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STRONG CONVERGENCE THEOREM FOR QUADRATIC
MINIMIZATION PROBLEM WITH COUNTABLE CONSTRAINTS

IKUO KIRIHARA, YU KUROKAWA, AND WATARU TAKAHASHI

ABSTRACT. In this paper, we introduce an iteration process of finding a unique
solution of the quadratic minimization problem over the intersection of fixed
point sets of countable nonexpansive mappings in a real Hilbert space. Then, we
obtain a strong convergence theorem.

1. INTRODUCTION

The quadratic minimization problem with some constraints has been studied by
many researchers. Let H be a real Hilbert space. Let Cq,Co, ... be closed convex
subsets of H with ()72, Cy, # 0. Let u be an element of H. Then, we consider the
following quadratic minimization problem:

min{;(Ax,@ —(u,x) :x € ﬂ Cn},
n=1

where A is strongly positive. To find an optimal point of the quadratic minimization
problem is connected with the convex feasibility problem, the problem of image
recovery and variational inequality problem; see [6], [7], [10], [15], [25] and so on.
In particular, let H be a real Hilbert space. Let 17,75, ...,Tx be nonexpansive
mappings of H into itself such that ﬂi:[:l F(T,) # 0, where F(T),) is the set of
fixed points of T;,. Let u be an element of H. Many authors have studied the
following quadratic minimization problem concerning a finite family of nonexpansive

mappings:
1 N
min {2<A$,x> —(u,x) 1w € plF(Tn)} .

In this setting, Yamada, Ogura, Yamashita and Sakaniwa [23] considered the fol-
lowing iterative scheme in a Hilbert space H:

1 =2 € H, 2ny1 = Bpu+ (I = BnA)Tn mod NTn
for all n =1,2, ..., where 0 < 3, <1 for every n = 1,2, .... Then, they showed that
{zn} converges strongly to the unique solution of min{(1/2)(Az,x) — (u,z) : x €
ﬂgzl F(T,)}, where ﬂfj:l F(T,) is the set of common fixed points of 11,75, ..., Tn
Satisfying

ﬂ F(N\Ty---Ty) = F(TNTy - Tn_1) = - = F(TyT3 - - - TNT1) # 0,
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and {0, } satisfies limy, oo B, = 0, Y ooy Bn = 00 and Y o0 |Buan — O] < o0
Xu [20] showed a complementary result to Yamada, Ogura, Yamashita and
Sakaniwa’s theorem by replaced > > | |Bn4+n — Bn| < 0o with the general condtion:
lim;, o0 ﬁn/ﬁn—l—N =1

On the other hand, Takahashi [14] and Shimoji and Takahashi [10] studied a
mapping, called a W-mapping, which was introduced for finding a common fixed
point of infinite countable nonexpansive mappings; see Lemma 3.4 and Lemma 3.5.

In this paper, motivated by Takahashi [14], Shimoji and Takahashi [10], and
Yamada, Ogura, Yamashita and Sakaniwa [23], we introduce an iteration process of
finding a unique solution of the quadratic minimization problem over the intersection
of fixed point sets of countable nonexpansive mappings in a real Hilbert space. Then,
we obtain a strong convergence theorem.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product (-, -) and norm || -||, and let I be
the identity mapping on H. We also denote by R the set of real numbers. Let C' be
a nonempty closed convex subset of H. Then, a mapping T of C' into itself is said
to be nonexpansive if |Tx — Ty|| < ||z — yl| for all 7,y € C. We denote by F(T)
the set of fixed points of T'. For any x € H, there exists a unique nearest point in
C, denoted by Pcz, such that ||z — Pox|| < |z —y|| for all y € C. x,, — x implies
that {x,} converges strongly to z. z,, — x implies that {z,} converges weakly to
z. In a real Hilbert space H, we have

Az + (1= Nyl = Al > + (1 = Nyl = A1 = Dz -y

for all z,y € H and A € R. Using this equality, we can prove that if T : C' — C is
nonexpansive, then the set F(T) is closed and convex; see [15]. We also know the
following inequality:

lz +yl* < [l + 2{y, @ + )

for all x,y € H.
Let H be a Hilbert space and let f : H — (—o0, o0] be a proper convex function.
Then, we can define a multivalued mapping df on H into 27 by

Of(x) ={zc H: f(y) 2 (z,y —x) + f(z),y € H}

for all x € H. Such Of is said to be the subdifferential of f; see, for instance, [16].
Let C be a nonempty closed convex subset of a Hilbert space H. Then we define
a function ic : H — (—o00, 00| called the indicator function of C as follows:

. 0 xzeC),
ic(z) = ( )
For any x € C, we also define the set N¢o(x) as follows:
Ne(z) ={z€ H:(z,y—x) <O0forall yeC}.

