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H,, CHEAP CONTROL FOR A CLASS OF LINEAR SYSTEMS
WITH STATE DELAYS

VALERY Y. GLIZER

ABSTRACT. An infinite horizon H., cheap control problem with a given perfor-
mance level for a linear system with point-wise and distributed state delays is
considered. By a proper transformation of the control variable, this problem is
converted to an Ho, control problem for a singularly perturbed system with state
delays. For the latter problem, considered in the sequel as an original one, two
methods of asymptotic analysis and solution are proposed.

1. INTRODUCTION

For many decades, controlled systems with disturbances (uncertainties) in dy-
namics are investigated extensively. One of the main objectives in studying such
systems is a design of a robust controller, i.e., a feedback control independent of the
disturbance and providing a desirable property of the closed-loop system regardless
disturbance realizations from a given set. Two main cases of disturbances are con-
sidered in the literature: (i) disturbances with bounded realizations in an Euclidean
space; (ii) disturbances with square-integrable realizations. In the second case, an
H, problem is studied (as a rule) for the controlled system.

The Hs, control problem has been studied for systems without and with delays
in the state variables in a number of works (see e.g. [1,3,7,11,12,22]). In both
cases, the solution of the H, control problem can be reduced to a solution of a
game-theoretic Riccati equation. In the case of an undelayed system, the Riccati
equation is finite dimensional (matrix one), while in the case of a delayed system,
it is infinite dimensional (operator one). The operator Riccati equation can be
reduced to a hybrid system of three matrix equations of Riccati type. Solution of
this system is a very complicated task.

The H., cheap control problem is an Hy, problem with a small control cost (with
respect to a state cost and a disturbance cost) in the cost functional (performance
index). It should be noted that a performance index with a small control cost (cheap
control performance index) arises in many topics of control theory. For instance,
it arises in the regularization method of a singular optimal control [2], in studying
the limitations of optimal regulators and filters [5, 25, 34], in analysis of control
problems with a high control gain [24,42], in the investigation of inverse control
problems [26], in the design of a robust control for systems with disturbances [38],
and some others.

Control problems with a cheap control performance index for systems without
disturbances (uncertainties) were investigated in the literature. The case of systems
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with an undelayed dynamics was treated more extensively (see e.g. [4,21,24,28,29,
33, 35] and references therein). The case of systems with a delayed dynamics was
studied less extensively (see [13,16-18]). In both cases, an optimal control problem
was analyzed.

In this paper, a system with point-wise and distributed state delays, and with a
square-integrable disturbance is considered. For this system, an H,, cheap control
problem is formulated and analyzed. For our best knowledge, the H, cheap control
problem has not yet been studied in the literature, neither for systems without delays
nor for systems with delays in dynamics. However, it should be noted that two-
player zero-sum differential games with a cheap control cost of one of the players in
the performance index were analyzed in [14,32,36,38]. In these works, the case of an
undelayed game dynamics and a cheap control cost for the player, minimizing the
performance index, was treated. This circumstance makes the problems, considered
in [14,32,36,38], to be close to the H, cheap control problem for a system without
delays.

In the present paper, two methods of solution of the considered H,, cheap control
problem are proposed. The first one is based on an asymptotic solution of a set
of Riccati-type matrix equations arising in the solvability conditions for the H,
control problem. Using this asymptotic solution, a simplified controller, solving the
H, cheap control problem, is constructed. The second method is a direct method of
solution of this problem, which does not use its solvability conditions. This method
is based on: (i) an equivalent transformation of the Hy, cheap control problem to
a new H, problem for a singularly perturbed controlled system; (ii) an asymptotic
decomposition of the resulting problem into two much simpler parameter-free sub-
problems, the slow and fast ones. It should be noted that the fast state variable
of the new H,, control problem becomes a control in the slow subproblem. The
slow subproblem is an H, control problem for a system with state delays. The fast
subproblem does not contain delays, and it is solved analytically. Using controllers,
solving the slow and fast subproblems, a composite controller, solving the trans-
formed problem, is designed. The latter yields a controller, solving the original H,
cheap control problem.

Several works, related to the present paper, should be mentioned. Thus, in
(8,9, 23,30, 31,37,40], the Hy control problem for singularly perturbed systems
without delays was studied. The H, control problem for systems with small delays
in either the state variable or in the state and control variables was investigated
in [11,12,27]. The H control problem for singularly perturbed systems with small
state delays was analyzed in [15,19]. In [10], the robust sampled-data H., control
for a singularly perturbed linear uncertain system was studied. Cheap suboptimal
control of an integral sliding mode for uncertain systems with state delays and
matched bounded uncertainties was analyzed in [20].

The paper is organized as follows. The next section is devoted to a rigorous
problem formulation. In Section 3, an asymptotic solution of the set of Riccati-type
equations, arising in the H,, problem solvability conditions, is constructed and
justified. Parameter-free solvability conditions of the original H,, control problem
are derived in Section 4. In Section 5, a simplified controller, solving the original
H, control problem, is designed and justified by using the asymptotic solution of
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the set of Riccati-type equations obtained in Section 3. In Section 6, an auxiliary
lemma, formulated in Section 5, is proved. The direct method of constructing a
controller, solving the original H,, problem, is described in Section 7. Concluding
remarks are presented in Section 8.

The following main notations are applied in the paper:

) E™ is the n-dimensional real Euclidean space;

) || - || denotes the Euclidean norm either of a vector or of a matrix;

) the prime denotes the transposition of a matrix A, (4") or of a vector x, (z);

) L?[b,c; E™] is the Hilbert space of n-dimensional vector-valued functions v(t)
defined, measurable and square-integrable on the interval [b,c), the inner prod-

C /

uct in this space is (v(-),w(-))r2 = [, v (t)w(t)dt, and the norm is [jv(:)|2 =
@O0

(5) I, is the n-dimensional identity matrix;

(6) col(z,y), where x € E™,y € E™, denotes the column block-vector of the dimen-

sion n 4 m with the upper block 2 and the lower block y, i.e., col(z,y) = (z',y') .

(1
(2
(3
(4

2. PROBLEM FORMULATION

2.1. Hy, Cheap Control Problem. Consider the controlled system
0
(2.1) dx(t)/dt = Ay1z(t) + Aray(t) + Hypx(t — h) + / Gii(T)z(t+7)dr + Frw(t),
—h

dy(t)/dt = Aglaj‘(t) + Azgy(t) + Hgll‘(t — h)

(2.2) + /_ (; Gt (P)a(t + 7)dr + Bu(t) + Fyw(t),

where t > 0; x(t) € E™, y(t) € E™, u(t) € E™, (u is a control), w(t) € E?, (w is
a disturbance); h > 0 is a given constant time delay; A;j, (4,7 = 1,2), Hi1, Gii(7),
F;, (i =1,2) and B are given time-invariant matrices of corresponding dimensions;
B has the full rank; the matrix-valued functions G;1(7), (i = 1,2) are piece-wise
continuous for 7 € [—h,0].

Assuming that w(t) € L2[0, +o0; E9), we consider the following functional

+o00
(2.3) Jo(uw) = /0 [« (0 Dyx(t) + 4/ () Day(t) + 2 (t)u(t) — P (B ()] di.

where D1 is symmetric positive-semi-definite, while Dy is symmetric positive-definite
matrices; v > 0 is a given constant; ¢ is a small positive parameter.

