R Py, 6,/‘

%,

Journal of Nonlinear and Convex Analysis 5 ka Pﬂb"Shel'S
Volume 1, Number 3, 2000, 271-286 K.",” MJ ISSN 1880-5221 ONLINE JOURNAL

Yok,
SENY

ON THE TOPOLOGICAL STRUCTURE OF FIXED POINT SETS
FOR ABSTRACT VOLTERRA OPERATORS ON FRECHET
SPACES

RAVI P. AGARWAL AND DONAL O’'REGAN

ABSTRACT. In this paper we show that the solution set for certain abstract
Volterra equations is an Rs set. Application of our results to nonlinear inte-
gral equations are also presented.

1. INTRODUCTION

In this paper we study the topological structure of the solution set for the equation

(1.1) y=F(y).
Here F : E — E is a nonlinear abstract Volterra operator with F = C([0,00), R™)
or E = L ([0,00),R") (1 < p < oo and n € N). Recall that an operator
F:C([0,00),R") — C([0,00),R"™) is an abstract Volterra operator if

Ve > 0, Vz,y € C([0,00), R"), if z(t) =y(t) Vt € [0, €]

then F (x)(t) = F (y)(t) Vt € [0, ¢€].

(When considering E = L ([0,00),R™), the relevant equalities are replaced by
equalities almost everywhere.)

The solution set of the given equation (1.1) coincides with the set of all fixed
points of F, i.e.

Fiz(F)={x € E:z=F(x)}.

We also recall that a set .S in E is called an Rs set if S is homeomorphic with a
decreasing sequence of compact absolute retracts. We note that some general results
relating to the structure of Fiz(F') can be found in [1, 3, 4, 6]. In this paper by
combining some of the ideas in [1, 3] together with a trick involving the Urysohn
function [2] we are able to present new results which guarantee that Fiz(F') is an
Rs set; in particular we are able to remove the strong compactness type assumption
in [3].

2. Fiz(F) WHEN E = C([0,00),R")

Recall C([0,00),R™) is a Fréchet space with the topology given by the complete
family of seminorms {py, }m>1 (here pim(y) = supscjo,m) [¥(t)]), or, equivalently, by
the distance d defined by

o0

o 1 pm(x*y)
A y) = ;2’"1 +pm(r —y)’
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for z,y € C([0,00), R™).
In this section we consider an operator

F:C([0,00),R") — C([0,0),R").
Define the sequence of operators {F), },

F, : C([0,00),R") — C(]0,00), R"™),

as follows:

(2.1) Fo(z)(t) = F(x)(rn(t)), for x € C([0,00),R™) and ¢t > 0,
where

2.2) iy = { ST

The main results in Sections 2 and 3 rely on the following well known result from
the literature [3].

Theorem 2.1. Let X be a closed set in a Fréchet space (E,d), and F': X — E
a continuous compact operator. Assume there exists a sequence {Up}n of closed
convex sets in X such that

(2.3) YneN, 0e€U,,

(2.4) lim diam(Uy) =0,

and there exists a sequence {Fy,}, of operators F,, : X — E, with
(2.5) Vn e N, Ve € X, F(x) — F,(z) € Uy,

and

(2.6) I — F, is a homeomorphism of the set (I — F,)~Y(U,,) onto U,
holding. Then {z € X : x = Fx} is an Rs set.

Our first result concerns the case when F : C([0,00),R") — C([0,00),R") is a
continuous, compact operator. We use Theorem 2.1 (with X = F = C([0,000), R")
to show that Fiz(F) is an Rs set. The proof is based on ideas presented in [1, 3]
(for completeness we provide the details).

Theorem 2.2. Let F : C([0,00),R") — C([0,00),R") be a continuous, compact
map. Also assume that the following conditions hold:
(i) Jug € R™ with F(x)(0) = ug, for all z € C(]0,00),R™);
(i) Ve > 0, Vx,y € C([0,00),R"™), if x(t) = y(t), Vt € [0, €], then F(z)(t) = F(y)(t),
Vt € [0,¢€] (i.e. F is an abstract Volterra operator);

Then Fix(F') is an Rs set.

