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WEAK CONVERGENCE THEOREMS FOR A COUNTABLE
FAMILY OF RELATIVELY NONEXPANSIVE MAPPINGS'

WEERAYUTH NILSRAKOO AND SATIT SAEJUNG

ABSTRACT. In this paper, we establish weak convergence theorems for finding
common fixed points of a countable family of relatively nonexpansive mappings
in a uniformly smooth and uniformly convex Banach space. Weak convergence
theorems for finding a common element of the set of fixed points and the set of
solutions of a variational inequality problem are also obtained. With an appro-
priate setting, the corresponding results due to Nadezhkina—Takahashi [13] are
deduced.

1. INTRODUCTION

Let E be a Banach space, C be a nonempty closed convex subset of . A mapping
T :C — FE is said to be Lipschitzian if there exists a positive constant k such that

|Tx — Tyl < kllz —y|| forall z,y € C.

In this case, T is also said to be k-Lipschitzian. If k¥ = 1, then T is known as
a nonexpansive mapping. We denote by F(T) the set of fixed points of T', that
is, F(T) = {x € C : * = Tz}. A mapping T is said to be quasi-nonexpansive if
F(T) # @ and

|Tx —y|| < ||lxr—y| forallzeC andyeF(T).

It is easy to see that if T' is nonexpansive with F(7T) # @, then it is quasi-
nonexpansive. We write z,, — z (z, — z, resp.) if {z,} converges strongly (weakly,
resp.) to z. Recall that a mapping T : C' — FE is demi-closed at y, if x,, — x and
Tx, — vy, then Tex = y. A point p in C is said to be an asymptotic fixed point of
T [15] if there exists a sequence {x,} in C such that Tn =P and z,, — Tz, — 0.
The set of asymptotic fixed _points of T is denoted by ( ). It easy to see that
F(T) C F(T). Then F(T) = F(T) if and only if I — T is demi-closed at zero.

Let E be a smooth Banach space and let E* be the dual of E. Denote by (-,-)
the pairing between F and E*. The normalized duality mapping J from E to 2F°
is defined by

Jo={f€ B : (o, f) = |2l = If|?} wherea ¢ E.
The function ¢ : £ x E — R is defined by
$(a,y) = || = 2{x, Jy) + |y|*>  forall 2,y € E.
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We say that a mapping T is relatively nonexpansive [11, 12, 15] if the following
conditions are satisfied:

(R1) F(T) # 2

(R2) ¢(u,Tx) < ¢(u,x) for each z € C and u € F(T);

(R3) F(T) =F(T).
A relatively nonexpansive mapping 1 is said to be strongly relatively nonexpansive
[15] if for each bounded sequence {z,} in C such that

d(u,zn) — P(u, Tzy) — 0

for some u € F(T), then ¢(zy,Tz,) — 0.

Examples of relatively or strongly relatively nonexpansive mappings can be
founded in Kohsaka and Takahashi [9, 10], Matsushita and Takahashi [11, 12] and
Reich [15].

Several articles have appeared providing methods for approximating fixed points
of relatively nonexpansive mappings [9, 10, 11, 12]. Matsushita and Takahashi [11]
introduced the following iteration: a sequence {z,} defined by

(1.1) Tni1 = Mo HanJz, + (1 — ay)JTx,) forall neN,

where the initial guess element z; € C' is arbitrary, {a,} is a real sequence in [0, 1],
T is a relatively nonexpansive mapping and Ilo denotes the generalized projection
from E onto a closed convex subset C' of E. They proved that the sequence {x,}
converges weakly to a fixed point of 7. Recently, Kohsaka and Takahashi [9] ex-
tended the iteration (1.1) to obtain a weak convergence theorem for common fixed
points of a finite family of relatively nonexpansive mappings {7;}!" by the following
iteration:

(1.2)  xpy1 = gt <an,¢(an7inn +(1- am-)JTl-acn)> forall neN,
i=1

where z1 € C, {ay:} € [0,1] and {wy,;} C [0,1] with > w,; =1 for all n € N.

