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OPTIMIZATION OF FUZZY FEEDBACK CONTROL
DETERMINED
BY PRODUCT-SUM-GRAVITY METHOD

TAKASHI MITSUISHI, JUN KAWABE*, KATSUMI WASAKI, AND YASUNARI SHIDAMA

ABSTRACT. The fuzzy feedback control discussed here is a nonlinear feedback
control, in which the feedback laws are determined by if-then type fuzzy rules
through product-sum-gravity method. In this paper, we show that a set of ad-
missible fuzzy controllers is compact metrizable with respect to an appropriate
topology on fuzzy membership functions. Using this compactness, we show the
existence of a fuzzy controller which minimizes (maximizes) the integral cost
(benefit) function of the feedback system.

1. INTRODUCTION

In 1965, Zadeh [7] introduced the notion of fuzziness, and then Mamdani [2] has
applied it to the field of control theory using what is called Mamdani method. This
method is one of the ways to numerically represent the control given by human
language and sensitivity, and it has been applied in various practical control plants.
However, unlike the theory of classical control and modern control, systematized
considerations have not yet been discussed sufficiently.

The authors have been trying to give a mathematical framework in fuzzy feedback
control theory, and to establish the automatic and computational determination of
fuzzy membership functions, which give optimal controls in some fuzzy feedback
control systems (see [4] and [6]). Especially, in [6] we studied some properties of
fuzzy controllers constructed by Mamdani method, and showed the existence of an
optimal fuzzy feedback control, in which the feedback laws are given by the amount
of operation from the fuzzy controllers.

Since the control given by Mamdani method might not change smoothly, it is
pointed out that his method is not necessarily appropriate to express the human
intuition. Then, Mizumoto [5] recently proposed the product-sum-gravity method
by replacing minimum with product and maximum with summation in Mamdani
method. The fuzzy feedback control discussed here is a nonlinear feedback control,
in which the feedback laws are determined by if-then type fuzzy control rules through
not Mamdani but product-sum-gravity method.

In section 2, for the convenience of the reader, we briefly explain fuzzy control
methods (Mamdani method and product-sum-gravity method) which are widely
used in practical applications. In section 3, we introduce the notion of an admissible
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fuzzy controller, and show that the set of such controllers is compact metrizable for
an appropriate topology on fuzzy membership functions. In section 4, using this
compactness, we show the existence of an optimal fuzzy controller in the nonlinear
fuzzy feedback control system determined by product-sum-gravity method.

Throughout this paper, R" denotes the finite dimensional Banach space of all
n-tuple vectors = = (x1,29,...,2,) (z1,22,...,2, € R) with the norm ||z| :=
maxj<i<n |z;|. For any a,b € R, we set lattice operations a V b := max (a,b) and
a Ab:=min (a,b).

2. Fuzzy CONTROLLER

In this section, for the convenience of the reader, we briefly explain some of fuzzy
control methods which are widely used in practical applications:
Assume the following if-then type fuzzy control rules are given.

(2.1)
Rule 1 :if 1 is A1 and x9 is Ao and ... and z, is A, then y is B
Rule 2 :if 1 is A9; and z9 is A9y and ... and z, is Ag, then y is Bj
Rule m : if z1 is A1 and xo is Ay and ... and x, is Ay, then y is By,
Let pa,; (i=1,...,m;j =1,...,n) be fuzzy membership functions defined on

[a,b] of the fuzzy set A;j. Let pp, (i = 1,...,m) be fuzzy membership functions
defined on [e, d] of the fuzzy set B;. For simplicity, we write “if” and “then” parts
in the rules by the following notation:

Ai = (pay,, - pa,,) i=1,...,m),
A= (A, ..., An),

B:=(uB:- - 1By)-
Then, the if-then type fuzzy control rules (2.1) is called a fuzzy controller, and is
denoted by (A, B). In the rules in (2.1), x = (z1,22,...,2,) € [a,b]" is called an
input information given to the fuzzy controller (A, B), and y € [¢,d] is called an
control variable.