PROOF: Let E = X = C(]0,00),R"). Consider the sequence {F,}, defined by
(2.1)-(2.2). We show that there exists a sequence {U,},, of closed convex sets in F
and there exists a subsequence {G,,},, of {F,}, such that {U,}, and {G),}, satisty
conditions (2.3) — (2.6) in Theorem 2.1.

First, we show that Vn, I — F;, is a homeomorphism from FE onto E.
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The continuity of I — F;, follows immediately from the continuity of F' and the
fact that

Pn(Fu(@) = Fu(y)) = sup{|Fu(@)(t) = Fa(y)(®)], € [0.m]}
— sup{|F(@)(t) = F(y)(t)],¢ € [0,m — 1/n]}
< sup{|F(x)(t) — F(y)(t)], € [0,m]}

= pm(F(2) = F(y)).
To see that I — F), is one-to-one, let z,y € E be such that (I — F,)(z) = (I — F,)(y).
Then, for ¢t € [0,1/n],
z(t) —y(t) = F(2)(ra(t)) — F(y)(ra(t)) = F(2)(0) = F(y)(0) = uo — uo = 0.
Ift € [1/n,2/n], then t — 2 € [0,1/n] and
o) =0 = F@) (¢ 1) = F) (£ 1) = Flo)o) - F)e)

n n

induction. Assume we know that z(t) — y(t) = 0 for t € [0,(k — 1)/n], for some
positive integer k. Since (ii) holds, this means that F(z)(t) — F(y)(t) = 0 for
t € [0,(k—1)/n]. Then, for t € [(k —1)/n,k/n],

o) =0 = F@) (1= ) = F) (£ 1) = Flo)o) - F)e)

with s € [0,1/n], therefore the difference is 0, because (ii) holds. Proceed by
t

n

with s € [0, (k — 1)/n], so the difference is 0, and I — F,, is one-to-one.
To see that (I — F,)~! is continuous, let {z;}; be a sequence in E. Let z € E be
such that

(2.7) lim ((z; — Fn(zj)) — (x — F(x))) =01in E,

J—00

which implies that

(2.8) lim ((z(¢) = Fo(25) (1) = (2(t) = Fa(2)(2))) =0,

j—00
uniformly for ¢ in every compact in [0,00). We show that

lim (zj —2) =01in E.
j—o0

For t € [0,1/n], Fy,(x;)(t) = F(z)(t) = uo, so

(2 (t) = Fa(x) (1) = (2(t) = Fu(2) (1) = 2;(t) — (1),
and since (2.8) holds uniformly for ¢ € [0,1/n], we have
(2.9) limsup{|x;(t) —z(t)| : t € [0,1/n]} =

j—o0
Now if T is the extension of z defined by

_ { x(t) for t € [0,1/n]

r= x(%) fort>%
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and T; is the extension of x; defined similarly, then, by (2.9) and the continuity of
F, we have

(2.10) lim (F(7;) — F(%)) =0 in E.

j—o0
In particular, for t € [1/n,2/n], (2.10) and the definition of F,, give

o) lim sup; oo {|Fu(e;)(8) = Fu(@)(8)] : t € [1/n, 2/n]}
' — limsup, o, {|[F(Z;)(t) - F@)(1)] : ¢ € [0,1/n]} =

Now (2.8) and (2.11) imply
(2.12) limsup{|z;(t) —z(t)| : t € [1/n,2/n]} =

J—00

By induction, assume that for some k,

(2.13) limsup{|z;(t) —z(t)| : t € [(k —1)/n,k/n]} =

j—00
Repeating the extension argument above, this also implies

(214)  limsup{|Fu(a;)(t) — Fa(@)(®)] : ¢ € [k/n, (k + 1)/n]} =

j—00
Now (2.8) and (2.14) imply

limsup{|z;(t) — z(t)| : t € [k/n, (k + 1)/n]} =

j—00
Thus, we showed by induction that
limsup{|z;(t) — z(t)| : t € [(k —1)/n, k/n]} = 0, VE,

J—00

which implies that lim;_.c pm(z; — ) = 0,Vm, or lim; .o (z; —2) =0 in E.
To prove the surjectivity of I — F,, let z € E and consider the equation

(2.15) x = F,(x)+ 2.
Let x € E be defined by induction as follows:
(2.16) x(t) = uo + 2(t), for t € [0,1/n].

