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GLOBAL ATTRACTORS FOR DISCRETE DISPERSE
DYNAMICAL SYSTEMS
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ABSTRACT. In this paper we discuss the asymptotic behavior of trajectories of
discrete disperse dynamical systems generated by set-valued mappings

1. DISCRETE DISPERSE DYNAMICAL SYSTEMS

Dynamical systems theory has been a rapidly growing area of research which
has various applications to physics, engineering, biology and economics. In this
theory one of the goals is to study the asymptotic behavior of the trajectories of
a dynamical system. A discrete-time dynamical system is described by a space of
states and a transition operator which can be set-valued. Usually in the dynamical
systems theory a transition operator is single-valued. In the present paper we
consider a class of dynamical systems introduced in [3] and studied in [4, 5, 7, §]
with a compact metric space of states and a set-valued transition operator. Such
dynamical systems describe economical models [1, 2, 6].

Let (X, p) be a compact metric space and let a : X — 2% \ {0} be a set-valued
mapping whose graph

graph(a) = {(z,y) € X x X : y € a(z)}
is a closed subset of X x X. For each nonempty subset £ C X set
a(E)=U{a(x): 2 € E} and a’(E) = E.
By induction we define a™(E) for any natural number n and any nonempty subset
E C X as follows:
a"(E) = a(a""{(E)).

In this paper we discuss convergence of trajectories of the dynamical system
generated by the set-valued mapping a. Following [3, 4] this system is called a
discrete disperse dynamical system.

First we define a trajectory of this system.

A sequence {x:}7°, C X is called a trajectory of a (or just a trajectory if the

mapping a is understood) if x;1 € a(z;) for all integers ¢ > 0.
Put

Qa) ={z € X : for each € > 0 there is a trajectory {z;};2,
such that litm inf p(z, x¢) < €}. (1.1)
—00
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Clearly, Q(a) is closed subset of (X, p). In the present paper the set Q(a) will be
called a global attractor of a. Note that in [3-5] ©(a) was called a turnpike set of
a. This terminology was motivated by mathematical economics [1, 2, 6].

For each z € X and each nonempty closed subset £ C X put

p(z, E) =inf{p(z,y) : y € E}.

It is clear that for each trajectory {z;}$2, we have lim; . p(z+, Q2(a)) = 0.
It is not difficult to see that if for a nonempty closed set B C X

lim p(x¢, B) =0
t—00

for each trajectory {x;}{2,, then Q(a) C B.

In this section we discuss uniform convergence of trajectories to the global at-
tractor (a).

The following useful result was obtained in [7].

Proposition 1.1. Let € > 0. Then there exists a natural number T(e) such that
for each trajectory {x¢}72,

min{p(z, Q(a)) : t=0,...,T(e)} <e.

The following theorem established in [7] provides necessary and sufficient condi-
tions for uniform convergence of trajectories to the global attractor.

Theorem 1.2. The following properties are equivalent:

(1) For each € > 0 there exists a natural number T'(€) such that for each trajectory
{z+}72, and each integer t > T'(€) we have p(xt,Q(a)) < e.

(2) If a sequence {x:}2_ o C X satisfies x4 € a(xy) for all integers t, then
(20} © Ra).

(3) For each € > 0 there exists 6 > 0 such that for each trajectory {x;};2
satisfying p(zo, 2(a)) < 0 the inequality p(x¢, 2(a)) < € holds for all integers t > 0.

The following two theorems established in [7] show that convergence of trajecto-
ries to the global attractor holds even in the presence of computational errors.

Theorem 1.3. Let € > 0. Then there exist 6 > 0 and a natural number T'(e)
such that for each sequence {z:}72, C X satisfying p(xi41,a(xe)) < & and for each
integer t > 0 the following inequality holds:

min{p(z, Q(a)): t=0,...,T(e)} <e.

Theorem 1.4. Assume that property (2) from Theorem 1.2 holds. Then for each
e > 0 there exist § > 0 and a natural number T'(e) such that for each sequence
{24} C X satisfying

p(xi41,a(x)) < 9§ for all integers t >0

the inequality p(xz¢,Q2(a)) < € holds for each integer t > T'(€).
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2. EXAMPLES

Denote by II(X) the set of all nonempty closed subsets of (X,p). For each
A, B € II(X) set

H(A, B) = max{sup p(z, B), sup p(y, A) }. (2.1)
€A yeB
It is known that the space (II(X), H) is a complete metric space.

Ezample 1. Let a : X — X satisfy p(a(z),a(y)) < p(x,y) for each z,y €
Since the mapping a is single-valued it is not difficult to see that a(2(a)) C 2
and property (3) from Theorem 1.2 holds.