(A) Mamdani Method: Mamdani method is widely used in fuzzy controls be-
cause of its simplicity and comprehensibility [2]. In this method, when an input
information z = (x1,22,...,2,) € [a,b]" is given to the fuzzy controller (A, B),
then one can obtain the amount of operation pp(z) from the controller through
the following calculation:

e Procedure 1: The agreement degree of each rule is calculated by

ag,(x) = /\ pay(xg) (G=1,...,m).
j=1

e Procedure 2: The inference result of each rule is calculated by

ﬁBiAi(x7y) = O‘Ai(x) A MBi(y) (7‘ =1,... 7m)'
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e Procedure 3: The inference result of the entire rule is calculated by

V48(7,y) \/ﬁBAzxy)
=1

e Procedure 4: The center of gravity of the inference result is calculated by

[ yyas(z y)dy
[y a5z, y)dy

paB(z) ==

This method is also called a min-max-gravity method. We say that a fuzzy con-
troller (A, B) is constructed by Mamdani method if the amount of operation p 4z is
constructed by the procedures (1)—(4) above.

(B) Product-Sum-Gravity Method: Since min-max-gravity method uses min-
imum and maximum operations, the value of the agreement degree and the center
of gravity might not change smoothly. In addition, it is pointed out that this
method is not necessarily appropriate to express the human intuition. Then, Mizu-
moto [5] recently proposed the product-sum-gravity method by replacing minimum
with product and maximum with summation.

e Procedure 1: The agreement degree of each rule is calculated by

aq,(z f[ (i=1,...,m).

e Procedure 2. The inference result of each rule is calculated by
ﬂBiAi(x7y) = O‘Az(x)MBz@/) (Z: 17"'7m)'
e Procedure 3: The inference result of the entire rule is calculated by

Y4B(,Y) ZﬁBA,l’y

e Procedure 4: The center of gravity of the inference result is calculated by

[ yyas(x, y)dy
[y a5z, y)dy

pas(z) ==

We say that a fuzzy controller (A, B) is constructed by product-sum-gravity method
if the amount of operation p 4z is constructed by the procedures (1)—(4) above.

In the following sections, we only consider fuzzy controllers constructed by product-
sum-gravity method. See [6] for some results concerning fuzzy controllers con-
structed by Mamdani method.
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3. COMPACTNESS OF A SET OF ADMISSIBLE FUZZY CONTROLLERS

In this section, we show that a set of admissible fuzzy controllers is compact and
metrizable with respect to an appropriate topology on fuzzy membership functions.
Let Cla, b] be the Banach space of all continuous real functions on [a, b] with the
norm |[|pf| := max ye[qp [14(s)|. Denote by L'[c, d] the Banach space of all Lebesgue

measurable real functions p on [c,d] such that fcd |i(s)|ds < oo. We also denote
by L*[c,d] the Banach space of all Lebesgue measurable, essentially bounded real
functions on [c, d].

Let Aj; >0 (1 <i<m;1<j<mn). We consider the following two sets of fuzzy
membership functions.

0 < pu(s) <1 forVs e [a,b], }

Fp, =1 peClab
! { .0 \pu(s) — p(s")| < Aijls — §'| for Vs, s’ € [a, b]

and
G:={pueL>®cd:0<pu(s)<1ae sé€lcd}.

The set Fa,;, which is more restrictive than G, contains triangular, trapezoidal
and bell-shaped fuzzy membership functions with gradients less than positive value
A;j. Consequently, if A;; > 0 is taken large enough, F,; contains almost all fuzzy
membership functions which are used in practical applications. In section 4, we
shall assume that the fuzzy membership functions ji4,; in “if” parts of the rules
(2.1) belong to the set Fa,;. On the other hand, we shall also assume that the fuzzy
membership functions pp, in “then” parts of the rules (2.1) belong to the set G.

In the following, we endow the space Fa;; with the norm topology on C [a,b] and
endow the space G with the weak topology o(L*, L') on L>®[c,d.

Put

m n

-— m

F = H FAij x G y
i=1 | j=1

where G™ denotes the m times Cartesian product of G. Then, each element (A, B)
of F can be viewed as a fuzzy controller given by the if-then type fuzzy control rules
(2.1).

Proposition 1. F is compact and metrizable with respect to the product topology
on Cla,b]™ x G™.

Proof.  Since, foreachi=1,...,mand j=1,...,n, Fa,; is a closed, bounded and
equicontinuous subset of C|a, b], by Ascoli-Arzela theorem (see, e.g., Theorem IV.6.7
of [1]), Fa,; is a compact subset of the Banach space Cla, b].

Next we prove compactness and metrizability of G: Since L![c, d] is separable, by
Theorem V.4.2 (Alaoglu theorem) and Theorem V.5.1 of [1], the closed unit sphere
of L>]e, d] is compact and metrizable for the weak topology o(L>, L) on L*][c, d].
Hence we have only to show that G is sequentially closed for (L, L1).
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Let {u,} C G converges to u for o(L>, L'). Then, we have

d d
(3.1) OS/ oz(s);z(s)dsg/ a(s)ds

for every a € Lt[c,d] with a(s) > 0 a.e.s € [c,d]. Consequently, it easily follows
from (3.1) that 0 < p(s) <1 a.e.s € [c,d]. Hence, p € G and thus G is closed for
o(L>, LY).