The Hoo control problem with a performance level « for the system (2.1)-(2.2)
is to find a controller u*[x(-),y(-)](t) that internally stabilizes this system and en-
sures the inequality J.(u*,w) < 0 along trajectories of (2.1)-(2.2) for all w(t) €
L2[0,+00; B9 and for x(t) =0, t <0, y(0) = 0. The presence of a small multi-
plier £2 in the control cost of the functional (2.3) means that this problem is the
H, cheap control problem.

By the control transformation

(2.4) u(t) = (1/)o(t),
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where v is a new control, this H., cheap control problem becomes

(2.5) da(t)/dt = Ava(t) + Avy(t) + Huaw(t—h) + / Oh Gra (Pt + 7)dr + Fru(t),

0
€dy(t)/dt =¢c {AQlfL‘(t) + Aggy(t) + Hglfl,‘(t — h) =+ /_h GQl(T)l‘(t + T)dT}

(2.6) +Bu(t) + eFw(t), t>0,

(2.7) z(0)=0, t<0; y(0)=0,

+o0o
(2.8)  J(v,w) = /0 [x’(t)plx(t) + 4 (t)Day(t) + v (t)v(t) — y*w (H)w(t)|dt.

It should be noted that the system (2.5)-(2.6) is singularly perturbed [24]. The
state variables x(-) and y(-) are the slow and fast ones, respectively. It is seen that
in this system, the slow state variable is with a delay, while the fast state variable
is delay free.

In the sequel, we deal with the Ho, control problem consisting of the system (2.5)-
(2.6), the initial conditions (2.7) and the cost functional (2.8). This problem is called
the original Hy, control problem (OHICP). It is clear that once a controller of the
OHICP is obtained, the respective controller of the Hy, problem (2.1)-(2.2),(2.3) is
obtained directly by using the equation (2.4).

2.2. Solvability Conditions. Consider the following (n +m) X (n + m)-matrices
A A Hi 0 Gu(r) 0

2.9 A= , H= , G(r) = ;

(29) < Az Az ) < Hy 0 ) (7) ( Gai(1) 0

(2.10) D= < Dy 0 > . S(e)=~y2FF —e?BB,

0 Dy

where

(2.11) f:<§;> B:(lg).

By using (2.10) and (2.11), the matrix S(e) can be represented in the block form
_92 / _92 ’
Y F1F1 vy F1F2 A Sl SQ
2.12 == / / ’ - / .
(2.12) 5(e) ( v iR F, v (R F,—<’BB S, Ss(e)

Consider the following hybrid set of Riccati-type algebraic, ordinary differential
and partial differential equations for the matrices P, Q(7) and R(r, p) in the domain
D={(r,p): =h <7<0, —h<p<0}

(2.13) PA+ AP+ PS()P+Q(0) +Q (0) + D=0,

/

(2.14) aQ(r)/dr = (A+ S(=)P) Q(r) + PG(r) + R(0,7),

(2.15)  (9/0r +0/3p)R(r,p) = G (1)Q(p) + Q' (T)G(p) + Q'(T)S(£)Q(p).
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The matrices Q(7) and R(r, p) satisfy the boundary conditions
(2.16) Q(~h)=PH, R(~h7)=HQ(r), R(r,~h)=Q (1)H.

It is seen that the matrix-valued functions Q(7) and R(7, p) are present in the set
(2.13)-(2.15) with deviating arguments. The problem (2.13)-(2.16) is, in general,
of a high dimension. Moreover, due to the expression for S(g) (see (2.12)), this
problem is ill-posed for € — + 0.

Let, for some £ > 0, the triplet {P(¢), Q(t,¢), R(7, p,€)} be a solution of (2.13)-
(2.16) in the domain D. Consider the linear systems

dz(t)/dt = [A — e 2BB P(e)]z(t) + Hz(t — h)

0
(2.17) + / G(7) — e 2BB Q(r, e)]2(t + 7)dr, ¢ >0,
—h
In the sequel, we call the system (2.17) to be exponentially stable for a given
e > 0, if for this €, and any given ¢, (1) € L?[—h,0; E"™™] and ¢ € E"™™, its
solution z(t,e) with the initial conditions

(2.18) (1) = (1), TE[=h0);  2(0) = o
satisfies the inequality
219) [t < ele)exp(—u()0) (ool + elliz).  t >0,

where ¢(g) > 0 and p(e) > 0 are some constants.

Remark 2.1. Note that, by virtue of [6] (Theorem 5.3), the system (2.17) is expo-
nentially stable for a given € > 0, if and only if all roots A = \(¢) of its characteristic
equation

det [A — e 2BB P(e) + exp(—\h)H

0
(2.20) + /_ exp(\r)G(r) = £ 2BE Qr)ldr = Al =0

lie inside the left-hand half-plane.

Lemma 2.2. Let, for a given € > 0, there ezist a solution {P(g), Q(t,¢), R(T, p,€)}
of (2.13)-(2.16) such that

(2.21) P'(e) = P(e), R (r,p,e)=R(p,,e),

and the system (2.17) is exponentially stable. Then, for this e, the controller
(2.22)

0
v [x(),y()](t) = —e 15 |:P(E)Z(t) + /h Q(r,e)z(t +1)dT|, 2= col(z,y)
solves the OHICP.

Proof. The lemma is a direct technical extension of the result of [11] (Lemma 1 and
its proof) where the case of only a point-wise state delay in the controlled system
has been considered. O
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2.3. Objectives of the paper. The objectives of this paper are the following:
(i) to construct and justify an asymptotic solution of the set (2.13)-(2.16);

(ii) to derive e-free conditions, which guarantee the existence of the controller (2.22)
solving the OHICP for all sufficiently small € > 0;

(iii) to obtain a controller much simpler than (2.22), which is constructed indepen-
dently of £ while solves the OHICP for all sufficiently small € > 0.

3. ZERO-ORDER ASYMPTOTIC SOLUTION OF (2.13)-(2.16)

3.1. Transformation of (2.13)-(2.16). In order to remove the singularities at
¢ = 0 from the right-hand sides of the equations (2.13)-(2.15), we represent the
solution {P(e),Q(7,¢), R(, p,e)} of (2.13)-(2.16) in the block form

_( Pi(e) eP(e) _( Qi(r,e)  Qar,e)
(3.1)  Ple) = < SPU) cPy(o) > Qr,e) = ( cQs(re) 20i(n2) )

Ri(7,p,e) Ra(r,p,e)
(32) R(T’p’g) - ( Ri(p,’l’,ff) Ri(’rv p7€) )7

where Pj(e), R;(7,p,e), (j = 1,2,3) are matrices of the dimensions n x n, n x
m, m X m, respectively; Q;(7,¢), (i = 1,...,4) are matrices of the dimensions
nXxXn, nxXm, mxXmn, m X m,respectively.