Example 2. Let a : X — X satisfy the following condition:

(C1) for each € > 0 there exists € (0,¢) such that for each pair z,y € X
satisfying p(x,y) < § we have p(a"x,a"y) < € for all natural numbers n.

It was shown in [7] that the property (3) from Theorem 1.2 holds.

Example 3. Let a: X — 2% \ 0 have a closed graph. Assume that

X.
(a)

H(a(w), a(y)) < cplw,y) for all o,y € X

with a constant ¢ € (0,1). It was shown in [7] that the property (3) from Theorem
1.2 holds.

3. SPACES OF SET-VALUED MAPPINGS

In this section we consider classes of discrete disperse dynamical systems whose
global attractors are a singleton.

Denote by A the set of all mappings a : X — II(X) with closed graphs. For each
ai,as € A set

da(ar,as) =sup{H(ai(x),as(z)): € X}.

It is clear that the metric space (A, d4) is complete.

Denote by A, the set of all continuous mappings a : X — II(X) which belong to
A, by Ay the set of all a € A such that a(z) is a singleton for each z € X and set
Afe = Ar N A.. Clearly Af, A. and Ay, are closed subsets of (A,d4).

Let M be one of the following spaces: A; A¢; Ag; Ay.. The space M is equipped
with the metric d 4.

Denote by M., the set of all a € M such that (a) is a singleton and that
properties (1-3) from Theorem 1.2 hold.

Denote by /\;lreg the closure of M,y in (M, d4). The following result established
in [7] shows that most elements of M., (in the sense of Baire category) belong to

Mg

Theorem 3.1. The set M,y contains a countable intersection of open everywhere
dense subsets of (Myeg,dA).

4. STABLE POINTS AND LYAPUNOV FUNCTIONS

Let (X, p) be a compact metric space and let II(X) be the collection of all closed
nonempty subsets of (X, p) equipped with the Hausdorff metric H defined by (2.1).
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We consider a continuous mapping a : X — II(X). Denote by £, the set of all
continuous functions s : X — R! such that

s(z) >0 for al z € X,

s(y) < s(zx) for all x € X and all y € a(z).
A function s € L, is a Lyupunov function for the dynamical system generated
by the mapping a.
For each s € L, set
(soa)(x) =max{s(y): y€alx)}, zeX
and
Wy={zxeX: s(x)=(soa)(x)}.
The following result was established in [4, Proposition 16.1].

Proposition 4.1. For any s € L, the set Wy is nonempty and closed.
Set

Wa — ﬂse/:a Ws-
The following two theorems were established in [4, Theorems 16.1 and 16.2].

Theorem 4.2. The set W is a collection of all x € X for which there exists a
trajectory {x:};2y C X of a such that xo = x and for all s € L,,

s(xo) = s(xi), i =1,2,...
Theorem 4.3. For each trajectory {x:};2, of a,
lim p(zy, W) = 0.
t—o00

A point z € X is called stable if for any e > 0 there exists a trajectory {z,}7>, C
X such that ¢ = z and liminf,,_,o p(zp, ) < €.

Denote by I, the set of all stable points and consider the set {(a) introduced in
Section 1.

It is not difficult to see that

I, € Q(a) C W,.
The following theorem is the main result of [5].

Theorem 4.4. Assume that a : X — II(X) satisfies

H(a(z),a(y)) < p(z,y)

forallx,y € X. Then 11, = W,.
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5. GENERALIZATIONS OF THEOREMS 1.2-1.4

In this section we discuss a class of dynamical systems described by a set-valued
transition operator a : K — 2% \ {0}, where K is a closed subset of a compact
metric space X. In the previous sections we considered the case with K = X.

Let (X, p) be a compact metric space, K be a nonempty closed subset of (X, p)
and let a : K — 2% \ {0} be a set-valued mapping whose graph

graph(a) = {(z,y) e K x X : y € a(z)}

is a closed subset of X x X.
For each x € X and each nonempty closed set £ C X put

p(z, E) = inf{p(z,y) : y € E}.

A sequence {x:}7°, C X is called a trajectory of a (or just a trajectory if the
mapping a is understood) if {x;};2, C K and if 441 € a(z;) for all integers t > 0.

A sequence {a:t}tho C X, where T is a natural number, is called a trajectory
of a (or just a trajectory if the mapping a is understood) if {xt}fz_ol C K and if
xiy1 € a(xy) for all integers ¢t € [0,T — 1].

In this section we use the following assumption introduced in [8]:

(A) For each integer n > 1 there exists a sequence {x:}}, C X such that for each
integer ¢ satisfying 0 <t < n—1 there is (y, z:) € graph(a) such that p(z,y;) < 1/n
and p(xy1,2t) < 1/n.

The following result was established in [§].

