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Abstract. We prove two variants of Fan’s type inequality for vector-valued mul-
tifunctions in topological vector spaces with respect to a cone preorder in the tar-
get space. The main tool for their proofs is a new two-function result, based on a
two-function result of Simons, which in turn is proved here directly by the classi-
cal scalar Fan inequality. As a consequence of our results, this new two-function
result is equivalent to the scalar Fan inequality.

1. INTRODUCTION

Fan’s inequality is one of the main tools in the nonlinear and convex analy-
sis, equivalent to Brouwer’s fixed point theorem, Knaster-Kuratowski-Mazurkiewicz
theorem, etc. As an analytical instrument, in many situations it is more appropriate
and applicable than the other main theorems in nonlinear analysis. We refer to [2]
for various type equivalent theorems in nonlinear analysis.

In this paper we prove two kinds of vector-valued Fan’s type inequality for mul-
tifunctions. One of them (Theorem 3.1) generalizes the main result of Ansari-Yao
in [1], namely, the existence result in the so-called there Generalized Vector Equi-
librium Problem. The generalization is in the sense that our Theorem 3.1 contains
Fan’s inequality in its full generality (for lower semicontinuous functions), while
their result cantains it only for continuous functions.

Our proofs are quite different from that one in [1] and are based on the classical
scalar Fan inequality. More precisely, in the proofs we use a new two-function result
(see Theorem 2.3) which is a slightly more general form of a two-function result of
Simons [6, Corollary 1.6] and, as a consequence of our results, it implies the classical
Fan inequality. Our two-function result follows from another two-function result of
Simons [6, Theorem 1.2]. The latter is used in [6] to derive Fan’s inequality, while
here, conversely, we derive it directly by Fan’s inequality. For a simple proof of
the classical Fan inequality, based on Brouwer’s fixed point theorem and continuous
partition of unity, we refer to [3].

The proofs of the main results (Theorems 4.1-4.2) use Theorem 2.3 for special
scalar functions possessing semicontinuity and convexity properties, inherited by
the semicontinuity and convexity properties of multifunctions.
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2. FAN’S INEQUALITY AND A NEW TWO-FUNCTION RESULT

Firstly we recall the classical scalar Fan inequality and prove that it implies a
two-function result of Simons (namely [6, Theorem 1.2]), which is used in the sequel
to prove the main tool for proving the multivalued versions of Fan’s inequality
(Theorems 4.1-4.2).

Theorem 2.1. (Fan) Let X be a nonempty compact convex subset of a topological
vector space and f : X X X — R be quasiconcave in its first variable and lower
semicontinuous in its second variable. Then

min sup f(z,y) < sup f(x,z).
yeX zeX zeX

Theorem 2.2. (Simons [6, Theorem 1.2]) Let Z be a nonempty compact convex
subset of a topological vector space, f : Z X Z — R lower semicontinuous in its

second variable, g : Z X Z — R quasiconcave in its first variable, and f < g on
Z x Z. Then

minsup f(z,y) < sup g(2, 2).
YEZ gz 27

Proof. Define the function cof as a quasiconcave envelope of f with respect to the
first variable:

Cof(gg7y) = sup{ie{lnin }f(CCZ,y) T = Z)\ZSL‘Z,.Tz e Z, N >0, Z)\Z =1,ne N},

yeeesTl i=1 i=1

where N is the set of the natural numbers. This function satisfies the conditions of
Fan’s inequality and applying the latter, we obtain the result. |

Now we present our main tool for proving the main results in this paper (Theo-
rems 4.1 and 4.2). Its proof is similar to that of [6, Corollary 1.6].

Theorem 2.3. Let X be a nonempty compact convex subset of a topological vector
space, a : X X X — R lower semicontinuous in its second variable, b: X x X — R
quasiconvex in its second variable, and

rz,ye X anda(z,y)>0=b(y,z)<O0.

Suppose that inf e x b(x,x) > 0. Then there exists z € X such that a(x,z) <0 for
all z € X.

Proof. Define

f(z,y) =1if a(z,y) > 0 and f(z,y) = 0 otherwise.
Analogically define

g(z,y) =1if b(y,x) < 0 and g(z,y) = 0 otherwise.

These functions satisfy the conditions of Theorem 2.2, and applying it, we obtain
the result. i
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3. DEFINITIONS AND AUXILIARY RESULTS

Further let E and Y be topological vector spaces and F,C : E — 2¥ two mul-
tivalued mappings and let for every x € E, C(z) be a closed convex cone with
nonempty interior. We introduce two types of cone-semicontinuity of set-valued
mappings, which are regarded as extensions of the ordinary lower semicontinuity
for real-valued functions; see [4].