By Tychonoff theorem

is compact metrizable for the product topology. O

In the procedure 4 of product-sum-gravity method, the amount of operation p45
is obtained through the gravity calculation

_ [ yyas(x, y)dy
[y as (@, y)dy

To avoid making the denominator of the expression above equal to 0, for any § > 0,
we consider the set

d
Fs = {(A, B)e F: / yap(x,y)dy > § for all z € [a, b]"} ,

x = (z1,...,2y) € [a,b]".

pAB(T) :

which is a slight modification of F. If § is taken small enough, it is possible to
consider F = Fj for practical applications. We say that an element (A, B) of Fy is
an admissible fuzzy controller. Then, we have the following

Proposition 2. Let § > 0. The set Fs of all admissible fuzzy controllers is
compact and metrizable with respect to the product topology on Cla,b]™™ x G™.

Proof. We first note that a sequence {(A¥, B¥)} C F converges to (A, B) € F for
the product topology if and only if, for each i = 1,...,m,

logs = allso = sup Jaye(@) — (@) — 0

z€[a,b]™
and

pigs — up, for the weak topology (L™, L') on L>[c,d].

Assume that a sequence {(A¥, B¥)} in Fs converges to (A, B) € F. Fix x € [a, b]".
Then, we have

d m d
| s edy =" @) [ @iy

=1

m d d
—>Zoz,4i(:v)/ uBi(y)dyz/ Yas(@, y)dy,
i=1 ¢ €
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which implies fcd yas(z,y)dy > ¢ and hence (A, B) € Fs. Therefore, Fy is a closed
subset of F, and hence by Proposition 1 it is compact and metrizable. a

4. EXISTENCE OF OPTIMAL FUZZY FEEDBACK CONTROL

In this section, using the compactness of a set of admissible fuzzy controllers, we
show the existence of an optimal fuzzy feedback control.

Let f(z,u): R™ x R — R"™ be a vector valued Lipschitz continuous function with
the Lipschitz constant L;:

(1) £ Gw) = )l < Lyl = @'l + u = o)
for all (z,u), (2/,u') € R™ x R.
In addition, assume that there exists a constant My > 0 such that
(4.2) 1f(z, )| < My ([l 4 u] +1)
for all (z,u) € R" x R.
Consider a system given by the following state equation:
(4.3) o(t) = f(x(t),u(t)),

where z(t) is the state, and the control function u(t) of the system is given by the
state feedback

u(t) = p(x(t)),
where p : R” — R is a continuous function. For r > 0, B, := {z € R" : ||z|| < r}

denotes a bounded set containing all possible initial states zy of the system. Let T
be a final time. Then, we have

Proposition 3. (1) Let p : R® — R be a Lipschitz continuous function and
xg € By. Then, the state equation

(4.4) (t) = f(x(t), p(2(1)))
has a unique solution x(t,xo, p) on [0,T] with the initial condition x(0) = z¢ such
that the mapping
(t,x0) € [0,T] X By — z(t, x0, p)
1S continuous.

(2) For any ro > 0, denote by @ the set of all Lipschitz continuous functions p :
R™ — R with the Lipschitz constant L, satisfying

(4.5) sup [p(u)| < 2.
u€ER™

Then, the following (a) and (b) hold.
(a) For anyt € [0,T],x0 € By and p € ¢, we have

(4.6) [ (t, 2o, p)I| < 71,

where

(4.7) r1 = eMTr 4 (T — 1) (rg +1).
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(b) Let p1,p2 € D. Then, for any t € [0,T] and xg € B,, we have
eLf (1+Lp1 )t -1

sup [p1(u) — p2(u)].

(48) ‘|$(t7x0ap1) - x(ta$07p2)|| <
1 + LPl UE[—T1,7’1]"7‘

Proof. (1) See [3] for the existence and the uniqueness of the solution. The joint
continuity of the solution can be readily proved.

(2) We first prove (a): Let z(t) = z(t, zo, p) be a solution of (4.4) on [0,T] with
the initial condition x(0) = . Then

z(t) = zo +/0 f(z(s), p(z(s)))ds, 0<Vt<T.

