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ABSTRACT. In view of the convex analysis theory, we give a new interpretation
of Djokovié¢’s inequality which is an extension of Hlawka’s inequality on a Hilbert
space.

1. INTRODUCTION
Let H be a Hilbert space. Then the following inequality
(1) e +yll + lly + 2l + llz + l| < [lzf| + [yl + |zl + |z +y + z]]

holds for all z,y,z € H (cf. [1], [3]). This is well-known as Hlawka’s inequality and
it has various extensions. In 1963, D. Z. Djokovi¢ [2] showed the following extension.

Theorem D. Let H be a Hilbert space and n, k natural numbers with 2 < k < n—1.
Then

n—2\ «— n—2

1<iy < <ip<n
holds for all x1,...,x, € H.

n
D@
i=1

In the next year, D. M. Smiley and M. F. Smiley [4] has independently shown that
the same inequality (2) holds on a Banach space which satisfies Hlawka’s inequality
(1). It is easily to see that every Banach space which is isometric to subspace of Li-
space is such a space. However, it seems that it is difficult to determine such a space.
We want to call simply “Hlawka space” such a space, but they call “quadrilateral
space”.

Now, we have the following natural question: What does Djokovi¢’s inequality
mean, and what does the constants appearing in it represent? The purpose of this
paper is to give an answer to the above problem from the standpoint of the convex
analysis theory.

2. INTERPRETATION

Let X be a (real or complex) Banach space and n a natural number. For
T1,...,p € X and 1 < k < n, set

Ok(x1,. . ) = Z ||x“_|_+xlk||

1<i1 << <n
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Then {0x : 1 < k < n} constitutes a system of seminorms on the linear space
X @ --- @ X such that

n—1 n—1
< < <k< .
(3) (k_1>5n_6k_<k_1>51 (1<k<n)
In fact, for any (z1,...,2,) € X @ --- @ X, we have
0k(T1, ..., xpy) = Z @iy + - + i, |

1<y <--<ip<n
k
n—1
= Z ZHm%H = <k_1>51(l‘1,...,mn)
1<iy <-<ip<n j=1

and

v

5k(.%'1, e ,.Q;‘n)

S et

1<y < <ip<n

|l fn—1 n + n—1 _(n—1 o )
= k1 xr1 k1 Inll = E—1 n{T1,...,Tn).

Hence the inequality (3) holds. Therefore it will be natural to consider the following
set, say Djokovi¢’s domain:

D(n,k; X)={(,B) e R*: 6, < ady+ B30, on X ®---® X}.

Then Djokovié’s inequality (2) can be rewriten as follows: The point

(G- G22)

say Djokovié’s point, belongs to Djokovié’s domain D(n, k; H) for a Hlawka space
H. Hence if we investigate a geometrical relation between Djokovi¢’s point and
Djokovic’s domain, then we will obtain a new interpretation of Djokovi¢’s inequality.

Actually, we will see in the next section that Djokovi¢’s domain for a Hlawka
space H is uniquely determined independent of H and that it is the widest among
Djokovié¢’s domains for all Banach spaces. Moreover, we know that Djokovié’s point
is the only extreme point of Djokovié’s domain for a Hlawka space.

3. RESULTS AND PROOFS
Let us state in more detail the assertion in the preceding section.

Theorem 1. Let X be a non-trivial Banach space and 1 < k < n. Then

(i) D(n,k; X) is a closed convex subset of R,

(LX) ={(,8) e R :a+ 3> 1}.
(n,1;X)={(,) e R*:a>1 and o+ 3 > 1} forn > 2.
)={(a,B) €ER?*:a>0 and a+ 3> 1} forn > 2.
)

{
g{(a,ﬁ)ERQ:aZ <Z:i> and o+ 3 > <Z:i)}f0r2§
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(vi) If X is a Hlawka space, then

D(n, k; X) = {(a,ﬁ)€R2:a2 (Z:i) and o+ 3 > <Z:1>}

for2<k<n-—1.