Definition 3.1. Let & € E. The multifunction F is called C(&)-upper semicontin-

uous at xg, if for every y € C(&) U (—C(2)) such that F(zg) C y + intC(&), there
exists an open U 3 g such that F'(z) C y + intC(z) for every z € U.

Definition 3.2. Let & € E. The multifunction F' is called C(Z)-lower semicon-
tinuous at xg, if for every open V such that F(zg) NV # (), there exists an open
U > xg such that F(z) N (V + intC(z)) # 0 for every z € U.

Remark 3.1. In the two definitions above, the notions for single-valued functions
are equivalent to the ordinary notion of lower semicontinuity of real-valued ones,
whenever Y = R and C' = [0,00). When the cone C(&) consists only of the zero of
the space, the notion in Definition 3.2 coincides with that of lower semicontinuous
set-valued mapping. Moreover, it is equivalent to the cone-lower semicontinuity
defined in [4], based on the fact that V +intC(z) = V + C(%); see [7, Theorem 2.2].

Proposition 3.1. If for some zy € E, A C intC(zg) is a compact subset and
multivalued mapping W (-) := Y \ {intC(-)} has a closed graph, then there exists an
open set U 3 xo such that A C C(z) for every x € U. In particular C is lower
semicontinuous .

Proof. Assume the contrary. Then there exists a net {x;} converging to xy such
that for every i there exists a; € A\ C(z;). Since A is compact, we may assume
that a; — a € A. Since W has a closed graph, it follows that a € W(z), which is
a contradiction.

Denote B(z) = (intC(z)) N (25 \ S) (an open base of intC(x)), where S is a
neighborhood of 0 in Y, and define the functions

h(k,z,y) =inf{t:y € thk — C(x)}.

Note that h(k,x, ) is positively homogeneous and subadditive for every fixed x € E
and k € intC(x). Moreover, we use the following notations

h(k,y) =inf{t : y € tk — C},

and B = intC'N (25 \ S), where C is a convex closed cone with nonempty interior
and S is a neighborhood of 0 in Y. Note again that h(k, -) is positively homogeneous
and subadditive for every fixed k € intC.

We shall say that (F, X), where X is a subset of E, has property (P), if

(P) for every x € X there exists an open U 3 x such that the set F(UNX) is
precompact in Y, that is, F(U N X) is compact.
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Lemma 3.1. Suppose that multifunction W : E — 2Y defined as W(z) = Y \
intC(z) has a closed graph. If the multifunction F is (—C(z))-upper semicontinuous
at x for each © € E, then the function ¢1|x (the restriction of

;= inf h(k .
p1(z) v S (k,z,y)

to the set X ) is upper semicontinuous, if (F, X) satisfies the property (P). If the
mapping C is constant-valued, then 1 is upper semicontinuous.

Proof. Assume that (F, X) has property (P). Let € > 0 and z¢p € X be given. By
the definition of ¢ there exists kg € B(xp) such that

sup  h(ko,zo,y) < ¢1(x0) + €.
yEF(xo)

Since Supye p(z,) h(ko, 0,y) = inf{t : F(xo) C tho — C(wo)}, we can take
inf{t : F(xo) C tko — C(xo)} <ty < <p1(:1co) +e.

Since F is (—C(xp))-upper semicontinuous at g, there exists an open U > x such
that

F(z) C toko — intC(x) for every x € U.

By Proposition 3.1 and property (P), for to <t < p1(xo) + €, there exists an open
Uy, C U such that

F(z) Ct'kog—intC(x) and ko € B(x) for every x € Uy N X.
Then

x) = inf sup h(k,x,y
901( ) ke€B(x) yeF () ( )

< sup h(k‘o,l’,y)

yEt'ko—C(z)
= t/h(k03$ak0)+ sup h(k:()a:l:?y)
ye—C(z)
<t
< pi(wo) e

The proof of the second statement (when C' is constant-valued) is similar, but in
this case there is no need to use Proposition 3.1 and property (P). |

Definition 3.3. The multivalued mapping F : E — 2V is called C-properly quasi-
convez if for every two points x1,z2 € X and every A € [0, 1] we have either

FAr1+(1—=XNx2) C F(xr;)—C  or
F(Az1+ (1 =XNza) C F(x2) —C.
If —F is C-properly quasiconvex, then F' is called C-properly quasiconcave, which

is equivalent to (—C')-properly quasiconvex mapping.