By (4.2) and (4.5), we have

[z < [|oll +/O 1/ ((s), p(x(s)))l|ds
= 7"+/ My(llz(s)ll + [p(2(s))| + 1)ds
0

t
v [ M) + 2+ s,
0
and this implies that
t
O+ 72+ 1< (rbrat 1)+ [ M) + 2+ 1)ds
0

for 0 <Vt <T. By Grownwall inequality (see, e.g., Theorem 2.1.6 of [3]), we have
lz(@)] + 72 + 1 < (r+ 7o + 1)eM7,
Thus
lz()]| < rerT 4+ (T —1)(r2 + 1),
and the proof of (a) is complete.
Next we prove (b): Let p1, p2 € @. Let 1(t) = x(t, x0, p1) and x2(t) = x(¢, 0, p2)
be solutions of (4.4) for the feedback p; and pa, respectively. Then, we have

1 (t) — 22 (D) S/O 1f(z1(5), pr(x1(s))) — f(2(s), pa(22(s)))l|ds.
Since ||z2(s)|| < 71 by (4.6), it follows from (4.1) that

[ f(z1(5), pr(z1(5))) — f(@2(s), p2(m2(s)))|| < Lp(1+ Ly, )[|z1(s) — z2(s)]
+Ly  sup |p1(u) — p2(u)l.

u€[—ry,r1|”

Put a = sup,e(_y, ryJn [P1(1) — p2(u)], then we have
t a
foa(®) = 2a®) < [ Ly(1+ L) {llea(s) — ()] + ds.
0 1+ Ly,
Adding /(14 L, ) to both sides and using Grownwall inequality again, we have

o «
21 () — 22 ()] + < eLf(H'Lm)t7
1+L, —1+L,
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which implies (4.8). O

Let (A, B) be a fuzzy controller given by the if-then type fuzzy control rules (2.1).
We say that the system (4.3) is a fuzzy feedback system if the control function u(t)
is given by the state feedback

u(t) = pan(z(t)),
where pp(z(t)) is the amount of operation from the fuzzy controller (A, B) for an
input information x(t).

In the following, fix » > 0, 79 > 0 and a final time T of the control. Put r; be
the constant determined by (4.7). We also fix A;; > 0 (1 <i<m;1 < j <n)and
6> 0.

We define two sets of fuzzy membership functions by the same way as in Section 3.

0 < pu(s) <1forVse[—ry,ri, }

Fp,y =9 peCl=r,m]
! { lp(s) — u(s)| < Aijls — §| for Vs, s’ € [—r1,71])

and
G:={pe€ L>®—rg,ra) : 0 < u(s) <1ae. se|[—ryra}.

We assume that the fuzzy membership functions pa,; in “if” parts of the rules
(2.1) belong to the set Fa,,. On the other hand, we also assume that the fuzzy
membership functions pp, in “then” parts of the rules (2.1) belong to the set G.

We endow the space Fa,;; with the norm topology on C[—r1,71] and endow the
space G with the weak topology o(L>, L) on L*®[—rg,73].

Put

F = 1 - FA,. XGm,
114117,

i=1 | j=1
and

(4.9) Fs = {(A, B)eF:

T2

Yap(z,y)dy > 6 for all z € [—7"1,7'1]”} .

—ro

In this paper, for any admissible fuzzy controller (A, B) € Fj, the amount of

operation pap : [—r1,71])" — R is constructed by product-sum-gravity method:
S5, yvas(z, y)dy
—7r2 b
PAB(T) = 7 "
I vas(z,y)dy
where

au, () = H:U*Aij(xj) (i=1,...,m),
j=1

ﬁBiAi(xvy) = OéAi(iL') MBz(y) (Z: 1)"'7m)a
and

vas(@,y) =Y Bpa,(2,y)
=1

for each x = (z1,...,2,) € [-71,71]" and y € [—ra,r2]. Then, we have
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Proposition 4. Let (A, B) € F5. Then, the following (1) and (2) hold.
(1) pap is Lipschitz continuous on [—ry,r1]™.

(2) |pas(z)| < re for all x € [—ry,ri]™.
Proof. (1) For any © = (x1,...,2y,), @ = (2},...,2}) € [-r1,71]" and any ¢ =
L,...,m, since 0 < pa,; (7;), pra,; (7)) < 1, we have

lag, (2) — ag, (xl)’ = H HA;; (‘TJ) - H HA;; (x;)
j=1 j=1

n
<A |y — 2] < ndllz -2,
j=1
where A; = max<;<p 4;;. Consequently, noting that 0 < up,(y) <1 a.e., we have
‘ﬁBiAi(x7 y) - 6Biv4i(xl7y)’ < nAZ”‘T - CUIH
for a.e. y € [—ra,72] and hence

(4.10) as(z,y) — vas(@’,y)| < Allz — 2/,
where A=n) " A,
Put

T2

g(ﬂ«“)Z/T2 yyas(z,y)dy and h(:v)Z/ Yas(z,y)dy.