In this paper, we establish weak convergence theorems for finding common fixed
points of a countable family of relatively nonexpansive mappings in a uniformly
smooth and uniformly convex Banach space. We also establish weak convergence
theorems for finding a common element of the set of fixed points and the set of so-
lutions of a variational inequality problem. With an appropriate setting, we deduce
the corresponding results due to Nadezhkina-Takahashi [13].

2. PRELIMINARIES

Let F be a Banach space. We say that E is strictly convex if the following
implication holds for z,y € E:

. r+y

It is also said to be uniformly convez if for any € > 0, there exists § > 0 such that

<1-6.

. T+y
ol =yl = 1 and o = ] >  imply | “52
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It is known that if F is a uniformly convex Banach space, then E is reflexive and
strictly convex. Moreover, we know that the following result:

Lemma 2.1 ([17], Theorem 2). Let E be a uniformly convex Banach space and
B, :={x € E:|z|| <r},r > 0. Then there exists a continuous strictly increasing
convex function g : [0,00) — [0, 00) with g(0) = 0 such that

laz + (1 = a)yl* < allzl* + (1 = o) yl* — a(1 = a)g(llz - yl)
for all x,y € B, and o € [0,1].

A Banach space F is said to be smooth if

et iyl

t—0 t

exists for each z,y € S(E) := {x € E : ||z|| = 1}. In this case, the norm of F is
said to be Gdteaux differentiable. The space E is said to have uniformly Gateaux
differentiable norm if for each y € S(E), the limit (2.1) is attained uniformly for
x € S(E). The norm of E is said to be Fréchet differentiable if for each x € S(F),
the limit (2.1) is attained uniformly for y € S(F). The norm of E is said to be
uniformly Fréchet differentiable (and E is said to be uniformly smooth) if the limit
(2.1) is attained uniformly for z,y € S(E). The normalized duality mapping J from
E to 2F" (see [5] for more details) is defined by

Jr={feE*:(x, f)=|z|*> = ||f||*)} wherez € E.

We say that J is weakly sequentially continuous if for a sequence {x,} C E with

(2.1)

z, — x, then Jz, — Jz, where denotes — the weak* convergence. We also know
the following properties (see e.g. [16] for details):

(a) E (E*, resp.) is uniformly convex if and only if E* (E, resp.) is uniformly
smooth.

)
) If E is reflexive, then J is a mapping of F onto E*.

) If E is strictly convex, then J(x) N J(y) = @ for all x # y.

) If E is smooth, then J is single valued and norm-to-weak* continuous.
)

)

each bounded subset of F.
Let E be a smooth Banach space. The function ¢ : £ x E — R is defined by
¢z, y) = |lx|® =2z, Jy) + |ly|* for all 2,y € E.
It is obvious from the definition of the function ¢ that
(2.2) (lzll = lyID? < ¢(a,y) < (lzll + yl)?  for all 2,y € E.

It is also easy to see that if {z,,} and {y,} are bounded sequences of a smooth
Banach space E, then |z, — y,| — 0 implies that ¢(zp,yn) — 0. The converse is
also true if F is additionally assumed to be uniformly convex.

Lemma 2.2 ([8], Proposition 2). Let E be a uniform convex and smooth Banach
space and let {xy} and {y,} be two sequences of E such that {x,} or {yn} is bounded.
If ¢(xp,yn) — 0, then ||zn — ynll — 0.



410 W. NILSRAKOO AND S. SAEJUNG

Lemma 2.3 ([9], Lemma 2.5). Let E be a uniformly convex and smooth Banach
space and let r > 0. Then there exists a continuous strictly increasing convex func-
tion h : [0,2r] — [0,00) such that h(0) =0 and

h(llz = yll) < ¢(z,y)
for all x,y € B,.

Let C' be a nonempty closed convex subset of E. Suppose that E is reflexive,
strictly convex and smooth. It is known that [8] for any « € E there exists a unique
point Z € C such that

(T, z) = I;gg o(y, ).

Following Alber [1], we denote such an Z by IIcxz. The mapping Il¢ is called the
generalized projection from E onto C. Concerning the generalized projection, the
following are well known.