-2 -2
vii) If X is a Hlawka space, then " , " 1s the only extreme
k—1 k—2

point of D(n,k; X) for2 <k <n-—1.

Remark 1. The converse of (vi) is also true. This follows immediately from Propo-
sition 3.

Proof. (i) and (ii) These follow from an easy observation.
(iii) Let (e, B) € D(n,1; X) and e a unit vector in X. Then

o1(e,—e,0,...,0) < adi(e,—e,0,...,0) + o, (e,—e,0,...,0)
holds and hence 1 < «.. Also
01(e,0,...,0) < adi(e,0,...,0) + Bd,(e,0,...,0)

holds and hence 1 < a+/3. Therefore D(n,1; X) C {(a,8) € R? : @ > 1and a+3 >
1}.

Conversely, observe that all points on the semi-lines L1 and Lo belong to the
domain D(n,1; X), where

Li={(a,8):a =1, 3 >0}
and
L2:{(a7/8)106+6:17 ﬁSO}

Since co(L1 U Ly) = {(a,8) € R* : > 1 and a + 8 > 1}, it follows from (i) that
the inverse inclusion holds. Here “co” denotes the convex hull.

(iv) This follows from the same observation as (iii).

(v) Suppose 2 < k <mn —1. Let (o,3) € D(n,k; X) and e a unit vector in X.
Then

or(e, —e,0,...,0) < adi(e,—e,0,...,0) + Bd,(e, —e,0,...,0)
holds. Since

-2
(5k(e,—e,0,...,0)—2<2_1>, 5i(e,—e,0,...,0) = 2 and du(e, —¢,0,...,0) = 0,
. n—2
it follows that (k: B 1) < a. Also

0r(e,0,...,0) < adi(e,0,...,0) + Boy(e,0,...,0)

-1
holds. Since dx(e,0,...,0) = <Z_ 1) and 01(e,0,...,0) = d,(e,0,...,0) = 1, it

-1
follows that (Z _ 1> < a + . Consequently, we obtain the desired result.
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(vi) Suppose that X is a Hlawka space and 2 < k < n— 1. By Djokovié¢’s inequal-
-2 -2
ity, we see that ((Z 1), <Z 2>> belongs to Djokovié¢’s domain D(n,k; X).
This fact implies that all points on the semi-line

ng{(a,ﬂ)GRzia: (Z:i) = (2:3)}

also belong to D(n, k; X). Moreover, all points on the semi-line

-1
L4:{<a,ﬁ>eR2:ﬁgo, ot = (Z_l)}
also belong to D(n, k; X). In fact, if 3 <0 and z1,...,x, € X, then we have
516(1‘13---71'71) —ﬁ(sn(lljl,.--,l'n)
< > wall+- i) = Boalar,. .. )

1<i1 << <n

n—1
< 51(361,...,30”)—ﬂdl(xl,...,xn)
kE—1
n—1
= <<k‘ _ 1) —ﬁ) 51($1,...,$n)
-1
and hence <<Z ) B, | must belong to D(n,k; X). Therefore all points on

Ly belong to D(n, k; X). Then we see from (i) that co(Ls U Ls) C D(n, k; X).

n—2 n—2 n—1
he other h h = h
On the other hand, note that <k—1> + <k—2> <k—1> and hence

n—2 n—1
k:—l) and a + 3 > <k—1>}'

-2 -1
Consequently, {(a,ﬁ) ceR?>:a> <Z_ 1) and o + 3 > (Z_ 1)} C D(n,k; X).

The inverse inclusion follows from (v).
(vii) This follows immediately from (vi). O

co(L3 U Ly) = {(a,ﬁ) ER*:a> (

The preceding theorem gives an estimate of Djokovi¢’s domain from above. The
following result gives an estimate from below.

