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ITERATIVE SOLUTIONS OF NONLINEAR EQUATIONS FOR
m-ACCRETIVE OPERATORS IN BANACH SPACES

Z. Q. XUE, H. Y. ZHOU, AND Y. J. CHO

ABSTRACT. In this paper, we prove some new strong convergence theorems of the
Ishikawa iterative scheme with mixed errors for m-accretive operators without the
Lipschitzian and bounded range assumptions in uniformly smooth Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

Let E be an arbitrary real Banach space and E* be the dual space on E. The
normalized duality mapping J : E — 2F" is defined by

J(w) ={z" € B : (x,2") = |l«[* = [|="||*}

for all x € E, where (-,-) denotes the generalized duality pairing. It is well known
that

) If E* is strictly convex, then the mapping J is single-valued,
2) J(—z) =—J(x) for all x € E,

) J(ax) = aJ(zx) for all x € F and o > 0,

) If E* is uniformly convex, then the mapping J is uniformly continuous on
any bounded subset of E.

p—f

An operator T' with the domain D(T") and range R(T') in E is said to be accretive
if, for any =,y € D(T), there exists j(x — y) € J(x — y) such that

(Tz =Ty, j(z —y)) = 0.

The operator T is said to be strongly accretive if, for all x,y € D(T), there exist
jlx —y) € J(x —y) and a constant k > 0 such that

(Tz — Ty, j(z —y)) = kllz — y||.

An accretive operator T is said to be m-accretive if R(T'+ A[) = E for all A > 0,
where I denotes the identity mapping on F. Note that, if a mapping T is m-
accretive then, for any given f € E, the equation x + Tz = f has a solution in FE.
Since T is accretive, T + I is strongly accretive and hence the solution is unique.

On the other hand, Liu [3] and Xu [5] introduced the Ishikawa iterative schemes
with errors, respectively. But we remark here that Xu’s scheme with errors is a
special case of Liu’s scheme with errors and, further, putting u, = 0 for n =
0,1,2,--- in our new Ishikawa iterative scheme (IS) with mixed error defined in our
main Theorem 2.1, we obtain also Liu’s scheme with errors.
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The purpose of this paper is to give some strong convergence theorems of the
Ishikawa iterative scheme with mixed errors for m-accretive operators without the
Lipschitzian and bounded range conditions in uniformly real Banach spaces. Our
results extend and improve the corresponding results of Chidume and Osilike [1],
Ding [2] and many others.

For our main results, we need the following;:

Lemma 1.1. [4] Let E be a real Banach space. Then, for allx,y € E and j(z+vy) €
J(x +vy),

(1.1) lz +ylI? < llz]]* + 20y, j (@ + y)).

Lemma 1.2. [3] Let {an}22, {bn}r2y and {cn}02 be three nonnegative real se-
quences satisfying the following condition:

(1.2) ant1 < (1 —tp)an +bp +cpn, n >0,

where 0 < t, <1, >0ty = 00, by, = o(ty) and > o° jcp < 00. Then a, — 0 as
n — 0o.

Lemma 1.3. Let {a,}02, {00}, {cn )22 and {wy,}22, be four nonnegative real
sequences satisfying the following condition:

(1.3) an+1 < (1 —tp)an + wpan + by + cp,

where 0 < tp, < 1, by = o(tn), D pogtn = 00, 2 oo yCn < 00 and Y 2wy < 00.
Then a, — 0 as n — oo.