This x is continuous on [0, 1/n] because z is continuous on [0, co) (by "z is continuous
on [0,1/n]” we mean that x is continuous on (0,1/n), it is continuous at 0 from
the right, and it is continuous at 1/n from the left). Now let x; be a continuous
extension of x from [0, 1/n] to [0, 00), given by Tietze’s theorem. Let

(2.17) (1) = F(x) (t _ ;) +2(t), for t € (1/n, 2/n].

Since t — 1 € (0,1/n], we have F(z) (t — ) = F(21) (t — 1), and therefore z is
continuous on (1/n,2/n], because F(x1) and z are continuous on [0,00). To see
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that x is also continuous at 1/n, we have

1
li t) = li F t— — t
t—>1/711r,1rt1>1/nx( ) t—>1/7lzg1>1/n ( (@) ( n) + e )>

— F@)(0)+ 2 (1)

n

— F@)(0)+ 2 <1>

n
9
= uyt+z|{-—
n

from the continuity of F(z1) and z, and
1
I t) = -
o iy ) = 0 ¥ 2 <n>

from (2.16). Now z is constructed on [0,2/n] and is continuous on [0,2/n|. By
induction, assume z is defined and continuous on [0, k/n]. Let zj; be a continuous
extension of x from [0, k/n] to [0,00), given by Tietze’s theorem. Define

(2.18) z(t) = F(z) <t - i) + 2(t), for t € (k/n, (k+1)/n],

Since t — 2 € (0,k/n], we have F(z) (t — ) = F(zy) (t — 1), and therefore z is
continuous on (k/n, (k + 1)/n], because F(xj) and z are continuous on [0, 00). To
see that x is also continuous at k/n, we have

1
li t) = i F t— — t

- () ()

from the continuity of F'(zy) and z, and

. k—1 k
i, o) = Fla) <n> e <n>

from (2.18). Now this z, constructed inductively, satisfies (2.18) and is continuous
on [0, 00).
Now since FE is a Fréchet space there exists a sequence {U, },, of closed, convex
neighborhoods of 0 with
U,CB (0, 1) ;
n

here B (0, %) is the closed ball with center 0 and radius % Note

2
diamU, < —.
n

Also since U, is a neighborhood of 0,
(2.19) Vn € N, Je, >0 with B(0,¢,) C Uy,

and lim, .. €, =0 (Without loss of generality assume €,11 < ¢, for all n € N).
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We now show that F, converges to F' in F, uniformly for x € E. Since F' is
compact, F(F) is relatively compact in C([0,00), R™). Then F(F) is relatively
compact in C([0,m],R"), Vm. By the Arzela-Ascoli theorem, F(FE) is bounded
and equicontinuous in C([0,m],R™), Vm, i.e. ¥Ym,3M,, > 0 such that p,,(F(x)) <
M,,,Vx € E, and Ve > 0,3, > 0 such that if ¢,s € [0, m] with |t — s| < d,,,, then

(2.20) |F(z)(t) — F(x)(s)| < €,Vz € E.
Let € > 0 and let n be sufficiently large, such that % < 6. We have

2y @O~ Fe0={ pe) 7O

therefore |F,(x)(t) — F(x)(t)| = |F(z)(t) — F(z)(s)|, where

_[0,ifteo,1/n)
ST t- L it e [1/n,00),

so [t —s| < 1 < &p. Then (2.20) and (2.21) show that for n sufficiently large, we
have

|Fo(x)(t) — F(z)(t)] <€Vt € [0,m],Vz € E,Vm,

or
(2.22) pm(Fn(z) — F(z)) < ¢,Vz € E,Ym.