By substituting (3.1)-(3.2), as well as the block representations for the matrices
A, H, G(1), S(e) and D (see (2.9),(2.10),(2.12)) into (2.13)-(2.16), one obtains the
following system (in this new system, for simplicity, we omit the designation of the
dependence of the unknown matrices on ¢):

P Ay + A} Py + ePyAgy + Ay Py + PLS1 Py + Py Sy Py + e P13 Py
(3.3) +£2PyS3(e) Py + Q1(0) + Q1 (0) + Dy = 0,
PiAjg +ePyAgy + A Py + €Ay Py + eP1S1 Py + 2Py Sy Py + e P13 P
(3.4) +e2P3S5(e) P + Qa(0) + £Q3(0) = 0,
ePyA1g + eA1oPy + eP3Agy + €Ay Py + €2 PyS1 Py + £2P3Sy Py + €2 Py So Py
(3.5) +62P3S3(2) P34 £Q4(0) + £Q,(0) + Dy = 0,
dQ:(7)/dr = A}, Q1(7) + €A Qs(7) + PLS1Q1(7) + ePaSyQ (1)
(3.6) 4 eP1S9Qs3(7) 4 €2 PyS3(e)Q3(7) + PLG11(7) + ePyGor (1) + R1(0, 7),
dQs(7)/dr = A}1Qa(7) + A5 Qu(7) + PLS1Qa(7) + e PaSyQa(7)
(3.7) +eP;1S2Q4(T) + 2 PaS3()Qua(T) + Ra(0, 7),
£dQs(7)/dr = ALLQ1(7) + A5 Qs(T) + £PyS1Q1(7) + eP355Q1 (1)
(3.8)  4e2PyS2Qs3(7) + 2 P3S3()Qs(7) + e PyG11(T) + e P3Gy (1) + Ry(7,0),
edQa(r)/dr = A1,Qs(7) + £ A9 Qu(7) + £P3S1Qa(7) + ePsS5Qs(7)
(3.9) +2 Py SoQu(7) + £2P3S3(2)Qa(7) + R3(0,7),
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(0/97+0/9p)Ra(r, p) = G11(1)Q1(p) + Q1 (7)G1i(p)
+£Glyy (T)Qs(p) + £Q3(7)Ga1 (p) + Q1 (1) S1Q1 (p)
(3.10) +2Q3(7)S5Q1(p) + £Q1(7)52Q3(p) + £2Q5(7)S3(2)Q3(p),
(8/07 + 8/9p) Ra(7, p) = G11(T)Q2(p) + £Gay (T)Qu(p) + Q1 (7)S1Qa(p)
(3.11) +2Q3(7)S5Qa(p) + £Q1(7)S2Qu(p) + £2Q3(7) S3(2)Qu(p),
(0/07 + 0/Dp)Rs(7, p) = Q2(7)S1Q2(p) + £Q1(7)S2Qa2(p)

(3.12) +eQ5(7)S2Qu(p) + £2Q;(7)S3(£)Qu(p),

(3.13) Q1(—h) = PLHj1 +eP2Hyy,  Q2(—h) =

(3.14) Q3(—h) = PyHyy + PsHy,  Qu(—h) =0,

(3.15) Ry(=h,7) = HQi(7) +eHy Qs(7), Ra(r,—h) = Q\(7)Hi1 +€Q3(7) Ha,
(3.16) Ro(—h,7) = H11Qa(T) + eHy Qu(1),  Ra(r,—h) =0,

(3.17) Rs(—h,7) = Rs(7,—h) =0.

It is verified directly that we can set

(3.18)  @a(7) =0, Qu(r)=0, Ry(r,p)=0, Rs(r,p)=0, (r,p) €D
without a formal contradiction with the system (3.3)-(3.17). In the sequel, we seek

the solution of this system satisfying the condition (3.18).
By substitution (3.18) into (3.3)-(3.17), the latter is reduced to the system

PiAj + A Py + ePyAg + €Ay Py + PSP + Py Sy Py + Py So Py

(3.19) +e2PyS3(e) Py + Q1(0) + Q1 (0) + Dy = 0,
PiAs +ePyAgy + A Py + €Ay, Py + ePLS1 Py 4 2Py Sy Py + e PLSy P
(3.20) +62P5S3(e) P3 4 £Q5(0) = 0,
ePyA1g + eAloPy + eP3Agy + €Ay Py + 2Py Sy Py + £2P3Sy Py + €2 Py So Py
(3.21) +&2P383(e)P3 + Do = 0,
dQ1(7)/dr = ALLQ1(7) + e A5,Q3(7) + PLS1Q1(7) + eP2S5Q1 (1)

(3.22) 4 eP152Qs3(7) + &°P2S3(e)Qs(7) + PiG11(7) + eP2Gar (1) + R1(0,7),

£dQs(7)/dr = ApQi(7) + £ ApQs(7) +ePyS1Q1(7) + e P35,Qu (7)
(3.23) +62P585Q3(7) 4 £2P3S3(e)Q3(7) + e PyGi1(7) 4+ P3sGoy (1),

(o/or ‘/*' 0/0p)Ra (T, p) = G (T)Q1(p) + Q1(7)G11(p)
+eGo (T)Q3(p) +eQ3(T)G21(p) + Q1(7)S1Q1(p)

(3.24) +2Q3(7)55Q1(p) + £Q1(7)S2Q3(p) + £2Q3(7) S3()Qs(p),
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(3.25) Q1(—h) = PLH11 +ePyHo,
(3.26) Qs(—h) = PyHyy + P3Hoy,

(3.27) Ri(—h,7) = Hy,Q1(7) +cHyQs(7), Ri(r,—h) = Q\(7)H11 + Qy(7)Ha1.

The system (3.19)-(3.27) represents a singularly perturbed boundary-value prob-
lem for a hybrid set of equations, which contains matrix algebraic, and ordinary
and partial differential equations of Riccati type. Moreover, the unknown matrices
Q1(7), Q3(7) and R; (7, p) are with deviating arguments in this set. This problem
is considered in the domain D with a non-smooth boundary. In order to construct
the asymptotic solution of this problem, we adapt the idea of the boundary function
method [39].

3.2. Formal asymptotic solution of (3.19)-(3.27). We seek the zero-order as-
ymptotic solution of the problem (3.19)-(3.27) in the form

(328) {-PjOanO(Tae)aRlo(Ta pae)}, ] = 172737 l= ]-737

where the matrices Pjo are independent of e, while the matrices Qo(7,e) and
Rio(T, p,€) have the form

(3.29) Qio(7,e) = Quo(T) + Qp(n), 1=1,3, n=(7+h)/e,

(3.30) Rio(,p,e) = Rio(7, p) + Rio(n, p) + Riy(7,¢) + Rig (0,¢), (= (p+h)/e.

Here the terms with the bar are so called outer solution, the terms with the su-
perscript ”7” are the boundary layer correction in a neighborhood of the bound-
ary 7 = —h, the term with the superscript ”p” is the boundary layer correc-
tion in a neighborhood of the boundary p = —h, and the term with the super-
script 77, p” is the boundary layer correction in a neighborhood of the corner point
(tr = —h,p = —h). Equations and conditions for the asymptotic solution are ob-
tained by substituting (3.28),(3.29) and (3.30) into (3.19)-(3.27) and equating coef-
ficients for the same power of € on both sides of the resulting equations, separately
for the outer solution and for the boundary layer corrections of each type. The
boundary layer corrections are assumed (in accordance with the boundary func-
tion method [39]) to be considerable only in small neighborhoods of the respective
boundaries. Such an assumption on the behavior of each boundary layer correction,
yields an additional condition for its obtaining.

