 7)
for almost all 2 € Q and for all (\,u,v) € I x R x R, where the conjugate
exponent of g > 1 is strictly less than p*.

(f3) There exist a function a € L,y (2) and a locally bounded function b :

[0,00) — R with lim, o b(r)/rP~1 = 0 such that

1£(0, 2, u,0)| < az) + b(Ju| + |v]) 5T

for almost all z € 2 and for all (u,v) € R x RY.

The following key tool for achieving the main result is proved in [5].

Lemma 2.1. Let X be a Banach space and Y a normed space. Suppose that
J: X —Y is a homeomorphism and G : X — Y is a compact continuous map, and
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F:Rx X —Y isacompact continuous map such that the composition J~ 1o G is
odd. If the set
U {ueX:J(u) - Gu) =tF(0,u)}
t€(0,1]
is bounded, then the set

{\u) eRx X : J(u) — G(u) = F(\u)}
has a noncompact connected set C which intersects {0} x X.

From now on we give some of fundamental properties of the integral operators
J, F and G defined in Section 1.

Lemma 2.2. The operator J : X — X* is a homeomorphism.

Proof. The continuity of J follows from the continuity of superposition operators,
via the inequality

=

1 1 /
17(0) = J(w) | x- < (/ 0¥ |[VoP~2V0 — w¥ [ValP2Vu [P de) 7
Q

1
ol

4 (/Q oP~20 — JulP~2u[” da) 7.
We now claim that the following estimate holds:
(J(u) = J(),u—=v) = (Jull5 " = ol ) (lullx = [lv]lx)
for all u,v € X. Indeed, from Hélder’s inequality and the inequality
a¥ v + b7 dv < (a+ b)Y (c+d)
for any positive numbers a, b, ¢, d, it follows that

(J(u),v) = /(w\Vu]pZVu Vo + [uP~?uw) do
Q
< (/ w]Vu|pdx)Pl’(/ w\Vv[pd:U)% + (/ \u|pdx)fﬂl’(/ ]v|pdac)%
Q Q Q )
< (/w[Vu|pdx+/ |u|pdx)i (/w|Vv|pd:z:+/ |v|? dx)
Q Q Q Q

-1
= [l llvllx

=

and in a similar manner
(J(v),u) < Joll5 " lullx,
which imply
(J(u) = J(v),u—v) = Julls + [Joll = (J(u),v) = {J(v),u)
>l + ol = el vl = ol ulx-

Since J is thus strictly monotone and coercive on the reflexive Banach space X,
Browder’s theorem says that it is bijective; see e.g. [9]. By the uniform convexity of
X and the above inequality claimed, an analogous argument to the proof of Lemma
3.3 in [1] establishes that J~! is continuous on X*. This completes the proof. [
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In proving the following result, a basic idea is to use a continuity result on su-
perposition operators due to Véth [8], as in the proof of Theorem 4.1 in [6]

Lemma 2.3. Under assumptions (f1) and (f2), the operator F : R x X — X* is
continuous and compact. The operator G : X — X* is continuous and compact.

Proof. A linear operator I; : R x X — R x L,(Q) x Ly, (Q,RY) defined by
Li(Au) == (A u, Vu)
is bounded. In fact, it follows from Holder’s inequality that

/]Vu\;rl dx:/\Vu]slesil(:r)wsil(x)dx
Q Q

< (Aw(x)|Vu|pd$)

_ps_
< Juli™

1

sil(/Qw_s(x) dx) T

1
- 1
S” s+

[w Li(Q)

Let U:Y =R x L,(Q) x L, (Q,RY) — L,(2) be defined by
V(A u,v)(x) := f(A z,u(x),v(z)).