Thus F), converges to F' in C([0,00), R™), uniformly for € E. Consequently
(2.23) lim sup{d(F,(z),F(z)): =€ E} = 0.

To finish the proof, we show that there exists a subsequence {Gp}n of {F,}n,
such that for all n

(2.24) Gn(z) — F(z) € Uy, Vx € E,

since in that case {U,},, and {Gy,}, satisfy the hypotheses in Theorem 2.1, and so
Fix(F) is an Rs set. For this, apply (2.23) to construct {G,,},, inductively. There
exists ny such that for n > ny

d(Fy(z), F(z)) < €1,V € E.
There exists ny > nq such that for n > no
d(Fy(z), F(z)) < e2,Vz € E.
By induction, there exists ni > ng_1 such that for n > ny
d(F,(z), F(z)) < e, Vx € E.
Now define Gy, := F,,,Vk, and {G}} is such that for all k
d(Gg(x), F(z)) < e, Vo € E.
This together with (2.19) guarantees that (2.24) holds. O
We remark that in application

F 1 C([0,00), R") — C([0, 00), R")
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is usually continuous, and completely continuous but it is rarely compact. As a
result we would like to relax the compactness assumption on F' in Theorem 2.2. In
applications we usually encounter the nonlinear operator equation

(2.25) y(t) = L Fy(t) for t € [0,00);
here L is an affine map. We will assume the following conditions are satisfied:
(2.26) LF:C([0,00),R") — C([0,00),R"™)
(2.27) Jup € R" with L F(z)(0) = ug, for all € C(]0,00),R"™)
(2.28) Ve >0, Va,y € C([0,00),R"™), if z(t) =y(t) Vt € [0, ¢]

' then LF (z)(t)=LF (y)(t) VYt €[0,¢
and

3 a continuous function ¢ : [0, 00) — [0, 00)
(2.29) such that |y(t)| < ¢(t) for t € [0,00), for
all solutions y € C([0,00),R"™) to (2.25).

Let € > 0 be given and let 7. : R™ — [0, 1] be the Urysohn function for
(B(0,1), R"\ B(0,1+¢))
such that
Te(x) =1 if |z| <1 and 7(z)=0 if |z| >1+e

Let the operator F. be defined by

F0) =7 (0 ) Fu)e: here y € C(0,00).RY)
Consider the operator equation
(2.30) y(t) = LF.y(t) for t e [0,00).

Let Sr denote the solution set of (2.25) and Sg. the solution set of (2.30). Our
next result will be particularly useful in applications, as we will see in Section 4.

Theorem 2.3. Suppose (2.26)—(2.29) hold. Let ¢ > 0 be given and assume the
following conditions are satisfied:

531 lw(t)] < ¢(t) for t€[0,00), for any possible
(2.31) solution w € C([0,00),R™) to (2.30)

and
(2.32) LF,:C(]0,00),R") — C([0,00),R") is continuous and compact.
Then Sg is an Rs set.

Remark. If, for example,

L:C([0,00),R") — C([0,00),R") 1is completely continuous
and F maps bounded sets in C([0,00), R™) into
bounded sets in C([0,00), R™)

then it is clear that

LF.:C([0,00),R") — C([0,00),R") 1is compact.
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PROOF: Notice (2.29) and (2.31) guarantee that Sp = Sr.; to see this notice if
y € Sp. then (2.31) implies that |y(t)| < ¢(t) for ¢ € [0,00), so

7o <¢(3t/)(til> —1 since ‘qs(@t/)(?rl' <1,

and so we have y(t) = L F.y(t) = L Fy(t) i.e. y € Sp. Next notice Theorem 2.2
guarantees that S is an Rs set. U