Such N¢(x) is said to be the normal cone to C at x € C. We know the following
lemma; see, for example, [16].



STRONG CONVERGENCE THEOREM FOR QUADRATIC MINIMIZATION PROBLEM 385

Lemma 2.1. Let C be a nonempty closed convexr subset of a Hilbert space H. Let
ic : H— (—00,00] be the indicator function of C and let No(x) be the normal cone
to C at x € C. Then dic(x) = No(x) for all xz € C.

We also know the following theorem; see [15].

Theorem 2.1. Let H be a Hilbert space and let f be a proper convex function of
H into (—o0,00|. If g is a continuous convex function of H into (—oo,00), then,
for allx € H,

f +9)(x) = 0f(x) + dg(x).

The following lemmas [13] and [1] play important roles in the proof of our main
theorem.

Lemma 2.2 ([13]). Let {s,} be a sequence of nonnegative real numbers, let {ou,}
be a sequence of (0,1] with Y o2 an = o0, let {8y} be a sequence of nonnegative
real numbers with Y -2 | B, < co. Suppose that

Sn+1 < (1 - an)sn + ﬂn
foralln =1,2,.... Then lim, . s, =0.
Lemma 2.3 ([1]). Let {s,} be a sequence of nonnegative real numbers, let {cu,}
be a sequence of [0,1] with > o7, a, = 00, let {B,} be a sequence of nonnegative
real numbers with Y7 | 3, < 0o, and let {7} be a sequence of real numbers with
limsup,, o 7n < 0. Suppose that
Sn+1 < (1 - an)sn + o Yn + /Bn

foralln=1,2,.... Then lim, . s, =0.

3. STRONGLY POSITIVE OPERATORS AND W-MAPPINGS

Let H be a real Hilbert space. Let A be a self-adjoint bounded linear operator
of H into itself. Then, A is called strongly positive if there exists a real number ~
with 0 < v < 1 such that

(Az,z) > ~|z|?

for all z € H. In particular, such A is called y-strongly positive.

Remark. Since (Ax,x) > v||z||? for all x € H, we have from the Schwarz inequality
that for all z € H,
[Az||2]| > (Az,z) > ||
and hence [|Az|| > ~||x||. So, we have
[Al = sup [[Az] > sup yz]| >~ >0

llzll=1 [lz]|=1

and hence )
IA]I~! < =
~

If 0 < o< ||A|7Y, then 0 < ay < 7|47 < 1.

The following lemma is in [20].
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Lemma 3.1. Let H be a Hilbert space. Let A be a ~y-strongly positive self-adjoint
bounded linear operator of H into itself, where 0 < v < 1. Then, for all o with
0<a<|Al|™Y | —adl <1 - ay, where I is the identity mapping.

Proof. From [12], we have

I — aAl = sup (I — ad)x,x).

Hence, we have

|l — aAl| = sup (I — aA)z,xz) = sup {(z,z) — a(Az,x)}
lz]l=1 [lzl=1

< sup {[lz]* — avllz[*} = sup (1 - ay)|z|?
=1 Jall=1

=1-—av. O

The following lemma is also well-known. However, for the sake of completeness,
we give the proof.

Lemma 3.2. Let H be a Hilbert space. Let A be a strongly positive self-adjoint
bounded linear operator of H into itself. If f is defined by

f(x) = 5 (Az, ) — {u,)
forall x € H, then 0f(x) = Az — u.
Proof. Since A is strongly positive and self-adjoint, we have that, for all z,y € H,
fy) = f(z) = (Az —u,y — x)
= 5 () — {0} — 5{Az.2) + {u,2) — (A7 — u,y — )

_ %(<Ay7y> — 2(Az,y) + (Az, z))

- %((Ay,w — (Ay,z) — (Az,y) + (Az,z))

= JAl - 2)y— ) 20,

which means that f(y) > (Az —u,y — x) + f(z). Hence, Ax —u € df(x). Next, to
show that 0f(z) C {Az — u}, let z € df(z), that is,

%(Ay, y) — (u,y) > (z,y —z) + %(Aa:,x) —(u,x) for all y € H.
Set y = x + tw with ¢t > 0 and w € H. Then we have

%(A(x Ftw), x4 tw) — (u, @ + tw) > (2, tw) + %(Aaz,a:) (w7,
Since A is self-adjoint, this implies that

t{Ax — u,w) + %t2<Aw,w> > t(z,w).
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Dividing by t, we see that (Azx — u,w) + %t(Aw, w) > (z,w). Further as ¢t | 0, we
obtain
(Ax — u,w) > (z,w).
Setting w = z — (Az — u), we have that ||z — (Az — u)||?> < 0, that is, z = Az — u.
Thus, we conclude that df(z) = Az — u. O
Using Theorem 2.1, we can prove the following lemma.

