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THE BEST CONSTANT OF SOBOLEV INEQUALITY
CORRESPONDING TO ANTIPERIODIC BOUNDARY VALUE
PROBLEM FOR (—1)(d/dz)?M

HIROYUKI YAMAGISHI, YOSHINORI KAMETAKA, AND ATSUSHI NAGAI

ABSTRACT. The variational meaning of the special values ((2M) (M =1,2,3,--+)
of Riemann zeta function ((s) is clarified. They are essentially the best con-
stant of Sobolev inequality, which is given explicitly by investigating Green
function of the “antiperiodic” boundary value problem for differential operator
(—I)M(d/dm)QM.

1. CONCLUSION

Sobolev inequalities
ullLa) < Cllullwme@) (2 CRT)

play crucial roles in the development of theory of differential equations. However,
it is a rare case that the best constant among such C' is found explicitly. Recently,
the best constant of Sobolev inequality in the case p = 2,¢ = oo is obtained by
investigating Green function for a suitable boundary value problem [2, 9]. It should
be noted that conserning the above problem there is a pioneering work by Talenti [§]
in 1976, who found the best constant in another special case ¢ = np/(n — p).

Let us first survey our results [4, 5, 6]. For M =1,2,3,---, given Sobolev spaces

H(X, M) = { u(z)

u(z), u™(z) € L2(0,1), u(x) € AX) }

AP) w1 —uP0)=0 (0<i<M —1), /1 u(z)dz = 0,

AD) © W) = u®)(1) =0 (0<i<[(M-1)/2]),

ANN) = u®D(0) =u®FV(1) =0 (0<i < [(M-2)/2]), / () =0,
where the boundary conditions for u(z) in A(N) are not required svhen M=1, we

have found the best constants of the corresponding Sobolev inequalities, which are
expressed by using Riemann zeta function as

C(P, M) = 2= CM=1z=2M(9pr),
C(D, M) = 2-@M=1 (92M _ 1) z=2M ¢ (2)),
C(N, M) = 2x2M¢(2M).

2000 Mathematics Subject Classification. Primary 34B27, Secondary 46E35.
Key words and phrases. Sobolev inequality, best constant, Green function, reproducing kernel,
Bernoulli polynomial, Riemann zeta function.

Copyright © 2009 Yokohama Publishers  http://www.ybook.co.jp