Lemma 2.4 ([8], Proposition 4). Let C' be a nonempty closed convexr subset of a
reflexive, strictly convex, and smooth Banach space E. Suppose that x € E and
z € C. Then

r=lex <= T —y,Jr—Jx) >0 for eachy € C.

Lemma 2.5 ([8], Proposition 5). Let E be a reflexive, strictly convex, and smooth
Banach space, let C be a nonempty closed convex subset of E, and let x € E. Then

oy, llecx) + ¢(Ilcz,z) < ¢(y,z)  for each y € C.

Lemma 2.6 ([7], Lemma 2.7). Let C' be a nonempty closed convezx subset of a
uniformly convex and smooth Banach space E. Let {x,} be a sequence in E such
that

(4, 2s1) < S(y,2) for ally € C andn € N.

Then the sequence {Ilc(xy)} converges strongly to some z € C.

Lemma 2.7 ([12], Proposition 2.4). Let E be a strictly convex and smooth Banach
space, let C' be a nonempty closed convexr subset of E, and let T be a relatively
nonexpansive mapping from C into E. Then F(T) is closed and convez.

To deal with a family of mappings, the following conditions are introduced: Let
C be a subset of a reflexive, strictly convex and smooth Banach space E, let {T,,}
be a family of mappings of C' into E with (72, F(T},) # @ and w,{z,} denotes the
set of all weak subsequential limits of a bounded sequence {z,} in C. {7} is said
to satisfy

(a) the AKTT-condition (I) [2] if for each bounded subset B of C,

o0
S sup{[|Ts1z — Tnzl : 2 € BY < o0;

n=1

(b) the AKTT-condition (II) [3] if for each bounded closed convex subset B
of C and each increasing subsequence {n;} of {n}, there exist a mapping
T :C — E and a subsequence {n;; } of {n;} such that

lim sup{||Tz — Ty, z|| : 2 € B} =0
J—00 J
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and B(T) = F(T) = (22, F(T,);
(c) the KT-condition [9] if for each bounded sequence {z,} in C such that
o(u, zn) — o(u, Tpzn) — 0
for some u € (72, F(T},), then wy{z,} C oo, F(Tn).
Lemma 2.8 (2], Lemma 3.2). Let E be a Banach space, let C be a nonempty

subset of E and let {T,,} be a family of mappings from C into E. Suppose that {T,}
satisfies AKTT-condition (I). Then the mapping T : C — E defined by

(2.3) Ty = lim To,x forallxz e C

satisfies
lim sup{||Tz — Tnz||: 2 € B} =0
n—oo

for each bounded subset B of C. In particular, if F(T) = F(T) = Moy F(Ty), then
{T} satisfies the AKTT-condition (II).

From now on, we will write ({7}, },T) satisfies AKTT-condition (I) if {7},} satisfies
AKTT-condition (I) and T is defined by (2.3).

Lemma 2.9. Let E be a uniformly convex and smooth Banach space and let C' be
a nonempty subset of . If T is a strongly relatively nonexpansive mapping from C
into E, then {T,,} satisfies the KT-condition, where T,, =T.

Proof. Let {z,} be a bounded sequence in C such that
d(u, zn) — P(u, Tzy) — 0

for some u € F(T'). Since T is strongly relatively nonexpansive, ¢(z,,Tz,) — 0. By
Lemma 2.2, we have ||z, — Tz, || — 0. It follows from (R3) that w,{z,} C F(T). O

Lemma 2.10 ([10], Lemmas 3.1 and 3.2). Let E be a uniformly conver and uni-
formly smooth Banach space,and let C be a nonempty closed convex subset of E.
Let T be a relatively nonexpansive mapping from C into E. Let U be the mapping
defined by,

U=TcJ ad + (1 —a)JT)
where a € (0,1), then U is a strongly relatively nonexpansive mapping from C into
itself and F(U) = F(T).