Proof. Let a = liminf, s {a, : n > 0}. Then a = 0. In fact, assume that a > 0
and take e = min{a, 1}. Since b, = o(t,), there exists a positive integer N > 0 such
that

by, < %dn < anty
for all n > N. From (1.3), it follows that
(1 —tp)an + wpan + apty, + ¢y
(14 wp)an + cn
(14 wn) (1 + wp-1)an—1 +cn-1) + cn

<H1+wzag—|—ZH 1+ w;)e

(14) 7=01i=5+1

< H(l + wi)(ao + ZQ)
i=0 1=0
< exp (ni.;wn) <a0 —1—72%) < 00

for all n > N and so {a,};2 is a bounded sequence. Hence we have a # +o00. Let
an < M for some M > 0. By (1.3), we have

(1.5) ant1 < (1 —tp)an + (WM + cp) + by

Ap+1

IAIA |/\ \_/
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Thus, by Lemma 1.2 and (1.5), we have a,, — 0 as n — oo, which contradicts a > 0.
Therefore there exists a subsequence {ay,}72, of {an};Z, such that a,; — 0 as
J — oo and so, for any € > 0, there exists a positive integer IN; such that

b o o)
(1.6) an; <€, t—”<e, sz’<€, Zcq<e
" i=Nj q=N;

for all n,n; > N;. Now, we show that ay, m < 2¢e€ for all m > 1. By using (1.3)
and (1.6), we have
an;+1 < (1-— th)aN]. +wn;an; + ij +cn;
< (1 —tn;)e+wne+tne+cn,
= (1 +wn;,)e +cn;,

an;+2 < (1= tn;41)an; 41 + WN 410N, 41 + DN 41 + enj 41

< (L —tny41 +wn;+1) (1 +wn, e+ en,) + 116 + Cn, 41

=1+ wNj+1)(1 + wNj)e +(1+ WN;+1)CN; — th+1(wNj6 + CNj) + CNj+1
(

<1+ 'UJN]-+1)(1 + wNj>6 + (1 + UJNJ-.H)CNJ. + CNj+1,

an;+3 < (1 +wn;+2) (1 + wn;41) (1 + wny)e + (1 + wn;42) (1 + wn,+1)en;
+ (1 +wn,+2)enN;+1 + CNj 12,

and so, by induction, we have

Nj+m—1 Nj+m—1N;4+m—1
anm<e [ Q+w)+ D (14 w;)e,
i=N; g=N; i=N;+1
Nj+m—1 Nj+m—1 Nj—i-m—l
<e [ Q+w)+ D> o J[ +w)
i:Nj q:Nj Z:N]
Nj+m—1 Nj+m—1
= exp ( Z wi) (e + Z ci>
i=Nj 1=Nj

< e(e+ €) = 2eef,
which implies that a,, — 0 as n — oco. This completes the proof. O

Remark 1.1. Lemma 1.3 extends and improves Lemma 1.2.

2. MAIN RESULTS
Now, we give our main results in this paper.

Theorem 2.1. Let E be a uniformly smooth real Banach space and T : E — E be
an m-accretive operator such that there exists a constant L > 1 satisfying
(2.1) [Tz — Tyl < L(1 + [z — yl|)

forallz,y € E. Let {uy,}22 ), {vn}22 be two sequences in E and {an }72 o, {8015,
be two real sequences in [0, 1] satisfying the following conditions:
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(1) up = uj, +ull for any sequences {ul,}>2,, {un}se, in E and n > 0 with
5 | < 0 and ] = ofan),

(2) |lvnll = 0 as n — oo,

(3) limyp o0 ot = limy o0 B, = 0 and >0 ay = 00.

For any given f € E, define a mapping S : E — FE by Sx = f—Tx forallx € E
and, for any given xo € E, the Ishikawa iterative sequence {xy}22 o with errors by

(18) {yn = (1 = Bn)xn + BnSxp + vn,

Tnt1 = (1 — ap)xy + anSyn + up,

for all n > 0. Then the sequence {x,}°, defined by (IS) converges strongly to the
unique solution of the nonlinear equation x +Tx = f.