Lemma 3.3. Let C be a closed convexr subset of a Hilbert space H. Let A be
a y-strongly positive self-adjoint bounded linear operator of H into itself, where
0 <~y < 1. Let g be a function of H into (—oo, 0] defined by

g(z) = %(Ax,a:) — (u,z) +ic(x) for all x € H,

where i¢o is the indicator function of C. Let z € H. Then the following are equiva-
lent:

(1) g(z) = min{g(x) : z € H},
(2) 0 € dy(z),
(3) (u—Az,x—2) <0 for all z € C.
In this case, z € C and such z is unique.
Proof. (1) < (2) is obvious. Further, by the definition of i¢ we have z € C. So, we
shall show (2) < (3). Using Lemma 2.1, Lemma 3.2 and Theorem 2.1, we have
0g(z) = Az —u+ N¢(z).
So, we have
0 € dg(z)
<0€ Az —u+ Ne(z)
su— Az € Neo(z)
S(u—Az,x —z) <0 for all x € C.

Next, we show that such a point z is unique. Suppose that (u — Az, z — 2z1) <0
and (u — Azg,y — z9) < 0 for all z,y € C. Putting x = 29 and y = 21, we have

(A(21 — 22), 21 — 22)

0.
Since A is strongly positive, we have v||z1 — 22]|? < (A(21 — 22), 21 — 22). Then we
have z1 = z9. O

<
<

Let C be a convex subset of a Hilbert space H. Let 11,715, ... be infinite mappings
of C' into itself and let aq,as,... be real numbers such that 0 < «; < 1 for all
i =1,2,.... Then, for all n = 1,2, ..., Takahashi [14] defined a mapping W,, of C
into itself as follows:

Un,n+1 = I,
Un,n = anTnUn,n—i-l + (1 - Oén).[,
Un,n—l = an—lTn—lUmn + (1 - Oln_l)I,
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Unie = 0 TipUp jr1 + (1 — o)1,
Unji—1 = o 1Tp-1Upp + (1 — ap_1)1,

Uno = aToUp3+ (1 — a)l,
W, = n,l = alTlUn’g + (1 — Oél)I.

Such a mapping W, is called the W-mapping generated by T;,,Tp,—1,...,71 and
O, Qp—1, ..., 1. We know the following lemmas by Shimoji and Takahashi [10].

Lemma 3.4 ([10]). Let C be a nonempty closed convex subset of a Hilbert space
H. Let T, T, ... be nonexpansive mappings of C into itself such that (\,—, F(T;)
is monempty and let a1, s, ... be real numbers such that 0 < a, < b < 1 for all
n=1,2,.... Then, for every x € C and k =1,2,..., lim, ., Uy, yx exists.

Using Lemma 3.4, for all k = 1,2, ... we define mappings Uy and W of C' into
itself as follows:
Uso i := lim U, pr and Wz := lim W,z = lim U, 1o
n—oo n—oo n—oo
for every x € C. Such W is called the W-mapping generated by 11,75, ..., and
1,09, ....

Lemma 3.5 ([10]). Let C' be a nonempty closed convex subset of a Hilbert space
H. Let T, Ty, ... be nonexpansive mappings of C into itself such that (.-, F(T;)
is monempty and let aq, s, ... be real numbers such that 0 < a, < b < 1 for all
n=12,... Then, F(W) =", F(T,).

4. MAIN THEOREM

Let H be a real Hilbert space. Let 11,75, ... be nonexpansive mappings of H into
itself such that (o2, F(T;,) # 0. Let u be an element of H. Consider the following
quadratic minimization problem:

(P) min{é(Ax,@—(u,@:xe ﬂF(Tn)},

where A is strongly positive. It is known that the problem (P) has a unique solution
z; see [15].

Now, we prove the following strong convergence theorem which is our main the-
orem in this paper:

Theorem 4.1. Let H be a real Hilbert space. Let o, s, ... be real numbers such
that 0 < a; < b < 1 for every i = 1,2,... and T1,T5, ... be nonexpansive mappings
of H into itself such that (\,—, F(T5,) # 0. For everyn =1,2,..., let W, be the W-
mapping generated by Ty, Ty—1,...,Th and ap,apn_1,...,aq. Let {B,} be a sequence
of real numbers such that 0 < B, < 1 for every n = 1,2,..., lim, 00 B = 0,
Yoo Bt — Bnl < o0 and Y07, B = 00. Let u be an element of H and let A be
a 7y-strongly positive self-adjoint bounded linear operator of H into itself. Let {x,}
be a sequence generated by x1 € H and

Tnt1 = Bpu+ (I — B AWy,
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for every n = 1,2,.... Then {x,} converges strongly to z, where z is a unique
solution of min{(1/2)(Az,x) — (u,z) : x € (2, F(Tn)}.