3.3. Obtaining Q7,(n) and R]y(n, p), R (7,¢), R1Y (n,¢). Due to the above
mentioned procedure of obtaining equations for the terms of the asymptotic solution,
we obtain the following equation for Q7,(n):

(3.31) dQo(n)/dn =0, n=0.

In order to obtain a single solution of this equation, we need an additional condition.
By such a condition, we use (due to the boundary function method [39]) a reasonable
requirement that the boundary layer correction is considerable only in some right-
hand neighborhood of n = 0, and it tends to zero while n — +o0, i.e.,

(3.32) lim Q7y(n) =0.
oo
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Using this requirement, one directly has from (3.31)

(3.33) Qio(n) =0 Vn=0.
For R7y(n,p), Riy(7,¢), R1{(n,¢), the following equations are obtained:
(3.34) ORio(n,p)/On =0, n=0,
(3.35) OR{y(7,¢)/0C =0, (>0,
(3.36) (0/0n +0/0C) Ry’ (n,¢) =0, 1 =0, ¢=0.

To obtain single solutions of these equations, we use (similarly to (3.32)) the addi-
tional conditions

(337) nEIJPoo R71—0(77710) = 07 pe [_h’ 0]7
(338) CETOO Rfl)O(T? C) =0, T E [_h70]7
(3.39) lm R0.0) =0,

The equations (3.34)-(3.36) subject to the conditions (3.37)-(3.39) yield the unique
solutions

(3.40) Rio(n,p) =0 V(n,p) € [0,400) x [=h,0],
(3.41) RCy(T,0) =0 Y(7,¢) € [=h,0] x [0, +00),
(3.42) Riy(m,¢) =0 ¥(n,¢) € [0,+0oc) x [0,400).

3.4. Obtaining the outer solution.

3.4.1. Equations and conditions for the outer solution. By using (2.12), we have the
following equations and conditions for the outer solution in the domain D:

PioAyy + Ay Pro + v 2Py FLF, Py — 152033/152/0

(3.43) +Q10(0) + Q19(0) + Dy =0,
(3.44) PigA1y — PyyBB Py =0,
(3.45) ~P3BB Py + Dy = 0,

dQ10(7)/dr = A, Quo(7) + 7 2PioFLF Quo(7) — P BB Qso(7)
(3.46) +P1oG11(7) + R10(0,7),
(3.47) A}5Quo(r) — P3oBB'Qs0(7) =0,

(0/07 + 8/9p) Rao(7, p) = G11(7)Q10(p) + Q'o(T) G (p)

(3.48) +772Q10(T)F1F1Qu0(p) — Q30(m) BB Qso(p),
(3.49) Qi0(—h) = PioHuy,

(3.50) Rio(=h,7) = Hy,Q10(7), Rio(r,—h) = Q\o(7)Hi1.



244 VALERY Y. GLIZER

Since the matrix B is invertible and the matrix Dy is positive definite, then, due
o [41], the equation (3.45) has the following unique symmetric positive definite
solution

_ ; / / 1/2 /
(3.51) Py = (BB)V2((BB)'2Dy(BB)/2) (BB 112,
where the superscript ”1/2” denotes the unique symmetric positive definite square
root of respective symmetric positive definite matrix, the one ”-1/2” denotes the
square root of respective inverse matrix.

The equations (3.44) and (3.47) yield, respectively,

(3.52) Pyy = PgAppa,
and
(3.53) Q30(7) = (o) A15Q10(7).
where
= ! ! ! 1 2 /
(3.54) a2 BB Py = (BB )1/2((BB )/2Dy(BB )1/2) BB,

Since Do is positive definite, all eigenvalues of « are real positive.
Eliminating Py and @Q30(7) from the equations (3.43),(3.46) and (3.48) by using
3.51) and (3.52)-(3.53) yields the following set of equations

3.55) PioA1 + A} Pio 4+ PioSPio + Q10(0) + Q10(0) + Dy =0,
3.56) dQ1o(7)/dm = A1, Q10(7) + PioSQ10(7) + PioGi1(7) 4 Rio(0,7),

3.57) (/01 +8/9p)Rio(7,p) = G1(T)Q10(p) + Q1o(T)G1(p) + Q1o(T)SQ10(p),
where
(3.58) S =72 F, — A;pDy AL,

Thus, in order to obtain the outer solution, one has to solve the system (3.55)-
(3.57) with the boundary conditions (3.49)-(3.50).

3.4.2. Reduced Ho, Control Problem and Solution of the Problem (3.49)-(3.50),
(8.55)-(8.57). Setting formally ¢ = 0 in the OHICP, one obtains the following
problem, after a simple rearrangement and a redenoting x, y, w and J by z, 7, w
and J, respectively,

(
(
(
(

0
d.f(t)/dt = Ani‘(t) + Hll.f(t — h) + " GH(T).CZ‘(t + T)dT
(3.59) +A129(t) + Frw(t), t>0,
(3.60) Z(t)=0, t<o.
- A oo, / /
(3.61) 72 [T [ Wit + 7 (0Pa(e) 0 (e

Since the variable (t) does not satisfy any equation for ¢ € [0,+400), one can
choose it to satisfy a desirable property of the system (3.59). This means that the
variable 7(t) can be considered as a control variable in the system (3.59). Thus,
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the functional (3.61), calculated along trajectories of this system, depends on the
control variable g(t) and the disturbance w(t) € L?[0, +-o0; E9], i.e., J = J(7,w).
For the system (3.59), the Hy, control problem with a performance level v can be
formulated. Namely, to find a controller y*[x(-)](¢) that internally stabilizes this
system and ensures the inequality J(7*,w) < 0 along trajectories of (3.59)-(3.60)
for all w(t) € L2[0,4o00; E9). This Hu control problem is called the reduced Hoo
control problem (RHICP) associated with the OHICP.

Let the triplet S 2 {1510, Q10(7), Rio(r, p)} be a solution of the problem (3.49)-

(3.50), (3.55)-(3.57) in the domain D.
Consider the linear systems

dz(t)/dt = (A1 — AjaDy ' Al Pro)Z(t) + Hiy Z(t — h)

0
(3.62) + / [611(r) = ArD A Qula( + T)dr, ¢,

d:f(t) = (All + Splo)f(t) + Hlli‘(t — h)

(3.63) + /_Oh[GH(T) + SQuo(7))Z(t + T)dT, t>0.

In the sequel, we assume:
A1. The problem (3.49)-(3.50), (3.55)-(3.57) has a solution S in the domain D such
that P;, = Pio, Ryo(T,p) = Rio(p,7), and:
(a) the system (3.62) is exponentially stable, i.e. (see [6], Theorem 5.3), all roots A
of its characteristic equation

det |:A11 — A12D2_1A/12P10 + eXp(—)\h)Hll

0
(3.64) +/h exp(A7)[G11(T) — A12D2_1A/12Q10(7‘)]d7' —A,| =0

lie inside the left-hand half-plane;

(b) the system (3.63) is exponentially stable, i.e., all roots X of its characteristic
equation

det [An + 8Py + exp(—Ah) Hiy

0 — —
(3.65) + /—h exp(AT)[G11(7) + SQ1o(7)]dT — )\In} =0

lie inside the left-hand half-plane.
Similarly to Lemma 2.2, one directly obtains the following lemma.