3. Fiz(F) WHEN E = L

loc

([0,00),R™), 1 < p < o0
Recall L

loc

([0,00), R™) is a Fréchet space with the topology given by the complete

1
family of seminorms {pm}m>1 (here pm(y) = (f" |y(t)[ dt)?), or, equivalently, by
the distance d defined by

for z,y € L ([0,00),R™).

loc
In this section we consider an operator

F: L} ([0,00),R") — L7 ([0,00),R"™).
Define the sequence of operators {F}, },

F,: L} ([0,0),R") — L¥ ([0,00),R"),
as follows:
(3.1) Fo(z)(t) = F(z)(rp(t)), for z € L] ([0,00),R") and t > 0,
where

[ 0,ift €[0,1/n];

(32) ralt) = { t— 1 ift>1/n.

Theorem 3.1. Let F: L} ([0,00),R") — L ([0,00),R™) be a continuous, com-

pact map. Also assume that the following conditions hold:
(i) Fug € R™ with F(x)(0) = ug, for all x € LY ([0,00), R™);

loc

(ii) Ve > 0, Va,y € LY ([0,00),R™), if x(t) = y(t) for a.e. t € [0,¢], then F(z)(t) =

loc

F(y)(t), for a.e. t €]0,€] (i.e. F is an abstract Volterra operator);
Then Fix(F') is an Rs set.
PROOF: Let F = X = L? ([0,00),R"™). Consider the sequence {F}}, defined by

(3.1) = (3.2). We show thaéoghere exists a sequence {Uy, },, of closed convex sets in E
and there exists a subsequence {G,,},, of {F,}, such that {U,}, and {G),}, satisty
conditions (2.3) — (2.6) in Theorem 2.1.

First, we show that Vn, I — F}, is a homeomorphism from F onto E. To see that

I — F,, is continuous, let € > 0. Since F' is continuous, 36 > 0 such that if z,y € F
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with pp,(z —y) < 0, then p,, (F(z) — F(y)) < €, Vm. Then, if z,y € E are such that
pm(z —y) < 0, Ym, we also have

P (Fu() = Fu(y)) = /OmIFn(fc)(t)Fn(y)(t)l”dt

- / Fula) () — Fa(y)(D)Pdt

1/n
_ /1:; P(z) <t— i) _Fy) (t— i)

m—1/n
- /0 F(@)(t) — F(y)(t)Pdt

< /0 "B (@) () - Fu)(o) Pt

= P (F(x) = F(y)) < &, ¥m.
Therefore, F;, is continuous, and thus I — Fj, is continuous.

The fact that I — F;, is one-to-one follows exactly like in the proof of Theorem
2.2.

To see that (I — F,)~! is continuous, let {z;}; be a sequence in E. Let z € E be
such that

P
dt

(33) i pu((e; — Fa(e)) — 2 = Fa(a)) = 0,Vim
For t € [0,1/n] we have F,(x;)(t) = F(x;)(0) = ug = F,(x)(t), so (3.3) implies that
Jhm pm((zj — T)X[0,1/n) = 0,Ym,

where X[o,1/n) is the characteristic function of the interval [0,1/n]. Since I is con-
tinuous, it also follows that

(3-4) Jim p((F(25) = F())xpo,1/n]) = 0, V.
,2/n], we have t — 1 € [0, 1/n] and Fy(z;) (t) = F(z;) (t—2),

Forte[

/n
F(z) (t) = F(z) (t — 1), therefore (3.3) and (3.4) give
i)~

an
jlgglopm(( (75) — F(x))X[0,2/n]) = 0,Vm,
and therefore

jli_fglopm((ﬁj = Z)X[o,2/n)) = 0, V.
Assume by induction that for some positive integer k we have
(3.5) jh_{gopm((xj = Z)X[0,(k—1)/n)) = 0, Vm.
By the continuity of F', we also have
(3.6) jﬁ_{glopm((F(ﬂfj) — F(2))X[0,(k—1)/n]) = 0, ¥m,
Then, as above, (3.5) and (3.6) imply that
(3.7) jlirgopm((xj — Z)X[0,k/n]) = 0, VM.
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Therefore, (3.7) is true for all k, which shows that

lim pp,(xz; —x) = 0,Vm,

j—o0
and therefore (I — F,,)~! is continuous.