If I is a bounded interval in R and a; € Ly(€2) and by € [0, 00) are chosen from (£2),
then we have

Ps

[P (A, u, v)||qu(Q) < /Q(Smax{]a1|,b1u|27b1v| @ V)dx

< 39 (Jarld, g + O ull, ) + Bl g an)-

Thus, ¥ is bounded. Since Y is a generalized ideal space and L, () is a regular
ideal space, Theorem 6.4 of [8] implies that ¥ is continuous on Y. The inclusion
I : X — Ly(§) is continuous and compact (see [1]) and so is the adjoint operator
I3 : Ly(Q) — X* given by

@wmw:/uww

Q
From the relation F' = I3 o W o I it follows that F' is continuous and compact. In
particular, if we set f(\,z,u,v) = m(z)lu[P~2u, then G is continuous and compact.
This completes the proof. O

We will now observe the behavior of F'(0,-) at infinity, as in [5,7].

Lemma 2.4. Under assumptions (f1) and (f3), the operator F(0,-) : X — X* has
the following property:
| (0, w)|x-

lulx—oo  fuf%

Proof. Let ¢ > 0. Choose a positive constant R such that |b(r)| < erP~! for all
r > R. Since b is locally bounded, there is a nonnegative constant C'r such that
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|b(r)] < Cgr forallr € [0,R]. Let u € X. If weset Qr = {x € Q: |u(z)|+ |[Vu(z)| <
R}, we have by Minkowski’s and Jensen’s inequalities

(150, ute), Vut)l da)?

=

1
v

llz o+ ([ @)+ [Vu@))” do)?

IN

1
7

lalz,, @) + (/Q (Cr)” dx)? + (/Q\Q e+ (Ju(z)| + |Vu(z)|)™ d:c)” .
R R

From the proof of Lemma 2.3 and Minkowski’s inequality we know that

IN

1
Ps
7

(/Q\Q £3i1 (Ju(z)] + [Vu(z)])" d:c) V< e (Julr,, @) + erlulx)
R

s (p—1)s
< e (el @) + arfulx)
s

< et ey fulit

for all w € X with |u|x > 1, where ¢1, c2, and c3 are some positive constants.
Hence we obtain

=

(/Q|f(0,$,u(x),Vu(x))|p/dg;)p

=

< lalz, @) + Cr(meas Q)7 + 57 e ful§ !

for all w € X with |u|x > 1. It follows from Holder’s inequality that

MFmeMSQLV@mwwwwmwdwwm%@

s -1
< (lals, (o) + Crlmeas )7 + 57 ¢ Julg ") Iolx

for all u,p € X with |u|x > 1. Consequently, we get
|£(0, u)|x-

lulx—oo  [ul% "

Lemma 2.5. If y is not an eigenvalue of (E), we have

1)~ pGlw)lx

Jul x—o0 Jul5

> 0.

Proof. By Lemmas 2.2 and 2.3, J : X — X* is a homeomorphism and G : X — X*
is compact and they are odd and positively homogeneous of order p — 1. Applying
nonlinear spectral theory for homogeneous operators given in [2], we arrive at the
conclusion. O
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Finally, we can prove a global bifurcation result for the above Neumann problem
(B).
Theorem 2.6.  Suppose that conditions (f1)-(f3) are satisfied. If u is not an
eigenvalue of (E), then there exists a noncompact connected set C' intersecting {0} x

X such that each point (A, u) in C is a weak solution of the above problem (B). In
the case where f(0,-,-) =0, we have (0,0) € C.

Proof. Note that J is a homeomorphism, G and F' are compact continuous opera-
tors, and J ™1 o (uG) is odd. Since u is not an eigenvalue of (E), Lemmas 2.4 and
2.5 imply that for some § > 0, there is a positive constant R such that

[7(w) = uG(u)lx- > ouly " > |F(0,u)]x-
for all uw € X with |u|x > R and hence
[/ (u) = pG(u)| x> [£F(0, u)]x-
for all uw € X with |u|x > R and for all ¢ € [0,1]. Hence, the set

U {veX:J(u) - uGu) = tF(0,u)}
te[0,1]

is bounded. By Lemma 2.1, we conclude that the solution set
{A\u) eRx X J(u) — pG(u) = F(\u)}

contains a noncompact connected set C' which intersects {0} x X. If f(0,-,-) =0,
we have

{ue X :J(u)—pGu) =0} ={0} andthus (0,0) € C

because p is not an eigenvalue of (E). This completes the proof. O
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