Lemma 3.1. Under the assumption A1 (item a), the controller

’ — 0 =
(3.66) g*[z(-)](t) = =Dy ' A, [Pm:f;(t) + /_h Qm(T).CZ’(t-FT)dT]

solves the RHICP.
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3.5. Obtaining Q%,(n). Using (3.33), (3.40)-(3.42) and (3.54), we obtain the fol-
lowing differential equation and initial condition for Q%,(n):

(3.67) dQ5o(n)/dn = —a' QEo(n), 0 =0.

(3.68) Q%o (0) = Py Hyy + P3gHay — Qso(—h).

Similarly to [18], by using the equations (3.49) and (3.52)-(3.53), one can trans-
form (3.68) as follows

(3.69) Q30(0) = P3oHa.
The initial-value problem (3.67),(3.69) has the unique solution
(3.70) Q%0(n) = exp(—a'n)PyHa1, 1> 0.

Since all eigenvalues of the matrix a are real positive, this solution satisfies the
inequality

(3.711) HQ&J(T})H <aexp(—fn), n=>0,

where a > 0 and 8 > 0 are some constants.

The inequality (3.71) means that the boundary layer correction Q%,(n) is con-
siderable only in some right-hand neighborhood of n = 0, and it is exponentially
decaying for n — +oo.

3.6. Justification of the Asymptotic Solution.

Theorem 3.2. Under the assumption A1 (item b), there exists a positive number
e} such that, for all ¢ € (0,e3], the problem (3.19)-(3.27) has a solution
{Pj(e),Qi(,e), Ri(7,p,e), 7 =1,2,3, | = 1,3} in the domain D. For all (1,p,€) €
D x (0,7], this solution satisfies the symmetry properties

(3.72) P/(e) = Pi(e), Py(e) = Ps(e), Ry(r,p,e) = Ri(p,7¢),

and the inequalities

(3.73)

’P](E)_pJOH SCLE, j:172737 HRI(Tvpvg)_RIO(T7p)H SCLE,

(3.74) HQl(T, ) — QlO(T)H < ae, HQg(T,E) — Q30(T,€)H < ae,

where a > 0 is some constant independent of €.

Proof. The theorem is proved very similarly to [18] (Theorem 3.1). O
Theorem 3.2 directly yields the following corollary.

Corollary 3.3. Under the assumption A1 (item b), for all € € (0,€7], the problem
(3.3)-(8.17) has a solution {P;(e), Qi(T,¢), Rj(T,p,€), 7 =1,2,3, i=1,....,4}. The
components Q(7,e), (k = 2,4) and Ri(1,p,e), (I = 2,3) of this solution satisfy
(8.18). The other components of this solution constitute the solution of the problem
(3.19)-(3.27) mentioned in Theorem 3.2.



Ho CHEAP CONTROL FOR A CLASS OF LINEAR SYSTEMS WITH STATE DELAYS 247

4. e-FREE SOLVABILITY CONDITIONS FOR THE OHICP

Consider the controller (2.22) with P(e) and Q(r,¢) given by (3.1) where P;j(¢)
(j =1,2,3) and Q;(7,¢), (i =1,...,4) are the respective components of the solution
to the problem (3.3)-(3.17) mentioned in Corollary 3.3.

By substituting the block form of B, P(e) and Q(7,¢) (see (2.11),(3.1)) into (2.22)
and using (3.18), one obtains after a simple algebra

0
(4.1) wucxmnu»=—B[%@m@»+%@M@»+[ﬁ@anaxu+7mﬂ.

Lemma 4.1. Let the assumption A1 (item a) be valid. Then, there ezists a positive
constant €5, (¢35 < €}) such that the system (2.17) is exponentially stable uniformly
with respect to € € (0,€3).

Proof. Substituting the block form of B, P(e) and Q(7,¢) (see (2.11),(3.1)), as well
as z = col(x,y), into (2.17) and using (3.18) yield after some rearrangement

0
(4.2) dx(t)/dt = All.%'(t) + Algy(t) + Hul‘(t — h) + /_h GH(T)J}(t +7')d7', t >0,

edy(t)/dt = [c Az, — BB Py(e)]x(t) + [cAsy — BB P3(e)]y(t)

0

(4.3) +eHox(t — h) + /_h[eGgl(T) — BB Q3(r,e)]z(t +7)dr, t>0.

By virtue of Theorem 3.2, the matrices P»(¢), P3(¢) and Q3(7,¢) can be repre-
sented in the following form, valid for all € € (0,¢f] and 7 € [—h, 0],

(4.4) PQ(E) = PQ() + OPQ(E), P3(€) = Pg[) + Opg(&?),

(4.5) Q3(7,2) = Q30(7) + Q3((T + h)/e) + Ogs(7.2),

where Opa(e), Ops(e) and Ogs3(T,€) are known matrix-valued functions satisfying
the inequalities

(4.6) [[Op2(e)]| < as, [[Ops(e)|l < ae, [|Oga(r,e)|| < ae, € (0,61, 7€ [=h,0].

Let ¢, (1) € L?*[—h,0; E"], o, € E™ and g, € E™ be any given. Now, by using
the equations (4.4)-(4.5), the inequalities (4.6), the positiveness of all eigenvalues of
the matrix « = BB’ Py and the assumption A1 (item a), one obtains (very similarly
to [18] (proof of Lemma 7.1)) the existence of a positive number €3, (¢5 < £7), such
that the unique solution col(z(t, ), y(t,¢)) of the system (4.2)-(4.3) with the initial
conditions
(4.7) (1) = (1), TE[=h0);  x(0) =0z Y(0) = poy

satisfies the following inequalities for all € € (0, €3]

(48) o)l < aexp(—vt) (llpoll + llpoyll + lgallze ), £20,

(9) Iyt o)l < aexp(-vt)(llpoll + oyl + leall2), 20,

where a > 0 and v > 0 are some constants independent of ¢.
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The inequalities (4.8)-(4.9) prove the exponential stability of the system (2.17)
uniformly with respect to € € (0, 5], which completes the proof of the lemma. [

Lemmas 2.2, 4.1, Theorem 3.2 and Corollary 3.3 directly yield the following
theorem.

Theorem 4.2. Let the assumption A1 be satisfied. Then, there exists a number
€0 > 0 such that:

(i) for all e € (0,e9], the set of Riccati-type equations (2.13)-(2.16) has a solu-
tion {P(e),Q(T,¢), R(T,p,€)}, (1,p) € D of the form (3.1)-(5.2),(3.18);

(ii) this solution satisfies the symmetry properties P'(¢) = P(¢), R (1,p,€) =
R(p,1,¢) for all e € (0,20] and (1,p) € D;

(iii) this solution provides the system (2.17) to be exponentially stable uniformly
with respect to € € (0,g0);

(iv) the controller (4.1) solves the OHICP for all € € (0,&0].