To prove the surjectivity of I — F, let z € E and consider the equation
(3.8) x = F,(x) + 2.
Let x € F be defined by induction as follows:
x(t) = ug + 2(t), for t € [0,1/n),

xu)zzwx)(p—;>-+4@,@rteu/m2ﬁu.
Given z(t) for t € [(k —1)/n,k/n), define

z(t) = F(x) <t - i) + 2(t), for t € [k/n, (k+1)/n).

Then this = is in E and it satisfies the equation © = F,,(x) + z.

Construct {U,},, as in Theorem 2.2, and the proof of Theorem 3.1 is complete if
we show that Fj, converges to F' uniformly for z € E. Since F is compact, F(E)
is relatively compact in L? ([0, 00), R"), which implies that F(E) is also relatively

loc

compact in LP([0, m],R™), Vm. Therefore, Vm, IM,, > 0 such that
(3.9) pn(F(2)) < My, Vi € E
and

(3.10) / |F(z)(t+7) — F(x)(t)|Pdt — 0 as 7 — 0, uniformly for z € E.
0

Thus we have

P(Fu(x) = F(z) = /0 " \Eu(@)(t) - F(@)(@)Pdt

1/n
- / F()(0) — Fa)(t)[Pdt

m
-
1/n
The first term is bounded above by X (Jug|P 4+ M#,), therefore its limit is 0 as n — oo,
uniformly for x € E. The second term has the limit 0 as n — oo, uniformly for
x € E, since (3.10) holds. Therefore,

lim pp,(Fn(x) — F(z)) = 0, uniformly for x € E,Vm,

p

1
dt.

,m@0—>—n@@

n

and the proof is complete. [
Next consider the operator equation
(3.11) y(t) = L Fy(t) fora.e. te]0,00);
here L is an affine map. We will assume the following conditions are satisfied:

(3.12) LF:LP ([0,00),R") — L ([0,00),R")

loc loc
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(3.13) Jup € R" with L F(z)(0) = ug, forall z € L} ([0,00),R")

Ve >0, Vz,y € L ([0,00),R"™), if z(t) =y(t) for ae.
(3.14) { t €10, e] theyn LlF( )(t) = LF (y)(t) for aZ.Je. t€[0,¢
and

3 a continuous function ¢ : [0, 00) — [0, 00)
(3.15) such that fg ly(s)|Pds < ¢(t) for t e [0,00), for
all solutions y € L} ([0,00),R™) to (3.11).

Let € > 0 be given and let 7. : R™ — [0,1] be as in Section 2. Let the operator
F, be defined by

FL (o)1) = 5<f0 ly(s)l ds) F(y)(#); here y e L, ([0,50), RY).

o) +1
Consider the operator equation
(3.16) y(t) = LF.y(t) fora.e. te]0,00).

Let S denote the solution set of (3.11) and Sp, the solution set of (3.16).

Theorem 3.2. Suppose (3.12)—(3.15) hold. Let € > 0 be given and assume the
following conditions are satisfied:

(3.17) fo |lw(s)|Pds < ¢(t) for t €[0,00), for any possible
' solution w € L} ([0,00),R") to (3.16)

and
([0,00),R") — LP

loc

([0, 00), R™)

loc
is continuous and compact.

(3.18) { LF.: L,

Then Sg is an Rs set.

PROOF: Notice (3.15) and (3.17) guarantee that Sp = Sr.; to see this notice if
y € Sk, then [} [y(s)[Pds < ¢(t) for t € [0,00), s0

Joly)lPds\ _
e+ ’
and so y € Sp. Theorem 3.1 guarantees that Sp, is an Rs set. [

4. APPLICATIONS

In this section we will use the theorems in Section 2 to establish existence results
for the integral equation

(4.1) y(t) = h(t) + /O k(t, 5) g(s,y(s))ds for t € [0,00).