Lemma 2.11. Let E be a uniformly conver and uniformly smooth Banach space,
and let C' be a nonempty closed convez subset of E. Let {T,,} be a family of relatively
nonexpansive mappings from C into E with (\,~ F(T;,) # @ and satisfy AKTT-
condition (II). Let {Uy,} be a family of strongly relatively nonexpansive mappings
from C' into itself defined by,

Unp =ToJ Yand + (1 — an)JT},),

for alln € N, where {a,,} is a sequence in (0, 1) such that liminf, . a,(1—ay,) > 0.

Then {Uy} satisfies the KT-condition and (", F(Uy) = Nory F(T5).
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Proof. By Lemma 2.10, we have F(T;,) and hence (), F(U,) = F({U,) =
N F(T,). To show that {U,} satisfies KT-condition, let {z,} be a bounded
sequence in C' such that

(2.4) d(u, zn) — P(u,Upzp) — 0 for some u e N2 F(U,).

Since {z,} is bounded and ¢(u, T),z,) < ¢(u, z,) for all n € N, {T},2,} is bounded.
Take r > 0 such that {z,},{Thzn} C B,. Since E is uniformly smooth, E* is
uniformly convex. Then, by Lemma 2.1, we have a continuous strictly increasing
and convex function ¢g* : [0,00) — [0, 00) such that ¢*(0) = 0 and

Hanjzn"‘(l_an)JTnanQ < anHanQ“‘(l_an)HTnZn”2_‘171(1_0%)9*(”JZn_JTnznH)
for all n € N. It follows from u € (,_, F(T},) that
(u, Unzn) < ¢(u, J Hand 2 + (1 — o) I Tnzn))
= ||ul|® = 2(u, anJ 2 + (1 — ) I Tnzn) + lland 20 + (1 — ) I Tnznl|?
<l = 20 (u, J2,) — 2(1 — ap){u, J Ty 2p,)
+ anllznll® + (1 = an) [ Tozall® = an(1 = an)g" (/20 — JTznl))

= an¢(uv Zn) + (1 - an)¢(u7Tnzn) - an(l - O‘n)g*(H‘]ZTb - JTTLZ”H)
< Oznqb(u, Zn) + (1 - an)gb(u, Zn) - an(l - an)g*(IIJzn - ‘]Tnan)
= ¢(u, 2n) — an(1 — an)g"([[Jzn — JTnznl),

that is,
an(1 = an)g*(|Jzn = JThzn|) < ¢(u, 2n) = ¢(u, Unzn) — 0.
From (2.4) and liminf, o an(1 — ay) > 0, we have
g (| Jzn — JThznl|) — 0.

This implies that
|z, — JTpzn|| — 0.

Since J~! is uniformly norm-to-norm continuous on bounded sets, we have

(2.5) lim ||z, — Thznll = lim ||J7H(J2,) — J 1 (JThz,)| = 0.

Finally, we show that wy{z,} C (oo, F(T,) = Noey F(Uy), let 2’ € wy{z,}. Then
zn; — 2’ for some subsequence {n;} of {n}. Since {T)} satisfies AKTT-condition
(IT), there exist a mapping 7': C — E and a subsequence {n;, } of {n;} such that

lim sup{||Tz — Ty, z|| : z € {zn}} =0
J]—00 J
and F(T) = F(T) = Mo, F(T,). Then Zn;, = 2. From (2.5), we have
Hzni]- - Tznij H < Hzmj - Tnij ij ” + HTZM'J- - ij ij ”
< iy, — Ty, 2 |+ SUpIT2 — To, 21| 5 2 € {za}} — 0

as j — oo. This implies that 2/ € F(T) = No—, F(T,,) and hence wy{z,} C
Mo—, F(T},,). Therefore, {U,} satisfies the KT-condition. O



A COUNTABLE FAMILY OF RELATIVELY NONEXPANSIVE MAPPINGS 413

The following lemma is proved in [9, Lemma 5.2] which can be deduced from our
Lemma 2.11.