5. SIMPLIFIED CONTROLLER FOR THE OHICP
Consider the following (n + m) x (n + m) block matrices
. Py ePy ~ Qio(t) 0 >
51 P = —/ — y s — = ,
(5.1) @)= (8 SR e = (ST

where the matrices Pjo, (j = 1,2,3), and Qio(7), (I = 1,3) have been obtained in
Section 3.

Consider the following controller for the OHICP
(5.2)

tolz(-), y()](t) = =18 [Po( / Qo(T,€)z (t+7')d7'] , z=col(x,y).

This controller is obtained from the OHICP controller (2.22) by replacing there
the matrices P(g) and Q(r,¢) by the ones Py(g) and Qo(T,¢), respectively.

Substituting the block form of the state variable z and of the matrices B, Py(e)
and Qo(7,¢) (see (2.11) and (5.1)) into (5.2) yields after a simple rearrangement

(5.3) vo[x(+), y( <P20$ )+ Pgoy / ng x(t + T)dT> .
It is seen that the controller vg[z(-),y(+)](¢) is independent of .

Substituting v = vo[z(-),y(-)](t) into the system (2.5)-(2.6) and the cost func-
tional (2.8), one obtains

dx(t)/dt = Anz(t) + Ay(t) + Hiix(t — h)
(5.4) / Gu(r)z(t + 7)dr + Frw(t), t>0,

edy(t)/dt = [€A21 — BB on]x(t) + [é‘AQQ — BB,P:;()]y(t) + EHglx(t — h)



Ho CHEAP CONTROL FOR A CLASS OF LINEAR SYSTEMS WITH STATE DELAYS 249

0
(5.5) + / [ () - BB Qso(r)|z(t + 7)dr + eFow(t), t>0,
+oo
Han.w) 2 dow) = [ [¢ D10+ (0Dt
0
+0pla (), y () ()l (), y ()] (1) — 'YQw'(t)w(t)} di
= [ [F@Dpia(t) + 25 O Dpaett) +4/ O Dra(t
0 0
20 (1) / Dax(r)a(t -+ )ir+ 24/ () / Daa(r)at+ 7)dr
0 0
60+ [ [ dernDm sl pirdp - <t>w<t>] i,
where
(5.7)  Dp1 = D1+ PyBB Pyy, Dpy = PyBB Py, Dpy= Do+ PyyBB Py,
(58) DQl(T) = pgoBB,ng(T), DQQ(T) = pgoBB,ng(T),
(5.9) Dru(,p) = Qs0(r) BB Qz0(p)-
Remark 5.1. Since, for any z(t) € E", y(t) € E™ and v(t) € E™,
(5.10) 2 () Drz(t) +y (£)Day(t) + v (t)v(t) > 0,
then, for any x(t) € E", y(t) € E™ and z(t + 7) € L?[—h,0; E"],
(5.11) 2 () Dra(t) +y () Day(t) + volz(-), y ()] (B)volz (), y()](t) > 0,

l‘l(t)Dplx(t) + 2.’El (t)Dpzx(t) + y/ (t)ngy(t)

0 0
120 (1) / Dap(r)e(t+ )i+ 24/ () / Daa(r)a(t+ 7)dr

0 (0
(5.12) + /h /h 2 (t +7)Dry (7, p)a(t + p)drdp > 0.

Lemma 5.2. Under the assumption A1 (item a), there exists a positive constant
€1, such that the system (5.4)-(5.5) is internally exponentially stable uniformly with
respect to € € (0,&1].

Proof. In order to prove the lemma, one has to show that the system, obtained
from (5.4)-(5.5) by setting there w(t) = 0, is exponentially stable uniformly with
respect to € € (0,&;] with some positive £;. The latter is proved similarly to Lemma

4.1.

g
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Consider the following (n + m) x (n + m) block matrices

_ _ A Arz
(5.13) Ale) = < Aoy — EleB'Péo Asy — e BB Py > ’
_ . G11(7'> 0
(5.14) G(re) = < Go1(T) —e 'BB'Qs(7) 0 )’
_ Dp1 Dpo 3 DQl(T) 0
5.15 Dp=|( 5 7~ Dolm) =\ 1
(5.15) P < Dy, Dps >’ Q(7) < Dqa(r) 0 )
(516) DR(T, p) = ( ODRI(Ta p) (()) ) , SF = ’Yisz/.

Consider the following hybrid system of algebraic, ordinary differential and partial
differential equations of Riccati type with respect to (n+m) x (n+ m)-matrices P,
Q(7) and R(7,p) in the domain D:

A —

(5.17) PA(e) + A (e)P+ PSpP + Q(0) + Q' (0) + Dp =0,

’

(518)  dQ(r)/d7 = (A(e) + SpP) Q() + PG(r,2) + R(0,7) + Da(7),
(0/0r +0/9p)R(r, p) = G (1,£)Q(p) + Q' (1)G(p.¢)

(5.19) +Q'(1)SrQ(p) + Dr(7, p),
The system (5.17)-(5.19) is considered subject to the boundary conditions

(520) Q(_h) = pH? R(_h77-) = H/Q(T)7 R(Tv _h) = QI(T)H7
where the matrix H is given in (2.9).

Let the triple {P(¢), Q(T,¢), R(T, p,€)} be a solution of the problem (5.17)-(5.20)
for some ¢ € (0, £;], where the positive constant & has been introduced in Lemma
5.2.

Lemma 5.3. Let the assumption A1 (item a) be satisfied. Let, for some e € (0,£&1],
the problem (5.17)-(5.20) has a solution {P(¢),Q(7,¢), R(T, p,e)} such that

/

(5.21) P'(e) = Pe), R(r,p,e)=Rp 1), (r,p)€D.

Then, for this €, the following inequality is satisfied along trajectories of the system
(5.4)-(5.5) with the initial conditions (2.7):

(5.22) Jo(w) <0 Vw(t) € L*[—h,0; E1].
The proof of the lemma is presented in Section 6.

Lemma 5.4. Let the assumption A1 (item b) be satisfied. Then, there exists a
positive number £y such that for all € € (0, &2):
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(a) the problem (5.17)-(5.20) has a solution {P(¢),Q(t, ), R(t, p,e)}, (1,p) €
D of the block form

(5.23) P(e) = ( f 11352) iiz((?) ) . Qlne) = < %iz;i) (()) ) ’

(5.24) R(7,p,e) = ( 01%1(7, p:€) 00 ) ,

where Pj(e), (j = 1,2,3) are matrices of the dimensions nxn, nxm, mxm,
respectively; QZ(T, e), (I =1,3) are matrices of the dimensions nxmn, mxn,
respectively; R (1, p,€) is a matriz of the dimension n X n;

(b) the matrices Py(¢), (I = 1,3) and Ry (7, p,€) satisfy the symmetry properties

(5.25) P/(e)=Ple), 1=1,3; R(r,p.e)=Ri(p,7.¢), (,p) € D;

(c) the matrices Pj(e), (j = 1,2,3), Qi(r,€), (I = 1,3) and Ry(7,p, ) satisfy
the inequalities

(5.26) HPj(g) - 15jOH <ae, j=1,23,

5.27) [0i(r,e) - Qm(T)H < qe, HQP,(T, &) — Qso(r, g)H <ae, Te[-h0],

(5.28) HRI (7, p,€) — Ryo(T, p)H <ae, (1,p) €D,

where the matrices Pjo, (j = 1,2,3), Q10(7), Qs0(7,€) and Rio(7, p) are the
same as in Theorem 3.2; a > 0 is some constant independent of €.