Proof. Since T is an m-accretive operator with the condition (2.1), it is well known
that the equation x + T'x = f has the unique solution ¢q. Then the solution ¢ is the
unique fixed point of the mapping S. Since T is m-accretive, we have

(Sz = Sy, J(@ —y)) = —(T — Ty, J(z — y)) <0
for all x,y € E. By using Lemma 1.1 and (IS), we have
[n41 — qH2 = [|(1 = o) (@n — @) + o (Syn — Sq) + UnH2
< H(l - an)(xn - Q) + Ozn(Syn - SQ)H2 + 2<um J(py1 — CI))

S (1 - O‘n)QHxn - QHQ + 2an<5yn - SQ7 J(wn-I—l —q— un))
+ 2<una J(xn—H - Q)>

(2.2)

Now observe that
(2.3) 2(tn, J (Tns1 — Q) < 2/unl|[|znt1 — all < Junll(1+ [zt — ql|?),

(Syn — Sq, J(Tpy1 — q — un))
= (PSS (T (B )Y — gl

1+ [lzn — 4| 14 ||lzn, — ql| 14 [lzn — gl
(2.4) < Syn — 5q ( Tn — ¢ ) ( Yn — 4 >> 2
+ o —J 1+ ||zn —q
T+ an—al N T lam =) ~ /T — g}/ F lm =)

+ (Syn — 5S¢, J(yn — q))
<2M, (A, + Bn)(l + Hxn - QH2)7
where

[1Syn — Sql|
1+ [lzn — qll”

An = H‘]<W) _J<1+Hx;—qu>u

Bo= (5 ) )|

M, =



ITERATIVE SOLUTIONS OF NONLINEAR EQUATIONS 317

Now we show that {M,,}°°, is bounded and A,,, B, — 0 as n — oco. Indeed,

1Syn — Sqll - 1 Tyn —Tqll 1+ [lyn — 4l

1+ [l — 4| L+ lyn —qll 1+ [[zn — 4|

1+ (1= B)llzn — gl + BulTxn — Tql| + [|vn]]
1+ [[zn — 4l

< L(1 4 BnL + [Jvn]])-

<L

: |Syn—Sq|l lzn—gll yo°
Since {Huxn—q\\ }’ {1+||$n,q|| }n=0 are bounded and

H (Tnt1 —q—un) — (¥n — q) H _ H (anTn — anSyn) ‘
1+ |lzn — 4| Tl — gl
_ H an(Tn — q) — an(Syn — Sq) H
B 1+ Hxn —q||
|zn — 4l 1Tyn — Tqll 1+ |lyn — 4l

S EEEETE——— 0%
T "t e —dl "1+ g — gl 1 [Jan — gl
< an+anL(1+4 By + Bl + ||vn]]) — 0

as n — oo, we have A, — 0 as n — oo. Similarly, we have also B,, — 0 as n — 0.
Substituting (2.3) and (2.4) for (2.2), we have

|zns1 = all* < (1 = an)?[len — qll* + 2Mpon(An + B) (1 + ||z — qlf*)

(2.5)
+ [Junll(1 + [J2ns1 = qll?).

Choosing a positive integer N so large that 1 — ||u,|| > 0 for all n > N, we have

(1-— an)2 + 2Myan (A, + By)

—_ 2 < 2
2M, o (An + By) ||t ||
1 — lun| 1 — lun||
1 — |[tn|| — 200 + @2 + 2My a0 (A + By) + |Jua| 9
< |zn — 4l
(2.6) 1- ”unH
2Mpan(An + By) | lupll + [lug|
1 — lun| 1 — lun|
_ _ o
< (1_ 2 — ay — 2M, (A, + By) HunH/anan>Hxn_q”2
1 — [Jun |
/ 2M A B " /
”unH ”xn _ qHZ + na?’b( n+ n) + HunH + ||unH )
1 — [|un| 1 — [un| 1 — [un|
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In (2.6), put
[l
an = |0 — q|%, Wn = ﬁru”’
n
b — 2My o (A + By) + ||ulll
n — I
1= Junl
2 — a, — 2My,(A, + B,) — 1l
tn — n
1 — [[un]|

Then there exists a positive integer N’ > N such that ¢, > % for all n > N’, and
we have Y ° v, w, < oo and b, = o(ay,). Therefore, by Lemma 1.3,

1
Ap+41 < (1 - ian)an + wpay + bn + wp
for all n > N’ implies that a,, — 0 as n — oo. This completes the proof. O

Note that the sequence (IS) in Theorem 2.1 satisfying the conditions (1)~(3) is
called the Ishikawa iterative scheme with mixed errors ([6]).