Lemma 2.12. Let E be a uniformly conver and uniformly smooth Banach space,
and let C be a nonempty closed convex subset of E. Let {T;}" be a finite family of
relatively nonexpansive mappings from C into E such that (\;~, F(T;) is nonempty
and let {U,} be a family of block mappings defined by

m

U, = HoJl(anvi(amJ + (1 — Ozmi)Jﬂ)),
i=1

for all n € N, where {o; : n,i € NJ1 < i < m} C (0,1) and {wp,; : n,i €

N,1 < i < m} C (0,1) are sequences such that liminf, .. oy, i(1 — o) > 0,

liminf, oo wp; >0 for alli e {1,2,...,m} and Y ;" wy; =1 for alln € N. Then

{U.} satisfies the KT-condition and (,—; F(Up) = N2, F(T;).

3. WEAK CONVERGENCE THEOREMS

In this section, we establish weak convergence theorems for finding common fixed
points of a countable family of relatively nonexpansive mappings in a Banach space.

Theorem 3.1. Let E be a uniformly convex and smooth Banach space, and let
C be a nonempty closed conver subset of E. Let {U,} be a family of relatively
nonexpansive mappings from C into itself such that F = (", F(Uy,) is nonempty,
and let {x,} be a sequence in C' defined by x1 € C and

Tpt1 = UnZn, forall neN.

If {U,} satisfies the KT-condition and J is weakly sequentially continuous, then
{zn} converges weakly to z € F. Moreover, lim,_,o IIp(x,) = 2.

Proof. For each u € F and n € N, we have

(31) d)(uvxn-f—l) = gzﬁ(u, Un$n) S ¢(Uaxn)
This implies that lim,, . ¢(u, z,) exists. It follows that {x,} is bounded and

<Z>(u, xn) - ¢(u, Unxn) = d)(u, xn) - ¢(u, wn—o—l) — 0.

Since {U,} satisfies the KT-condition, wy{z,} C F. For each n € N, let z,, =
g (zy). By (3.1) and Lemma 2.6, there is z € F such that Z, — z. To prove that
Ty — z, let {z,,} be a subsequence of {z,} such that z,, = 2’ € w,{x,} C F.
Notice that
(T — 2, Jxp — JTy) >0, forallneN.

In particular,

(T, — 2, Jxn, — JTp,) > 0.
Since T,, — z and J is weakly sequentially continuous,

(z =2 J —Jz) > 0.

On the other hand, from the monotonicity of J, we have

(z' — 2,02 —Jz) > 0.
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Thus, we have

(' — 2,02 — Jz) = 0.
Using the strict convexity of E, we obtain 2’ = 2. This implies that {z,,} converges
weakly to z = lim,, oo IIp(2,,). This completes the proof. O

Using Lemma 2.11 and Theorem 3.1, we have the following result.

Theorem 3.2. Let E be a uniformly convex and uniformly smooth Banach space,
and let C be a nonempty closed convex subset of E. Let {T,} be a family of relatively
nonexpansive mappings from C into E such that F = (02, F(T,)) # &. Let {x,}
be a sequence in C' defined by x1 € C' and

(3.2) Tpal = HCJ_l(aann + (1 —ap)JTyxy,) forall neN,

where {an} is a sequence in (0,1) with liminf, o an(l — ayp) > 0. If {T,,} sat-
isfies the AKTT-condition (II) and J is weakly sequentially continuous, then {zy}
converges weakly to the strong limit of {Ip(xy,)}.

Using Lemma 2.12 and Theorem 3.1, we have the following result.

Corollary 3.3 ([9], Theorem 5.3). Let E be a uniformly convex and uniformly
smooth Banach space, and let C' be a nonempty closed convex subset of E. Let
{T;}7* be a finite family of relatively nonexpansive mappings from C into E such
that (", F(T;) is nonempty and let {x,} be a sequence in C defined by x1 € C and

Tpp1 = o J 7t <an,i(an,inn +(1- an,i)JTixn)> for all n €N,
i=1

where {ay; 1 n,i € N;1 <i <m} C (0,1) and {wp; :n,i € N1 <i<m} C (0,1)
are sequences such that iminf, o ap (1 — apy) > 0, liminf, o wp,; > 0 for all
i€ {1,2,...,m} and Y] wp; = 1 for all n € N. If J is weakly sequentially
continuous, then {x,} converges weakly to the strong limit of {IIg(x,)}.