-T2 -2

Then, for any z, 2’ € [—r1,71]", by (4.10) we have

(4.11) l9(x) = g(a")| < r3A]z — |
and
(4.12) |h(z) — h(z")] < 2reA||z — 2.

Since h(z) > 6§, |g(z)| < mr3 and |h(x)| < 2mry for all x € [—ry,7]", it follows
from (4.11) and (4.12) that
lg(x) — g(@")[|h(2")] + [h(x) — h(z")[|g(z")|

52

IN

paB(z) — pas(z’)]

dmr3 A

< 727

and the Lipschitz continuity of p 4z is proved.

(2) It follows from |g(z)| < roh(z) that |pap(z)| = |g(z)/h(x)|] < re for all
x € [—r1,r1)" O

H»’U—l’/”a

It is easily seen that every bounded Lipschitz function p : [—r;,71]™ — R can be
extended to a bounded Lipschitz function p on R™ without increasing its Lipschitz
constant and bound. In fact, define p: R®” — R by

p(x) = p(x1,...,xn) = ple(x1),...,e(xy)), =R
where
1, if s >r
e(s) = s, if —ri<s<nr
—ri, if s < —71.
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Let (A,B) € Fs. Then it follows from Proposition 4 and the fact above that
the extension p4p of pap is Lipschitz continuous on R™ with the same Lipschitz
constant of ps and satisfies sup,cpn |pa5(x)| < 72. Therefore, by Proposition 3
the state equation (4.4) for the feedback law p 45 has a unique solution z(t, zg, p4B)
with the initial condition 2(0) = . Though the extension p 45 of p4z5 is not unique
in general, the solution x(¢, zg, p.43) is uniquely determined by p 45 using inequality
(4.8) of Proposition 3. Consequently, in the following the extension p 4z is written
as pap without confusion.

The performance index of this fuzzy feedback control system is evaluated with
the following integral cost function:

T
(4.13) J= /B | /O w(z(t, €, pas)s pas(e(t,C. pas)))dtd,

where w : R” x R — R is a positive continuous function. The following theorem
guarantees the existence of a fuzzy controller which minimizes and maximizes (4.13).

Theorem 5. The mapping

T
(A,B) € Fs '—>/ /O w(x(t, ¢, paB), pas(x(t, ¢, pap)))dtdC

has a minimum (mazimum) value on the compact metric space Fs of all admissible
fuzzy controllers defined by (4.9).

Proof. By Proposition 2, Fs is compact metric space with respect to the the
product topology on C[—ry,r1]™" x L*[—ra,ra]|™.
Assume that (A*, B*) — (A, B) in Fs. Routine calculation gives an estimate

2mro i
sup |pangn(2) — pas(2)l < — >

z€[—r1,m1|" i=1
9 m
mr2 Z

52
i=1

dmri &
+ 52 ZHO‘Af — aloo;
i=1

T2 T2
/ yugf(y)dy—/ yuBi(y)dy‘

—r2 —r2

() T2
/ ppr(y)dy — / uBi(y)dy’
oy

—r9

+

where HO‘A;“ - O‘AiHOO = SUPge[—ry )7 |04.Af (x) -y ($)|
Fix (t,¢) € [0,T] x B,. Then it follows from the estimate above that

(4.14) lim  sup |pgrpe(x) — pas(z)| =0.

k—o0 z€[—r1,r1]"

Hence, by (b) of Proposition 3, we have
(415) kILIglo Hﬂf(t, Cv pAkBk) - J}(t, Ca pAB)H =0.
Further, it follows from (4.14), (4.15) and (1) of Proposition 4 that

(4.16) kli»rglo parpk(z(t, ¢, parpr)) = pas(x(t,C, paB))-
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Since w : R™ x R — R is positive and continuous, it follows from (4.15), (4.16) and
the Lebesgue’s dominated convergence theorem that the mapping

T
(A,B) € Fs H/ /0 w(z(t, ¢, pag), pa(x(t, ¢, pag)))dtd¢

is continuous on the compact metric space Fs. Thus it has a minimum (maximum)
value on Fjy, and the proof is complete. |
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