Remark 3.2. The above definition is exactly that of type (v) properly quasiconvex
mapping in [5, Definition 3.6] and that of C'-quasiconvez-like multifunction in [1].
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Lemma 3.2. If the multifunction F : E — 2Y is C-properly quasiconvez, then the
function

Y1(x) = inf sup h(k,y)
keByeF(z’)

1S qUAsiCoONvex.
Proof. By definition, for every A € [0,1] and every z1,z2 € X we have: either
FAz1+ (1= XNzg) C F(z1) - C
or
F(Ax1 4+ (1 = Nxg) C F(z2) — C.
Assume that F(Azx; + (1 — X)z2) C F(x1) — C. Then
Y1 Axy + (1 = Nzxe) = kl:gg sup{h(k,y) 1y € F(Ax1 + (1 — N)z2)}
< inf sup{h(k,y):y € F(z1) - C}
keB

= inf sup h(k,y—c
inf sup (k,y —c)
ceC

. by subadditivity of
< f h(k h(k, —
< ys&gﬂ( (k,y) + h(k, —c)) ( h(k,-) )
ceC
< ()
< max{¢1(z1),P1(22)}

Analogously we proceed in the second case, when F(Azx; + (1 — N)ag) C F(x2) — C.

Lemma 3.3. Suppose that the multifunction F' is —C(z)-lower semicontinuous for
each x € E and the multifunction W : E — 2 defined by W (z) =Y \ intC(zx) has
a closed graph. Then the function pa|x (the restriction of

= inf inf h(k
pa(x) pont,) ,ont (k,z,y)

to the set X ) is upper semicontinuous, if (F,X) satisfies the property (P). If the
mapping C is constant-valued, then pq is upper semicontinuous.

Proof. Let ¢ > 0 and zg € E be given. By the definition of o, for t3 €
(p2(x0), p2(xo) + €) there exists kg € B(xg), ko € intC(xg), and zg € F(xp) such
that zg — toko € —intC(zp). By Proposition 3.1, there exists an open set Uy 3 xg
such that

20 — toko € —intC(z) and kg € intC(z) for every z € Uj.
Therefore
(3.1) h(ko,x,z9) < tog  for every x € Uy.

Let v < £/2. By (—C(=z¢))-lower semicontinuity of F', there exists an open set
Us C Uy, zg € Us such that

(3.2) G(z) := F(z) N [20 + vko — intC(zg)] #0  for every z € Us.
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Hence
G(UaNX) C 2z + vko — intC(xp)
and
G(UaNX) C 2o+ 2vky — intC(xp).

By Proposition 3.1 there exists an open Us C Uy, Us 3 xg such that

G(UsNX) C 20 + 27k — intC(z) for every x € Us.
This implies

F(z) N (20 + 27vko — intC(z)) # 0 for every z € U3 N X.

Take x € UsNX and y, € F(z)N(z0+2vko—intC(z)). Therefore y, = z0+2vko+cs,
where ¢; € —intC(z). We obtain

pa(mg) +e > to
> hiko,z, Zo) (by (3.1))
= h(ko,r,y — 2vko — )
> hiko, ) ko, 2, 27k) = hlko, . ex) (P e ot )
> h(ko,x,y) — 2v
> pa(z) —e
Hence

w2(xo) + 2e > @po(x)  for every x € U3 N X.

The proof of the second statement (when C' is constant-valued) is similar, but in
this case there is no need to use Proposition 3.1 and property (P). |

Definition 3.4. The multifunction F : E — 2" is called C-quasiconvez, if the set

{reE:F(x)N(a—C) #0}

is convex for every a € Y. If —F is C-quasiconvex, then F' is called C-quasiconcave,
which is equivalent to (—C')-quasiconvex mapping.

Remark 3.3. The above definition is exactly that of Ferro type (—1)-quasiconvex
mapping in [5, Definition 3.5].

Lemma 3.4. If F' is C-quasiconvez, then for every k € B the function
Ul k) i= inf{h(k,y) : y € Fla)}
1S qUAsiCoONvexr.

Proof. By the definition of 1y(-; k), for every ¢ > 0 and z1,22 € E there exist
zi € F(z;),t; € R such that

(3-3) z — tik € —=C,|
and

(3.4) t; < ¢2(.%'i; k‘) +e,1=1,2.
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Since s1k — C C sok — C for s1 < s9, by (3.3), we have
zi € tik — CC Inax{tl,tQ}k: - C.