Throughout this section we assume p, ¢ > 1 with %+$ = 1. We begin by presenting
a result for (4.1) based on Theorem 2.2.
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Theorem 4.1. Assume that g : [0,00) x R — R is a locally integrably bounded LI-
Carathéodory function, i.e. for each compact subinterval I of [0,00), the following
three conditions hold:

(4.2) the map t — g(t,y) is measurable for all y € R,
(4.3) the map y — ¢(t,y) is continuous for almost all t € I,
(4.4) there exists p € L1(I,R) such that

' lg(t,y)| < wp(t), for almost all t € I.

Suppose also that

(4.5) h e C([0,0),R),
(4.6) ki(s) = k(t,s) € LP([0,t],R),Vt € [0,m],Vm € N,
and
tht’ € [0,00),
(4.7) fot |kt (s) — ky (s)|Pds — 0 ast — t/,

where t* = min{t, t'}
hold. Then the solution set of equation (4.1) is an Rs set.
PROOF: Let E = C([0,00),R), and let F': E — E be defined by

F(y)(t) = h(t) -l—/o k(t,s)g(s,y(s))ds for t € [0,00).

From [5], conditions (4.2) — (4.7) guarantee that F' is well defined, F' is a Volterra
operator such that F(y)(0) = h(0), Yy € C([0,00),R), and the restriction F' :
C([0,m],R) — C([0,m],R) is continuous. In fact, F : F — E is continuous,
because if {y;}jen is a sequence in E and yg € C([0,00),R) is such that y; — yo
in C([0,00),R) as j — oo, then y; — yo in C([0,m],R) as j — oo, for all m. Since
F:C([0,m],R) — C([0,m],R) is continuous, we then have that F(y;) — F(yo) in
C([0,m],R) as j — oo, for all m. This implies that F'(y;) — F'(yo) in C([0,00),R)
as j — o0 .

We next show F' : E — E is compact. Let {y;}jen be a sequence in E and
consider the sequence {F(y;)}jen in F(E). The restriction F' : C([0,m],R) —
C([0,m],R), is compact, so F(E|(,,) is relatively compact in C([0,m], R); here
Eliom = {Yljom : ¥ € E}. For m = 1, there exists a subsequence N of N, and
there exists a z; € C([0, 1], R), such that

F(yj)|[0,1] — 21 in C([0,1],R) as j — oo in Nj.

Now consider the sequence {F(y;)}jen,, restricted to [0,2]. Since F(Eljgq)) is
relatively compact in C([0,2],R), there exists a subsequence Nj of Ny, and there
exists a zo € C([0,2],R), such that

F(yj)|[0,2] — 29 in C([0,2],R) as j — oo in No.

In addition,
22‘[071] = Z1 On [O, 1].
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By induction, assume the sequence {F(y;)}jen, and z, € C([0,k],R) are found
such that N, € Np,_; C ... C Ny C N,
F(yj)ljox — 2 in C([0,k],R) as j — oo in N,
and
Zkljo,1] = 2k—1 on [0,k — 1].

Since F'(El[g r41)) is relatively compact in C'([0, k+1], R), there exists a subsequence
Nj41 of Ni, and there exists a zx+1 € C([0,k + 1], R), such that

F(yi)liok+1] — 2ze1 in C([0,k+1],R) as j — oo in Ni1.
In addition,
Zk+1ljo,) = 2k on [0, k].
Now define z € C[0, 00) by
2(t) = zi(t), te [k —1,k), k=1,2,....

The induction above shows that the sequence {F(y;)}jen contains a subsequence
which converges in C([0,00),R) to z € C[0,00). Therefore F(E) is relatively com-

pact in C'([0, ), R), and the operator F': E — E is compact. Now apply Theorem
22. 0O

In Theorem 4.1 notice assumption (4.4) is very restrictive. In our next theorem
we remove this “global” condition and replace with a “local” one. Our proof is
based on Theorem 2.3.