4. COMMON SOLUTIONS OF A FIXED POINT PROBLEM AND A VARIATIONAL
INEQUALITY PROBLEM

In this section, we present several related results which can be deduced by corre-
sponding convergence theorems obtained in Section 3. Let C' be a nonempty closed
convex subset of a Hilbert space H. Then, for any x € H, there exists a unique
nearest point in C, denoted by Pox, such that

|z — Pex|| < [lz —y| forallyeC.

Such a mapping Pg is called the metric projection of H onto C'. We know that Pgo
is nonexpansive. Furthermore, for x € H and z € C,

(4.1) z=PFPexr ifandonlyif (x—2z,2—y)>0 foralyeC
and
(4.2) IPoz —y|? < |lz — y||® — |Pex — z|> forallz € H,y e C.

In Hilbert spaces, we have

(1) T is relatively nonexpansive if and only if T' is quasi-nonexpansive with I —T
is demi-closed at zero;
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(2) e = Pe;
(3) J is an identity operator.
It is also known that H is uniformly convex and uniformly smooth.
Using Theorem 3.2, we obtain the following result:

Theorem 4.1. Let C' be a nonempty closed convexr subset of a Hilbert space H
and let {T,,} be a family of quasi-nonexpansive mappings from C into H such that
F=N"_,F(T,) # @ and I — T, is demi-closed at zero for alln € N. Let {x,} be
a sequence in C defined by x1 € C' and

(4.3) Tnt1 = Po(anzy + (1 — ap)Thxy)  for all n €N,

where {a,} is a sequence in (0,1) with liminf,, . o, (1 — ay,) > 0. If {T,,} sat-
isfies the AKTT-condition (II), then {x,} converges weakly to the strong limit of

{Pr(zn)}-

Lemma 4.2 ([6], Theorem 10.4). Let C' be a nonempty closed convex subset of a
Hilbert space H and let T be a nonexpansive mapping of C into H. Then I — T is
demi-closed at zero.

Corollary 4.3. Let C be a nonempty closed conver subset of a Hilbert space H
and let {T,} be a family of nonexpansive mappings from C into H such that F =
Mor, F(T,) # @. Let {xn} be a sequence defined by (4.3), where {ay,} is a sequence
in (0,1) with iminf,, o an(l—ay) > 0. If{T,} satisfies the AKTT-condition (II),
then {x,} converges weakly to the strong limit of { Pr(xy)}.

Let C' be a nonempty closed convex subset of a Hilbert space H and A be a
mapping of C' into H. The classical variational inequality problem is to find z € C
such that

(Az,y —xz) >0 forally € C.

The set of solutions of classical variational inequality problem is denoted by VI(C, A).
A mapping A of C into H is said to be

(1) monotone if
(Ax — Ay,x —y) >0 for all z,y € C,
(2) a-inverse-strongly-monotone, where v > 0, if
(Az — Ay,x —y) > of Az — Ay|*> for all z,y € C.

Note that every a-inverse-strongly-monotone mapping is monotone and (1/«)- Lip-
schitzian.
We need the following lemmas.

Lemma 4.4 ([4], Corollaries 15, 17). Let C' be a nonempty closed convex subset of
a Hilbert space H. Let A be a monotone and k-Lipschitzian mapping of C into H
and S be a nonexpansive mapping from C into H such that F(S) N VI(C, A) # @.
Let T be a mapping of C' into H defined by
T = SPc(I — NA(Po(I — \A))),
where X\ € (0,1/k). Then
(i) T is quasi-nonexpansive and F(T) = F(S) N VI(C, A),
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(ii) I —T is demi-closed at zero.

Lemma 4.5. Let C' be a nonempty closed convex subset of a Hilbert space H. Let
A be a monotone and k-Lipschitzian mapping of C into H and {S,} be a family
of nonexpansive mappings of C' into H such that (),—; F(S,) N VI(C, A) # @. Let
{T.} be a sequence of quasi-nonexpansive mappings of C' into H defined by
T = SpPo(I — MA(Po(I — M\ A))),

for all n € N, where {\,} is a sequence in [c,d] C (0,1/k). If ({Sn},S) satisfies
AKTT-condition (I) and F(S) = (.2, F(Sy), then {T,,} satisfies AKTT-condition
(11).