Proposition 5.1. Assume that (A) holds. Then there exists a trajectory {x:};2,
of a.
In this section we assume that (A) holds.
Put
Qa) ={z € X : for each € > 0 there is a trajectory {z;};2,

such that lign inf p(z,z;) < €}.
—00
Clearly, Q(a) is a nonempty closed subset of K. It is clear that for each trajectory
{x¢}5°, we have
lim p(z¢, Q(a)) = 0.
t—o0
It is not difficult to see that if for a nonempty closed set B C X
lim p(zy, B) =0
t—o0
for each trajectory {x;}{2,, then Q(a) = B.
In this section we discuss uniform convergence of trajectories to the global at-

tractor Q(a).
The following results were established in [8].

Theorem 5.2. Let € > 0. Then there exist 6 > 0 and a natural number T such
that if {x:}1_o € X and if {(y, 2) Y=y C graph(a) satisfy
p(re, yt) <6, p(@ey1,2t) <6
forallt=0,...,T —1, then
min{p(z,Q(a)): t=0,...,T} <e.
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Theorem 5.3. The following properties are equivalent:
(1) If a sequence {z:};2_., C K satisfies 411 € a(xy) for all integers t, then
{2 o € Qa).

(2) For each € > 0 there is a natural number L such that for each trajectory
{ae}iZ0,

— 00

p(xy, Qa)) < € for all integers t > L.

(3) Let € > 0. Then there exist 6 > 0 and a natural number L such that for each
integer T > 2L and each sequence {x;}1_, C X which satisfies for allt =0,...,T—1
inf{p(zs,y) + p(zr41,2) : (y,2) € graph(a)} <6

the inequality p(x¢, (a)) < € holds for all integerst = L,...,T — L.
Theorem 5.4. Assume that the property (1) from Theorem 5.3 holds and let € > 0.

Then there exist 6 > 0 and a natural number L such that for each integer T > L
and each sequence {x;}1_, C X which satisfies

p(zo,2a)) <6
and
inf{p(z¢,y) + p(z111,2) = (y,2) € graph(a)} <6
fort=0,...,T — 1, the following inequality holds:
p(x,Qa)) <€, t=0,...,T — L.

6. EXTENSIONS OF THEOREM 3.1

In this section we consider classes of discrete disperse dynamical systems whose
global attractors are a singleton.

Let (Y, p) be a compact metric space. Denote by II(Y) the set of all nonempty
closed subsets of Y.

For each z € Y and each A € II(Y) put

p(z, A) = inf{p(z,) : y € A},
For each A, B € II(Y") set

Hy (A, B) = max{sup p(z, B), sup p(y, A)}.
€A yeB

It is known that the space (II(Y'), Hy) is a complete metric space.
Let (X, p) be a compact metric space. For each (z1,22), (y1,y2) € X x X set

p1((x1,22), (y1,42)) = p(x1,y1) + p(22, Y2)-

Then (X x X, p1) is a compact metric space. We consider the complete metric space
(H(X X X),HXX)().

It is clear that any set-valued mapping defined on a subset of X with values in
I1(X) is identified with its graph.

For each S € TI(X x X) set

Kg={x € X : there is y € X such that (z,y) € S},
as(z)={ye X: (z,y) € S}, z € Kg.

Denote by M the set of all S € II(X x X) such that ags possesses a trajectory
{z+}72,. Denote by M the closure of M in the space (II(X x X), Hxxx).
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Let K be a nonempty closed subset of X. Denote by IIx(X x X) the set of
all S € II(X x X) such that Kg = K. Clearly IIx(X x X) is a closed subset of
(II(X x X),Hxxx). Set

My = MNTg(X x X).

Denote by M the closure of My in (II(X x X), Hyxx)-

We equip the spaces M and Mg with the metric Hxy x.

In [8] it was established the following result which shows that most elements of
M (respectively M) (in the sense of Baire category) belong to M (respectively,

M)

Theorem 6.1. The set M (respectively, M) contains a countable intersection of
open everywhere dense subsets of M (respectively, My).

Denote by M, the set of all S € TI(X x X) such that ag possesses a trajectory
{z4}720, Q(ag) is a singleton and the property (1) from Theorem 5.3 holds with
a=ag.

Set

M, gk =M, NIIg(X x X).

Denote by M, (respectively, MT,K) the closure of M, (respectively, M, ) in
the metric space (II(X x X), Hxxx)-

We equip the spaces M, and /\;l,,,K with the metric Hx« x.

In [8] it was established the following result which shows that most elements of
M, (respectively M, i) (in the sense of Baire category) belong to M, (respectively,
M, k).

Theorem 6.2. The set M, (respectigely, M, k) contains a countable intersection
of open everywhere dense subsets of M, (respectively, M, k).
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