Proof. Since lim,,_,+ 8, = 0, we may assume without loss of generality that
B < Al
for all n =1,2,.... From Lemma 3.1, we have

HI - ﬁnAH <1- /Bn'}/‘
It follows that, for y € (>, F(T5),

|Zn+1 = yll = 1Bou + (I — BpA)Wnzn — y|
= [[Bn(u— Ay) + (I = BpA)(Wnzn — y)||
< Bllu — Ayl + (1 = Bpy)|lzn — |

1
= Boy - Sl = Ayl + (1= Bay)lln =yl

Hence, by mathematical induction, we obtain

1
T max{uxl il 7Hu—Ayu}.

This implies that {z,,} is bounded. Then we also have that {W,x,} and {T,,x,} are
bounded. Put K — max{|ull,sup,crs |0l 5ubpcss [T sprcse | A Wozal
Then, we have that for every n =1,2, ...,

[Znt2 — Tptill = [|Bptru + (I = Bap1 A)Wis1Zni1 — (Bpu + (I — B A) Wiz, ||
< Bnt1 = Balllull + [[( = Bnt1 A Wii1@ni1 — (I = Bnyr AAWnTna
+ (I = Bar1 A)Wypi1 — (I — B A) Wy,
<|Bn+1 = Bulllull + (1 = Bny1 N[ Wat1Znt1 — Wandpia ||
+ (1= Bara) IWazni1 — Waanl| + [Bns1 — Bul | All[[Wazy||
< (1 = Bnsa)l|znst — zall + 2K|Bry1 — Bal
+ (1 = BoaNIWh1@nt1 — Waznia |-

As in the proof of Lemma 3.4 in [10], we also have

Whi1Znt1 — Woznial|l = ||Un+1,1$n+1 - Un,lxn-I-lH
= laa T Up41,2Tn+1 + (1 — o) zpi1
— (T Up2xn41 + (1 — a1)xp41) ||
= a1 | T Uny122Zn41 — T1Up2%n 11|
< al|Uny1,2Zn41 — Un2Znit ||

< a102||Upy1,3Tn+1 — Up 3Tn41]|

IN

n
< Hai|’Un+1,n+l$n+l - Un,n+1$n+1||
=1
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n

= Hai!!an+1Tn+1Un+1,n+2xn+1
i=1
+ (1 - O‘nJrl):L‘nJrl - $n+1”
n+1

= H || Tht1Zn41 — Tt ||
=1

n+1
=1

So, we have

Zn+2 = Zontall < (1 = Bny1) | Znr1 — zoll + 2K(Bnt1 — Bal
n+1
+2K(1 = fny17) (H Oéi)
i1

n+1
< (1= BnrtV)nt1 — 2|l + 2K [Bny1 — B| + 2K (H Oéz')

i=1
n+1
= (1 - ﬁnJrl'y)Hanrl - xn” + 2K (|/6n+1 - ﬁn’ + H Oéi)
i=1
for every n = 1,2,.... On the other hand, since 0 < «; < b < 1, we have that
17 a; <TI0 b = 0"t This implies that

oo n+l m n+1 m b2(1 . bm) bQ

2 LLei= tim > JLows im 3 0w = lim =t =7y <o

n=1 1=1 n=1 =1 n=1

Thus 3% (|Bnt1 — Bl + [T i) < co. Therefore it follows from Lemma 2.2 that
lim, o0 [|Zn+1 — Zn|| = 0. Since

for every n = 1,2, ..., we have lim,,_, ||p+1 — Wpzy|| = 0. From
|Zn — Wnanll < |20 — Zns1 |l + |01 — Waznll,

we also have lim, o ||z, — Wyanl| = 0. Let z be the unique solution of
min{(1/2)(Az, z)—(u,z) : € (o~ F(T,)}. Toshow limsup,,_,,(u—Az,z,—z) <
0, choose a subsequence {z, } of {z,} such that

limsup(u — Az, x, — 2z) = lim (u — Az, zp, — 2).
n—o00 3—00

As {xp,} is bounded, we have that a subsequence {wy,;} of {x,,} converges weakly
to z9. We may assume without loss of generality that z,, — z9. We show that zy €
Mo—y F(Ty). Suppose that zg ¢ ().~ F'(T,). By Lemma 3.5, we have zg # W z.
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From Opial’s theorem [9], lim,, o ||z, — Wyay| = 0 and the definition of W, we
have
liminf ||z, — 2ol < liminf |z,, — Wz
1—00 1— 00
< hlfgégf{uxm - Wm*’”m” + Hanxm - szOH
+[Wh,zo0 — Waol|}
< timinf {0, — W |+ o, — 20+ [Wa20 — W}