Proof. The statements of the lemma are obtained similarly to Theorem 3.2 and
Corollary 3.3. g

Lemmas 5.2-5.4 directly yield the following theorem.

Theorem 5.5. Let the assumption A1 be satisfied. Then, the controller (5.3) solves
the OHICP for all € € (0,&0], where &g = min(&y,&2).

6. PROOF OF LEMMA 5.3

Consider the following functional, depending on a parameter ¢t > 0, on a vector
¢o € E™™ and on a function ¢, (0) € L[t — h,t; E"T™]:

t
VANEERVIRPN / N
V[t, w0, p2(0)] = woP(e)po + 2¢ - QO —t,e)p.(0)do

(6.1) + /t . /t . o (VRO —t,0 —t,)p.(c)dbdo.

By using the block vector z = col(x,y), one can rewrite the system (5.4)-(5.5)
and the cost functional (5.6) in the form
9

(6.2) dz(t)/dt = A(e)z(t) + Hz(t — h) + /h G(t,e)z(t + 7)dT + Fw(t), t >0,
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+oo , _ , 0

Jo(w) = / [ (0Dp=(t) + 25 (1) / Do()2(t + 7)dr
0 —h

0 (0
(6.3) + /_h /_h 2 (t+7)Dr(r, p)2(t + p)drdp — 7*w (t)w(t) |dt.

Let, for any given w(t) € L2[0,+00;F9], the vector valued function
20(t;w(+), 2 (+), po) be the solution of the system (6.2) subject to the initial condi-
tions (2.18). Let

(6‘4) Vb(t; w(')7 902(‘)7 900) é V[tv ZO(t; w(')? 902(')7 900)7 20(0; w(')v 902(‘)7 900)]7

where t > 0 and 0 € [t — h,t).
Calculating the derivative of Vi (t;w(-), ¢2(-), o) with respect to ¢ and using the
equations (5.17)-(5.20) and (6.2) yield after some rearrangement

dV()(t; w(-), ‘Pz(')ﬂ (PO)/dt = _Z[/)(t; w(')? (Pz(')v (PO)DPZO(t; w(')? (Pz(')v 900)

“2p(tw()@x()p0) | Dol =t)z0(0:w(): 0 (), po)df

_ /t_h /t_h 20(0;w(-), (), 00)Dr(0 — t,0 — t)zo(o;w(-), @2 (-), o )dbdo

(6.5) +7°w' ()w(t) —*[w(t) = wot; w(-), @2 (), wo)] Tw(t) = wolt; w(-), @2 (), o),
where
wO(t;w(')7¢z(')a900) = 7_2]:, p(g)ZO(t;w(')a@z(')v‘)OO)

(6.6) +] Q- )z0(65 (), (), 0)db)

By changing the integration variables § —t = 7 and 0 —t = p, the equation (6.5)
becomes

dVo(t;w(-), 02 (-), po) /dt = —Zo(t;w(-), 2 (), po) + ¥*w ()w(t)

(6.7) —7P[w(t) = wolt; w(-), 02, o) Tw(t) — wolt; w(-), 0=(), o),

where

Zo(t;w(-),0:(), 0) = 2o(t;w(-), 2 (), 90) Dpzo(t; w(-), = (-), o)

0
+2Z6(t; w(')v ‘PZ(')v 900) /—h DQ(T)ZO(t + T w(')v 902(')’ SOO)dT

0 0
©8) + [ [ st riwC)p 0Dl palt + g w0, () poldrds
By virtue of Remark 5.1, one has the inequality

(6.9) Zo(t;w(-),9:(-),00) = 0
vt >0, w() € L2[07+OO;Eq]7 (PZ() S LQ[_hvo;En+m]a Yo € Ertm,
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Setting in (6.7) w(-) = 0 and using (6.9) yield
(6.10)  dVo(t;0,¢0.(-),p0)/dt <0 Yt >0, @.(-) € L*)[—h,0; E"™], ¢o € E"T™.
Due to Lemma 5.2,

(6.11)  lim 2(t0,0:(-),00) =0 Vepa(-) € L*[=h, 0; E"™], g € B" ™.

Integrating the inequality (6.10) from 0 to +o0o and using (6.1), (6.4) and (6.11),
we obtain the inequality

(6.12) Vo(0;0,0.(-), 00) >0 Ve.(-) € L})[—h,0; E™™], ¢o € E™™,
or

0
oo P() g0 + 260 / Qg (rir

(6.13) / / . (VR(T, p,e)p-(p)drdp > 0

V(:Oz(') € LQ[_h,O; En—i—m]’ Yo € EvT™,
The equation (6.7) yields the inequality

(6‘14) dv()(t; w(')? sz(')ﬂ (PO)/dt + ZO(t; w(')? @z(')% 900) < ’72wl(t)w(t)7 t > 0.

Setting in (6.14) ¢.(-) = 0, ¢o = 0, integrating the resulting inequality from 0 to
any fixed 7' > 0 and using (6.1), (6.4) yield

T T
(6.15) %(T;w(-),0,0)+/0 Zo(t;w(‘),O,O)dtS/O 2w (t)w(t)dt.

By changing in (6.1) the integration variables § —t = 7 and 0 — t = p, and using
(6.4), the value Vp(T;w(-),0,0) can be expressed as follows:

Vo(T;w(+),0,0) = 2(T3w(-), 0,0)P(e)20(T; w(-),0,0)

/ 0 N
125 (T3 w(-), 0,0) /_h O, €)20(T + 7 w(-), 0,0)dr

(6.16) / / 20(T + 75w(-),0,0)R(7, p, €)20(T + p; w(-), 0, 0)drdp.
By virtue of (6.13), the equation (6.16) yields
(6.17) Vo(T;w(+),0,0) >0 VT >0, w(-) € L*[0, +o0; EY].

The latter, along with (6.15), implies
T T
(6.18) / Zo(t;w(-),0,0)dt < / Vw' Qw(t)dt VT >0, w(-) € L*[0, 4o00; EY).
0 0
By using the inequalities (6.9) and 6.18), we directly obtain that the integral

+oo
/ Zo(t;w(-),0,0)dt
0
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converges, and
—+o0o —+o00 ,
(6.19) Zo(t;w(+),0,0)dt < / 2w (Hw(t)dt Vw(-) € L*[0, +o0; E9).
0 0
The latter, along with (6.3) and (6.8), yields the inequality (5.22), which completes
the proof of the lemma.

7. DIRECT METHOD OF CONSTRUCTING A SIMPLIFIED CONTROLLER FOR THE
OHICP

In this section, we propose another method of constructing a simplified controller
for the OHICP. This method is not based on the asymptotic solution of the set of
Riccati-type matrix equations arising in the solvability conditions for the OHICP,
but it is based on an asymptotic decomposition of the OHICP into two much simpler
e-free subproblems, the slow and fast ones.