Hence, by the C-quasiconvexity of F, for every A\ € [0, 1] there exists y € F/(Ax; +
(1 — X)z2) such that y € max{t;, t2}k — C, which means

h(k,y) < max{ty, ta}
< max{ya(w1; k), P2(w2;:k)} + €
by (3.4) and since, the definition, we have
Yo (Az1 + (1 — N)zos k) = inf{h(k,y) :y € F(Ax1 + (1 — N)z2)},
and € > 0 is arbitrarily small, we obtain

o(Ax1 + (1 — Nxe; k) < max{ia(z1; k), o(x9;k)}.

4. MAIN RESULTS

Now we state the main results in this paper. The following theorem is a general-
ization of that one in [1] in the sense that condition (iii) is more general and allows
us to recover the classical Fan inequality, when Y is the real line. The result in [1]
recovers it only for continuous functions.

Theorem 4.1. Let K be a nonempty convex subset of a topological vector space E,
Y be a topological vector space. Let F : K x K — 2Y be a multifunction. Assume
that

(i) C: K — 2" is a multifunction such that for every x € K,C(z) is a closed
convex cone in'Y with intC(z) # 0;

(ii) W : K — 2Y is a multifunction defined as W (x) = Y \ intC(z), and the
graph of W is closed in K X Y;

(iii) for every x,y € K, F(-,y) is C(x)-upper semicontinuous at x with closed
values on K and if the mapping C' is not constant-valued, then the mapping
F(-,y) maps the compact subsets of K into precompact subsets of Y ;

(iv) there exists a multifunction G : K x K — 2¥ such that

(a) for every z € K,G(z,x) ¢ intC(x),

(b) for every x,y € K, F(x,y) C intC(x) implies G(x,y) C intC(z),
(¢) G(z,-) is C(x)-properly quasiconcave on K for every x € X,
(d) G(x,y) is compact, if G(x,y) C intC(x);

(v) there exists a nonempty compact convezr subset D of K such that for every
x € K\ D, there exists y € D with F(z,y) C intC(z).

Then, the solutions set
S={reK:F(z,y) ¢ intC(z), forallye K}
is a nonempty and compact subset of D.
Proof. Put

— — inf h(k b = inf h(k .
a(x,y) kég(y)zefﬁﬁm (k,y,2), blz,y) kelg(m)zejgl()x7y) (k,x,z)
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It is easy to check that
a(x,y) >0 if and only if F(y,z) C intC(y)
by using the compactness of W, and also
b(y,z) <0 if G(y,z) C intC(y)
by using condition (d), and then
a(z,z) <0, b(x,z)>0.
Denote
(4.1) Sy ={xe€D:F(zx,y) ¢ intC(x)}.

Since a(y, -) is lower semicontinuous (by Lemma 3.1), the set S, is closed. Let ¥
be a finite subset of K. Denote by Z the closed convex hull of Yy U D. Obviously
Z is compact and convex. Lemmas 3.1, 3.2 and condition (iv) (b) show that the
conditions of Theorem 2.3 are satisfied.

Now we apply Theorem 2.3 and obtain a point z € Z such that

a(y,z) <0 for every y € Z

which means
(4.2) F(z,y) ¢ intC(z)  for every ye€ Z.
The conditions (v) and (4.2) imply that z € D. Relation (4.1) implies that

N{Sy :y € Yo} # 0.
So we proved that the family {S, : y € K} has finite intersection property. Since D
is compact,

N{Sy:ye K} #0,
which means that there exists xg € K such that

F(zo,y) ¢ intC(zg) for every y € K.

So we proved that .S is nonempty, and since S is a closed subset of D, the proof is
completed. |

Theorem 4.2. Let K be a nonempty convex subset of a topological vector space E,
Y a topological vector space, and F : K x K — 2Y a multifunction. Assume that

(i) C: K — 2" is a multifunction such that for every x € K,C(z) is a closed
convex cone in'Y with intC(z) # 0;

(i) W : K — 2Y is a multifunction defined as W(zx) = Y \ intC(x) and the
graph of W is closed in K XY ;

(iii) for every x,y € K, F(-,y) is C(x)-lower semicontinuous with closed values
on K and if the mapping C' is not constant-valued, then the mapping F(-,y),
for every y € K, maps the compact subsets of K into precompact subsets
of Y;

(iv) there exists a multifunction G : K x K — 2¥ such that

(a) for every xz € K, G(z,z) NintC(z) = 0,
(b) for everyz,y € K, F(x,y)NintC(x) # 0 implies G(z,y)NintC(x) # 0,
(¢) G(z,-) is C(x)-quasiconcave on K for every z € K;
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(v) there exists a nonempty compact convex subset D of K such that for every
x € K\ D, there exists y € D with F(x,y) NintC(z) # 0.