Proof. By Lemma 4.4, we have F(T},) = F(S,) N VI(C, A) and hence
() F(Tn) = () F(Sk) NVI(C, A) = F(S) N VI(C, A) # @.

n=1 n=1
Let {n;} be a subsequence of {n}. Since {\y,} is a sequence in [c, d], there exists a
subsequence {n;;} of {n;} such that An;, = A€ [c,d]. Put
T = SPco(I — MNA(Po(I — MA))).

Then T is a quasi-nonexpansive mapping of C' into H and I — T is demi-closed at
zero. So, we get
. [e.e]
F(T) = F(T) = F(S) NVI(C, A) = (] F(Ty).
n=1

Let W,, = Po(I — MyA(Po(I — M\yA)) and W = Po(I — MA(Po(I — MA))). Since P
is nonexpansive and A is k-Lipschitzian,

Wi, 2 = Wzl < |[(I = Ay A(Po(I = An; A)))z — (I = AA(Po(I — AA)))z||
= ny, = AIA(PC(I = Any A))z = A(Po(I = AA))z|
< E[An, = Al[Po(I = An, A)z — Po(I = M)z
<E[An, = AT = A, A)z — (I = AA)z]
2
(4.4) = B[An, — A%ll4z]

for all z € C and j € N. Let B be a bounded subset of C. Then {Az : z € B} and
{Wz:z e B} are bounded. From (4.4) and Lemma 2.8, we obtain

(4.5) lim sup{||Wz — ijzH :z€B}=0
j—00
and
(4.6) lim sup{[|[SWz — Sn;, Wzl :z € B} =0,
j—00

respectively. From (4.5) and (4.6), we get
sup{||Tz — Tnisz 1z € B}
= sup{||SWz — Sni, Wnisz 1z € B}
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< sup{||SWz — Sn, Wz| + HSnij Wz — S, Wnisz 1z € B}
< sup{||SWz — Sns, Wzl + [|[Wz — ijzH 1z € B}
< sup{||SWz — SijZH 1z € B} +sup{||[Wz — Wnisz :z€ B} —0
as j — oo. This implies that {T,,} satisfies the AKTT-condition (II). O
Using Lemma 4.5 and Theorem 4.1, we have the following theorem.

Theorem 4.6. Let C be a nonempty closed convex subset of a Hilbert space H. Let
A be a monotone and k-Lipschitzian mapping of C into H and {S,} be a family
of nonexpansive mappings of C into H such that (),—; F(S,) N VI(C, A) # @. Let
{xn} be a sequence generated by x1 € C' and

Yn = Po(xn, — A\pAxy),
Tn+1 = PC(OénfUn + (1 - an)SnPC(fL'n - AnAyn»a

for all n € N, where {ay,} is a sequence in [a,b] C (0,1) and {\,} is a sequence in
le,d] C (0,1/k). If ({Sn}, S) satisfies AKTT-condition (1) and F(S) = (>, F(Sh),
then {z,} converges weakly to z = lim, .o Pp(s)nvi(c,a)(Tn)-

Setting S, = S in Theorem 4.6, we have the following result.

Corollary 4.7. Let C be a nonempty closed convex subset of a Hilbert space H. Let
A be a monotone and k-Lipschitzian mapping of C into H and S be a nonexpansive
mapping of C into H such that F(S) N VI(C, A) # &. Let {z,} be a sequence
generated by x1 € C and

Yn = PC(.Z'” - )\nAxn)a
Tnt1 = Po(anxy + (1 — apn)SPo(xn — M Ayn)),

for alln € N, where {ay,} is a sequence in [a,b] C (0,1) and {\,} is a sequence in
[c,d] € (0,1/k). Then {x,} converges weakly to z = limy, o Pr(s)nvi(c,a)(®n)-

Remark 4.8. Corollary 4.7 includes Theorem 3.1 of [13] as a special case.
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