7.1. Slow Subproblem. The slow subproblem is obtained from the OHICP by
setting there formally ¢ = 0 and redenoting z,y,v and J by zs,ys,vs and Jg,
respectively. Thus, one obtains

dl‘s(t)/dt = A11$s(7f) + Algys(t) + Hlll‘s(t — h)

0
(7.1) +/ G (7)zs(t + 7)dm + Frws(t), t>0,
—h
(7.2) Bug(t) =0, te€]0,+00),
(7.3) zs(t) =0, <0,

+oo
14 do= [ O+ O Dasn(t) + 1 00n(B) = Pl 0] .

Since the matrix B is invertible, the equation (7.2) implies

(7.5) vs(t) =0, te€0,400).
Substituting (7.5) into (7.4) yields
+o0
10 g= [ 0D+ i ODa) — (o)

Note, that in the system (7.1) (similarly to the system (3.59)), the variable ys(t)
can be considered as a control. The latter means that the functional (7.6), calculated
along trajectories of (7.1), (7.3), depends on the control function ys(¢) and the
disturbance ws(t) € L2[0, +00; E9], i.e., Js = Js(ys, ws). Thus, for the system (7.1),
initial condition (7.3) and the cost functional (7.6), the Hy control problem with a
performance level v can be formulated. Comparing this problem with the RHICP
introduced in Section 3.4.2, one can conclude that these problems coincide with
each other. Thus, by Lemma 3.1, the controller, solving the H,, control problem
(7.1),(7.3),(7.6), has the form

0
(7.7) yiles())(8) = =Dy ' Ay [Ploxs(t) +/_h Quo(r)zs(t +7)dr|
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where the matrices Pjg and Q10(7) are the respective components of the solution S
to the problem (3.49)-(3.50),(3.55)-(3.57), satisfying the assumption Al (item a).

7.2. Fast Subproblem. The fast subproblem is obtained in the following three
stages. First, the slow variable z(-) is removed from the equation (2.6) and the cost
functional (2.8) of the OHICP. Second, the following transformation of variables is
made in the resulting problem:

t=¢e&  y(e) =yr&), v(eg) =vs(§),
(7.8) w(el) =wp(§), J(v(ed),w(ef)) = eJy(vs(§), wy(§)),

where £, y¢, vy, wy and Jy are new independent variable, state, control, disturbance
and cost functional, respectively. Thus, we obtain the system and the cost functional

(7.9) dys(€)/d§ = eAnys(€) + Bus(§) + eFawy(§), € >0,

i

+00 , ,
110)  Jytorwn) = [ [5HODa€) + v ©ur©) (€ @)

Finally, neglecting formally the terms with the multiplier £ in (7.9) yields the
System

(7.11) dys(€)/de = Bug(§),  €>0.

For this system, the H., control problem with a performance level v can be
formulated as follows. To find a controller v}[y,(¢)] that stabilizes (7.11) and ensures
the inequality J (v}, wy) < 0 along its trajectories for all w (&) € La[0, +-00; E] and
for y¢(0) = 0. This Hy control problem is called the fast Ho, control subproblem
associated with the OHICP.

Let K be any m X m-matrix such that BK is a Hurwitz matrix. Then, the
controller

(7.12) vilyr (O] = Kyr(€)

solves the fast H., control subproblem.

Since the system (7.11) and the cost functional (7.10) are particular cases of
the ones (2.5)-(2.6) and (2.8), respectively, we choose the matrix K in accordance
with Lemma 2.2. Due to this lemma, the controller, solving the corresponding H
problem, is designed by using a solution of the problem (2.13)-(2.16). For the fast
Hy, control subproblem, (2.13)-(2.16) is reduced to the algebraic matrix Riccati
equation with respect to P

(7.13) —P;BB Py + Dy = 0.

Comparing this equation with the one (3.45), we can conclude that these equa-
tions coincide with each other. Therefore, (7.13) has the unique symmetric positive
definite solution

(7.14) Py = Py,

where Pj is given by (3.51). Based on this solution of (7.13), we choose the gain
matrix K in (7.12) as K = —B'P;. Thus, the matrix BK = —BB'P; = —a, where
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the matrix « is given by (3.54). Since all eigenvalues of « are real positive, then the
matrix BK is a Hurwitz one. Hence, the controller

(7.15) vilys(€)] = —B Prys ()
solves the fast H,, control subproblem.

7.3. Composite Controller for the OHICP. In this subsection, based on the
control vs(t), given by (7.5), the controller yX[xs(-)](¢), solving the Hy control
problem (7.1),(7.3),(7.6), and the controller v}i[ys(£)], solving the fast Ho, control
subproblem, we construct a composite controller for the OHICP. Then, we show
that this controller solves the OHICP for all sufficiently small € > 0.

The composite controller is obtained in the form

(7.16) velz (), y()I(t) = vs(t) + vF[5(t/e)],
where g(t/e) is defined as follows
(7.17) §(t/2) = y(t) gl ).

Substituting (7.5) and (7.15) into (7.16), and using (7.7), (7.14) and (7.17) yield

after some rearrangement

vela(4), y()](t) = ~B'Pu{y(t)

(7.18) +D; A12 Proa(t) / Quo(7 t—l—T)dr}}

By virtue of the equations (3.45),(3.52) and (3.53), the expression (7.18) can be
transformed equivalently as follows

(7.19) v z(),y()](t) = —-B (PQ’O:,;( + Pyoy(t) / Qs0(T t+r)d7>.

Comparing the expression (7.19) for the composite controller with the expression
(5.3) for the e-free controller, solving the OHICP, one can conclude that these
controllers coincide with each other. Thus, the statement of Theorem 5.5 also is
valid for the composite controller v.[z(+), y(-)](t), meaning that this controller solves
the OHICP for all sufficiently small ¢ > 0.

8. CONCLUSIONS

In this paper, a linear time-invariant controlled system with point-wise and dis-
tributed state delays and a square-integrable disturbance was considered. It is
assumed that this system consists of two modes. One of them is controlled directly,
while the other is controlled through the first one. Moreover, the case where the
state variable of the mode, controlled directly, has no delays is treated. For this
system, the infinite horizon H,, control problem with a given performance level was
studied. The control cost in the cost functional of this problem is assumed to be
small with respect to the state and disturbance costs, i.e., the considered problem
is the Hy cheap control problem. By using a simple control transformation, this
problem was converted to the H, control problem for a system with a small mul-
tiplier € > 0 for a part of the derivatives, i.e., to a singularly perturbed system. In
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this singularly perturbed system, the slow state variable has delays, while the fast
state variable has not. For this new H, control problem, considered in the sequel as
an original one, two methods of solution were proposed. The first method is based
on the asymptotic solution of the set of Riccati-type matrix equations arising in the
H, control problem solvability conditions. This method yields the e-free solvabil-
ity conditions for the original H, control problem, as well as the e-free controller,
solving this problem for all sufficiently small values € > 0.

The second method is based on an asymptotic decomposition of the original
H, control problem into two much simpler e-free subproblems, the slow and fast
ones. For each of these subproblems the resolving controller was obtained. Then,
by using these controllers, the composite controller, solving the original problem,
was designed. It was shown that this composite controller coincides with the e-free
controller obtained by the first method.
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