Then, the solutions set
S={reK:F(z,y)NintC(x) =0, forallye K}
is a nonempty and compact subset of D.
Proof. Put

= — inf inf Ak b(a,y) ;= inf h(k
a(z,y) waif o inf pky.2), bzy) = inf  h(k(@),z,2),

where the function k is any fixed selection of the multivalued mapping = — intC'(z),

ie., k(z) € intC(z) for every z € K.
It is easy to check that

a(x,y) >0 if and only if F(y,x) N (intC(y)) # 0,
b(y,z) < 0 if and only if G(y,z) N (intC(y)) # 0,

a(x,z) <0, b(x,z)>0.

Lemmas 3.3, 3.4 and condition (iv) (b) show that the conditions of Theorem 2.3
are satisfied. Further the proof is the same as that of Theorem 4.1, but in this case

Sy:={x e D:F(z,y) N (intC(x)) = 0}.
|

Remark 4.1. As a corollary from any of Theorems 4.1 and 4.2, when ¥ = R,
C = [0,00), we obtain that any of Theorems 4.1 and 4.2 implies the scalar Fan
inequality (Theorem 2.1). Indeed, under the assumptions of Theorem 2.1, we apply
any of Theorems 4.1 and 4.2 to the function f—sup,cz f(z, z). Since those theorems
are based on Theorem 2.3, we conclude that Theorem 2.3 is equivalent to the scalar
Fan inequality.

Acknowledgments

This work is based on research 11740053 supported by Grant-in-Aid for Scientific
Research from the Ministry of Education, Science and Culture of Japan. The first
named author is supported by JSPS fellowship and International Grant for Research
in 1999 and 2000 at Hirosaki University. He is very grateful for the warm hospitality
of the University, during his stay as a Visiting Professor.



254 PANDO GR. GEORGIEV AND TAMAKI TANAKA

REFERENCES

[1] Q. H. Ansari and J.-C. Yao, An ezistence result for the generalized vector equilibrium problem,
Appl. Math. Lett., 12, 53-56 (1999).

[2] J.-P. Aubin and I. Ekeland, Applied Nonlinear Analysis, Wiley Interscience, New York, 1984.

[3] J.-P. Aubin and H. Frankowska, Set-Valued Analysis, Birkhaduser, Boston, 1990.

[4] Y. Kimura, K. Tanaka, and T. Tanaka, On semicontinuity of set-valued maps and marginal
functions, 181-188 in Nonlinear Anlysis and Convex Analysis —Proceedings of the Interna-
tional Conference (W. Takahashi and T. Tanaka, eds.), World Scientific, 1999.

[5] D. Kuroiwa, T. Tanaka, and T.X.D. Ha, On cone convezxity of set-valued maps, Nonlinear
Analysis, TMA, 30(3), 14871496 (1997).

[6] S. Simons, Two-function minimax theorems and variational inequalities for functions on com-
pact and noncompact sets, with some comments on fized-point theorems, Proc. Symp. Pure
Math., 45 (2), 377-392 (1986).

[7] T. Tanaka and D. Kuroiwa, Another observation on conditions assuring intA+B = int(A + B),
Appl. Math. Lett., 7 (1), 19-22 (1994).

Manuscript received June 19, 2000
revised August 3, 2000

PANDO GR. GEORGIEV
Department of Mathematics and Informatics, University of Sofia, 5 James Bourchier Blvd., 1126
Sofia, Bulgaria

Current address: Laboratory for Advanced Brain Signal Processing, Brain Science Institute,
The Institute of Physical and Chemical Research (RIKEN), 2-1, Hirosawa, Wako-shi, Saitama,
351-0198, Japan

E-mail address: pandogg@fmi.uni-sofia.bg

Current E-mail address: georgiev@bsp.brain.riken.go.jp

TAMAKI TANAKA
Department of Mathematical System Science, Faculty of Science and Technology, Hirosaki Univer-
sity, Hirosaki 036-8561, Japan

E-mail address: sltana@cc.hirosaki-u.ac.jp