Remark 2.1. Theorem 2.1 contains a good number of the known results as its
special cases. In particular, if the mapping T considered here satisfies one of the
following assumptions:

(i) T: E — E is Lipschitzian,

(ii) T : E — E has the bounded range.
Then T satisfies the condition (2.1) (see [6]).

Corollary 2.1. Let E be a uniformly smooth real Banach space andT : E — FE be
a Lipschitz and m-accretive mapping. Let {on }o2 o, {Bn}oo and {un}2 o, {vn}o2,
be as in Theorem 2.1. Then the sequence {x,}22, defined by (IS) converges strongly
to the unique solution of the equation x + Tx = f.

Corollary 2.2. Let E be a uniformly smooth real Banach space and T : E — E
be an m-accretive mapping with the bounded range. Let {an}5e, {On}rey and
{un}o2 o, {vn}ie be as in Theorem 2.1. Then the sequence {x,}5°, defined by (IS)
converges strongly to the unique solution of the equation x + Tx = f.

Remark 2.2. Corollary 2.1 extends the main results of Chidume and Osilike [1]
from g—uniformly smooth Banach spaces (¢ > 1) to the more general uniformly
smooth Banach spaces and from the usual iterative sequences to the iterative se-
quences with errors. While Corollary 2.2 extends the main results of Ding [2] to the
more general iterative sequence with errors. By setting ||v,|| =0 forn=0,1,2,---,
we can deduce Theorems 3.1 and 3.2 of Ding [2].

Remark 2.3. Actually, all the results mentioned above can be also restated in
terms of m—dissipative operators.

A class of operators closely related to the class of accretive operators is the class of
dissipative operators. An operator T : D(T') C F — F is said to be dissipative if =T
is accretive. The dissipative operator T is said to be m—dissipative if R(/—A\T) = E
for all A > 0.
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Theorem 2.2. Let E be a uniformly smooth real Banach space and T : E — E be
an m—dissipative operator such that there exists a constant L > 1 satisfying

1Tz — Tyl < L1 + ||z — yl])

for all x,y € E. Let {an}oey, {On}ry and {un}oly, {vn}oly be as in Theorem
2.1. For any given f € E, define a mapping S : E — E by Sx = f + Tx for all
x € E. Then the sequence {x,}°2 defined by (IS) converges strongly to the unique
solution of the equation x — Tx = f.

Proof. 1t follows from Theorem 2.1. O

Corollary 2.3. Let E be a uniformly smooth real Banach space and T : E — E
be a Lipschitzian and m—dissipative mapping. Let {oun }o2 o, {Bn}oy and {un}22,,
{vn}22 be as in Theorem 2.2. Then the sequence {xy}o2, defined by (IS) converges
strongly to the unique solution of the equation x — Tx = f.

Corollary 2.4. Let E be a uniformly smooth real Banach space and T : E —
E be m—dissipative mapping with the bounded range. Let {on}22 o, {Bn}o, and
{un}o2 o, {vn}oey be as in Theorem 2.1. Then the sequence {x,}5°, defined by (IS)
converges strongly to the unique solution of the equation x — Tx = f.

Remark 2.4. Corollary 2.3 extends the main results of Chidume and Osilike [1]
from g—uniformly smooth Banach spaces (¢ > 1) to the more general uniformly
smooth Banach spaces and from the usual iterative sequences to the iterative se-
quences with errors. While Corollary 2.4 extends the main results of Ding [2] to the
more general iterative sequence with errors. By setting ||v,|| =0 for n =0,1,2,---,
we can deduce Theorems 3.3 and 3.4 of Ding [2].
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