Theorem 2. Let X be a non-trivial Banach space and 2 < k <n —1. Then
n n

(i) {(a,ﬁ)eRQ:az <k:1> and o+ 3 > (k:D} C D(n,k; X) for2 <

k
(ii) {(a,ﬁ)ERzzaz <n;1>’ a+p> (kz—i) and na+ (2k —n)p >
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Proof. Let x1,...,x, € X. Then we have

1<j1 < <Jn—k<n
< Y el

1< < <n—r<n

+ Y (el )

1<j1 < <n—r<n

-1
= <Z>6n(x17axn)+ <nﬁk_ 1)(51(1’17...,3]'”).

) n—1 n—1\ . . n—1 n
Since <n— . 1> = ( k ), it follows that the point <( k ), <k>> belongs

to Djokovié’s domain D(n, k; X). This implies that all points on the semi-line

L5:{(a,ﬂ)€Rzio‘:<n;1>’ = (Z)}

n—1
k—1

n={emeria= (1) 520

belong to D(n,k; X). Moreover, as observed in the proof of Theorem 1-(vi), all

-1
points on the semi-line Ly = {(a,ﬁ) ER?’:3<0, a+3= <Z 1)} belong to

-1
D(n,k; X). Then we have co(Ls U Ls U Lg) C D(n,k; X). Note that (Z B 1) <

. Hence co(Ls U Lg) C D(n,k; X) for 2 < k < g and

also belongs to D(n, k; X). Also since d; < ( )51, it follows that all points on

the semi-line

(”; 1) if and only if k < g
co(Ly U Ls) C D(n,k; X) for g < k < n —1. Consequently, we obtain the desired
result. O
Remark 2. Let X be a Banach space, and set
D(X) = D(3,2; X),
Do ={(a,f) € R*:a>1, a+(>2and 3a+ 3 > 6},
Dy={(,f)eR*:a>1, a+(>2}.

Then Dy C D(X) C Dpy from Theorems 1 and 2. Moreover, D(X) = Dy if and
only if X is a Hlawka space from Theorem 1 and the definition of Hlawka space.
We also see that if X = [2°(R) (3 < n < o0), then Do, = D(X). In fact, consider
the following three elements in [J°(R):

x=(-1,1,1,0,0,...), y = (1,—1,1,0,0,...) and z = (1,1,-1,0,0,...).
Then the inequality

Iz +yll +lly + 2l + Iz + 2]l < ezl + llyll + 1I2]) + 8z +y + 2]
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can be rewritten by 3a + > 6 and hence D(I°(R)) C {(o, 3) € R*: 3a + 3 > 6}
holds. On the other hand, since D(I5°(R)) C Dy holds, it follows that D(I2°(R)) C
Do, and hence D(I°(R)) = Doo. It seems that it is difficult to determine a class of
Banach spaces X on which Dy, = D(X) holds.

The following result shows that a Banach space on which Djokovié’s inequality
holds reduces to a Hlawka space.

Proposition 3. A Banach space X is Hlawka if and only if there exists natural
numbers n and k such that 2 <k <n-—1 and

n—2\ « n—2
S el < (07 Skl + (3 73)

1<ip << <n

n
> @
i=1

holds for any x1,...,x, € X.

Proof. (i) Necessity. Take n = 3 and k = 2.
(ii) Sufficiency. Let n and k be such that 2 < k < n — 1 and suppose

n—2\ — n—2 -
D S - i D DI R (o 1 3E
=1 =1

1<ip < <ip<n
holds for any z1,...,x, € X. We can assume n > 4. Let us consider the case of
x4 =--+-=2x, =0. Then

n—2\ — n—2 -
(ko 0) 2t () [

= ("7 2 (aall + el + Dl + (77 2 s + 22 + )
=\r_q T T9 T3 k9 1 + 29 + 23] .