Theorem 4.3. Assume that
g:[0,00) x R—R

is a locally L1-Carathéodory function, i.e. for each compact subinterval I of [0,00),
the following three conditions hold:

(4.8) the map t — g(t,y) is measurable for all y € R,
(4.9) the map y +— g(t,y) is continuous for almost all t € I,

for all v > 0 there exists u, € L(I,R) such that
(4.10) ly| < r implies that |g(t,y)| < pr(t), for almost
allt € 1.

Suppose also that

(4.11) h € BC(|0,>),R),

(4.12) kt(s) = k(t,s) € LP([0,t],R),Vt € [0,m],¥m € N,
Vi, t' € 10, 00),

(4.13) fot* |ki(s) — kv (s)|Pds — 0 as t — t/,

where t* = min{t, t'},
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there exists an a € L}, ([0,00),R), and there exists
a nondecreasing, continuous function 1 : [0, 00) — [0, 00),

(4.14) such that |k(t,s)g(s,y(s))| < a(s)¥(|ly(s)]), a.e. t€]0,00),
a.e. s€[0,t], Yy € C([0,00),R),

and

(4.15) /Om a(s)ds < /l: Jéz), Vm € N;

here |h|oo = Supyco,o0) [R(t)|. Then the solution set of equation (4.1) is an Rs set.
PROOF: Let

p(t) =11 </Ot a(s) ds) for ¢ € [0,00),

o) = /M wiss)‘

Let € > 0 be given and let 7. : R — [0,1] be the Urysohn function for
(B(0,1), R\ B(0,1+¢))

where

such that
Te(r) =1 if |z| <1 and 7(x)=0 if |z| >1+e
Let the operator L and F' be given by

Ly(t) = h(t) + / K(t,s)y(s)ds, F (y)(t) = g(t, u(2).

and the operator F. be defined by

Fw0 =7 (5505) Fo,

Associate with (4.1) we consider the equation

(4.17) y(t) = h(t) +/0 k(t,s) T <¢(’Z§Sj_1> 9(s,y(s))ds for t e [0,00).

Essentially the same reasoning as in Theorem 4.2 guarantees that

{ LF,:C(]0,00),R) — C([0,0),R)

is continuous and completely continuous.

If we show
(4.18) ly(t)] < ¢(t) for t € [0,00) for any
. possible solution y € C([0,00),R) to (4.1),
and
(4.19) ly(t)] < &(t) for te[0,00) for any
. possible solution y € C([0,00),R) to (4.17),

then we can apply Theorem 2.3 to complete the proof.
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It remains to show (4.18) and (4.19). Let y € C([0,00),R) be any solution to
(4.1). Then

()] < [hloo +/O a(s)(ly(s))ds for t € [0,00).
Let .

w(t) = |h|oo —i—/o a(s)Y(Jy(s)|)ds for t e [0,00).
Then

w'(t) = () Y(ly(#)]) < at) Pp(w(t))
50 w(t) ds t
/|h|oo ) S/o a(s)ds for t e [0,00).

Consequently

ly(?)]
o (4.18) holds. Let y € C(]0,
R — [0,1] we have

[y(®)] < [Ploo +/0 a(s)¥(ly(s)]) ds for t € [0, 00),

and as above we obtain

<w(t) < ¢t) for te0,00),
0,00),R) be any solution to (4.17). Then since 7 :

ly(t)] < w(t) < ¢(t) for t € [0,00).
Thus (4.19) is true. O

Remark. If ¢ in (4.14) has at most linear growth, then one could replace (4.11)
with

h € C([0,0),R),
and delete assumption (4.15) and the result in Theorem 4.3 is again true. The proof
is similar to that in Theorem 4.3, the only difference is that the ¢ in (4.18) (and
(4.19)) is constructed from Gronwall’s inequality (i.e. construct ¢ from Gronwall’s
inequality and

t
ly(t)| < !h(t)|+/0 a(s)P(ly(s)]) ds for t € [0,00);
note v is at most linear growth).
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