= lim ||, — W, | + liminf |12, — 0]
11— 00 71— 00

+ lim ||[Wy, 20 — Wao||
1—00
= liminf ||z, — 20/
1—00

This is a contradiction. Hence, we obtain zy € (.~ F(1,,). From Lemma 3.3, we
have

limsup(u — Az, x, — 2) = (u — Az, z0 — z) <0.

Since
Tny1 — 2 = (I = BnA)(Whzn — 2) + Bn(u — Az),
we get
Zn41 = 2l% = I(I = BuA)(Wazn — 2) + Balu — Az)|*
< WI = BpA) Wiy, — 2)||* 4 2Bn{u — Az, 2p i1 — 2)
2

< = Buln =l + Ay (B Az = 2))

Using Lemma 2.3, we conclude that ||z, — z|| — 0 as n — oo. O

5. APPLICATIONS

Let C be a nonempty closed convex subset of a Hilbert space H, and let A be a
mapping C into H. The variational inequatily problem for A is to find z € C' such
that

(Az,x —2) >0
for all x € C'. The set of solutions of the variational inequality problem is denoted
by VI(C, A).
Using Theorem 4.1, we prove the following two theorems.

Theorem 5.1. Let H be a real Hilbert space. Let ay, s, ... be real numbers such
that 0 < a; < b <1 for every i = 1,2,... and 11,75, ... be nonexpansive mappings
of H into itself such that (\,— F(T,,) # 0. For everyn =1,2,..., let W, be the W-
mapping generated by Ty, Ty—1,...,T1 and o, apn_1,...,a1. Let {B,} be a sequence
of real numbers such that 0 < B, < 1 for every n = 1,2,..., limy—00o Bn = 0,
Yo Bng1 — Bnl < 00 and Y07 B, = oo. Let A be a ~y-strongly positive self-
adjoint bounded linear operator of H into itself. Let {x,} be a sequence generated
by x1 € H and
Tntl = (I - /BnA>Wn5Un
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for every n = 1,2,.... Then {x,} converges strongly to z, where z is the unique
solution of VI((o—, F(T,), A).

Proof. Putting v = 0 in Theorem 4.1, we have x,, — 2z, where z is the unique
solution of min{(1/2)(Az,z) : x € (o~ F(T)}. From Lemma 3.3, we have that z
satisfies (—Az,z — z) <0 for all # € (2, F(1,,). This implies that x, converges
to the unique solution of VI(N 2, F(1,), A). O

Remark. Putting T,, = Po for all n = 1,2, ..., we have from Theorem 5.1 that z,
converges strongly to the unique solution of VI(C, A).

Theorem 5.2. Let H be a real Hilbert space. Let ay, s, ... be real numbers such
that 0 < a; < b <1 for every i =1,2,... and 11,75, ... be nonexpansive mappings
of H into itself such that (\,—, F(T5,) # 0. For everyn =1,2,..., let W, be the W-
mapping generated by Ty, Ty—1,....,Th and ap,an_1,...,a1. Let {B,} be a sequence
of real numbers such that 0 < B, < 1 for every n = 1,2,..., lim, o0 Bn, = 0,
Yoo Bt — Bnl <00 and Y 07| B = 00. Let u be an element of H. Let {x,} be
a sequence generated by r1 € H and

Tn4+1 = 5nu + (1 - ﬂn)ann
for everyn =1,2,.... Then {x,} converges strongly to Pre  p(r,)u-

Proof. Putting A = I in Theorem 4.1, we have x,, — 2z, where z is the unique
solution of min{(1/2)||z||* — (u,z) : x € 0", F(T,,)}. Since

1 1
Sllel® = (w2} = 5 (lell* = 20w, 2) + [lull* = [lu]]?)

1
= 5 (lz = wl* = ul®),

we also have that z is the unique solution of min{(1/2) (||z — u|? — ||ul]?) : =
o2, F(T,)}. This implies that z is the unique solution of min{|z — u| : z

n=1

Noz1 F'(T)}. From the definition of P  p(7,), we have 2z = Py p(7,,)u-

Om m

n=1
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