We set

po=F#{(i1,. .. ig) 1< iy <--- <ip <y @y, + - x| = |lor + 22 + 23]},
pj=#{(1, .. i) 1<ip < <ip <, o+ x| =zl (G=1,2,3),
pr=H#{(1,... ig) 1 <in <+ <ip <, oy + -+ x| = [le + 22|}

ps = #{(i1,...,ig) 1< i <+ <ip <, |ay + -+ x| = [Jee + s},

and

pe = F#{ (i1, yi) 1 1<y <o < <y g+ 2 || = (s + 2]}

where # denotes the cardinal number. Then

Yoo e+

1< << <n
= po |71 + 22 + 23] + p1 |71 + p2 |22l + p3 |73
+ pa ||x1 + 22| + ps ||z2 + 23| + pe || z3 + 1]| -
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Note that
- 0, ; iftk=2  /n-3 L n_3
po = <Z 3)7 gps3 == g adp=ms ==, o)

Hence, if £ = 2, then

Yoo llwa

1<i1 << <n

= (n=3)(

1]l + Nzl + llzsll) + Ny + 2ol + [l + @3] + [lzs + 24 ]

and

(oD S+ (7 27)

n
D i
i=1

= (n = 2)([Jza]] + [lz2ll + llz3l)) + llz1 + 22 + z3] -

Then (*) implies that
21+ z2|| + [|w2 + 23] + |23 + 21| < (|2 || + [|z2]l + |23 + [[21 + 22 + 23]

holds for any x1,x2,x3 € X. Therefore X is a Hlawka space. Moreover, if k£ > 3,
then

S0 b

1<t << <n

= ("7 or sl + (72 Qall + 2l + sl
=\r_3 T+ 9 + 23 P T To T3

n—3
(775l aal + o+ )l + s+l

and hence (*) implies that
*ok n—3 n—3
) (3 23) Nl + (27 )l + ol + sl

n—3
(00 o) Qlan - aall + lles + zall + s + 1)

< (223 el bl Bl + (25l -l
k—1 k—2

holds for any x1, x2,z3 € X. Note that

n—2 n—3 n—2 n—3 n—3

(2 -G =G0 - () -G2)
and so (**) implies that

@1 + 2|l + [Jo2 + @3l + lws + 21l < 2]l + (22l + |2l + lz1 + 22 + 23|

holds for any z1,x2,x3 € X. Therefore X is a Hlawka space. O

Acknowledgment. The first and second authors are partly supported by the Grants-
in-Aid for Scientific Research, Japan Society for the Promotion of Science.



350 SIN-EI TAKAHASI, YASUJI TAKAHASHI, AND AOI HONDA

REFERENCES

[1] P. S. Bullen, D. S. Mitrinovié and P. M. Vasi¢, Means and Their Inequalities, D. Reidel
Publishing Company, Dordrecht/Boston/Lancaster /Tokyo, 1988.

[2] D. Z. Djokovié¢, Generalizations of Hlawka’s inequality, Glasnik Mat.-Fiz. Astromon. Ser. II.
Drustvo Mat. Fiz. Hrvatske 18 (1963) 169-175.

[3] H. Hornich, Eine Ungleichung for Vektorlangen, Math. Z., 48 (1942), 268-274.

[4] D. M. Smiley and M. F. Smiley, The polygonal inequalities, Amer. Math. Monthly, 71 (1964),
755-760.

Manuscript received May 1, 2000

SIN-E1 TAKAHASI
Department of Basic Technology, Applied Mathematics and Physics, Yamagata University, Yone-
zawa 992-8510, Japan

E-mail address: sin-ei@emperor.yz.yamagata-u.ac.jp

YASUJI TAKAHASHI
Department of System Engineering, Okayama Prefectural University, Soja, Okayama 719-1197,
Japan

E-mail address: takahasi@cse.oka-pu.ac.jp

Ao1r HoNDA
Department of Mathematics Kyushu Institute of Technology, lizuka, Fukuoka 820-8502, Japan
E-mail address: aoi@ces.kyutech.ac. jp



