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STRONG CONVERGENCE THEOREMS FOR
ASYMPTOTICALLY NONEXPANSIVE SEMIGROUPS IN
BANACH SPACES

NAOKI SHIOJI AND WATARU TAKAHASHI

ABSTRACT. Let S be a semigroup and let C be a closed, convex subset of a
Banach space E. Let {a,} and {b,} be real sequences such that 0 < a, < 1,
an — 0,0 <b, <1and b, — 0, let {un} be a sequence of means on a subspace
X of the Banach space of all bounded real-valued functions on S, and let S =
{T; : t € S} be an asymptotically nonexpansive semigroup on C such that the
set of common fixed points of S is nonempty. Let x and yo be elements of C.
In this paper, we study the strong convergence of the sequences {z,} and {y»}
respectively defined by
Tn =anZ+ (1 — an)Ty, Tn for all sufficiently large n,
and
Ynt1 =bnz + (1 — bp) T, yn forn=0,1,2,...,

where for v € C' and a mean p on X, T,u is a unique element of C satisfying
(Tpu,u") = pe(Tru,u™) for all u* € E*.

1. INTRODUCTION

Let C be a closed, convex subset of a Hilbert space and let T" be a nonexpansive
mapping from C' into itself such that the set F/(T) of fixed points of 7" is nonempty.
Let x be an element of C' and for each t with 0 <t < 1, let x4 be a unique point of
C satisfying

xp =tx + (1 —t)Txy.

Browder [3] showed that {z;} converges strongly to the element of F(T") which is
nearest to z in F/(T) as ¢ | 0. This result was extended to those of a Banach space by
Reich [11] and Takahashi and Ueda [25]. Since {x;} converges strongly, Halpern [7]
and Reich [12] considered the following iteration process:

Ynt1 = bpx + (1 = bp) Ty, forn=0,1,2,...,

where yo is an element of C' and {b,} is a real sequence satisfying 0 < b, < 1
and b, — 0. Recently, Wittmann [26] showed that {y,} converges strongly to the
element of F/(T') which is nearest to z if Y 2 b, = 0o and Y 7 |bpr1 — bn| < 0.
The authors [16] extended his result to that of a Banach space, which gives an
answer to Reich’s problem [12]. On the other hand, using ideas of Browder [3]
and Wittmann [26], Shimizu and Takahashi [14, 15] studied the convergence of the
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following sequences {z,} and {y,}:

n

1 .
1.1 Tp=apx+ (1 —ap)—— Tz, forn=0,1,2,...;
1
nt iz
1
(1.2) Ynt+1 = bpx + (1 — bn)m ZT’yn forn=0,1,2,...,
i=0

where {a,} is a real sequence satisfying 0 < a,, < 1 and a,, — 0. The authors [19, 20]
also extended these results to those of a Banach space.

In this paper, we study strong convergence theorems for an asymptotically nonex-
pansive semigroup on a Banach space by the use of a sequence of means, which has
been developed in the study of nonlinear ergodic theorems (cf. [1, 5, 6, 8, 13, 22, 23]).
In the framework of a Hilbert space, we introduced two iteration processes which
generalize (1.1) and (1.2) and we discussed strong convergence of the iterative pro-
cesses in [18]. Though the proofs in this paper and those in [18] are considerably
different, Theorems 2 and 3 below are straight generalizations of those in [18]. How-
ever, to prove Theorems 4 and 5 below, we need the concept of monotone conver-
gence for means. The reason is that the duality mapping is not weakly continuous
on a Banach space.

This paper is organized as follows: Section 2 is devoted to some preliminaries
and notations. In Section 3, we state our main results and in Section 4, we prove
them. Finally, we investigate some theorems which can be deduced from our main
results.

2. PRELIMINARIES AND NOTATIONS

Throughout this paper, all vector spaces are real and we denote by N the set of
all nonnegative integers. For a real number a, we also denote max{a,0} by (a)4.

Let E be a Banach space and let » > 0. We denote by B, the closed ball in
with center 0 and radius r. F is said to be uniformly convex if for each € > 0, there
exists 0 > 0 such that ||(z +y)/2|| < 1 — ¢ for each z,y € By with ||z —y| > e.
Let C be a subset of E, let T' be a mapping from C into F and let ¢ > 0. We
denote by coC the closed convex hull of C' and we denote by F(T) and F.(T) the
sets {x € C:x =Tz} and {z € C: ||z — Tx| < e}, respectively.

Let E* be the topological dual of E. The value of * € E* at x € E will be
denoted by (x,z*). We also denote by .J the duality mapping from E into 27, i.e.,

Jr = {z* € E*: (z,2*) = ||z||* = ||z*||*} for each x € E.
Let U ={z € E: ||z|| = 1}. E is said to be smooth if for each =,y € U, the limit

o) e+ iyl ]

t—0 t

exists. The norm of F is said to be uniformly Géateaux differentiable if for each
y € U, the limit (2.1) exists uniformly for x € U. We know that if E is smooth
then the duality mapping is single-valued and norm to weak star continuous and
that if the norm of F is uniformly Gateaux differentiable then the duality mapping

is norm to weak star uniformly continuous on each bounded subset of E.
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Let C be a convex subset of F, let K be a nonempty subset of C' and let P be
a retraction from C onto K, i.e., Px = x for each x € K. P is said to be sunny if
P(Pz + t(x — Pz)) = Px for each z € C and ¢t > 0 with Px + t(x — Px) € C. We
know from [4, Theorem 3] or [10, Lemma 2.7] that if £ is smooth, then a retraction
P from C onto K is sunny and nonexpansive if and only if

(2.2) (x — Pz, J(y—Px)) <0 forallz € Candye€ K,

and hence there is at most one sunny, nonexpansive retraction from C onto K. If
there is a sunny, nonexpansive retraction from C' onto K, K is said to be a sunny,
nonexpansive retract of C.

Let S be a semigroup. Let B(.S) be the space of all bounded real-valued functions
defined on S with supremum norm. For s € S and f € B(S), we define an element
lsf in B(S) by

(Isf)(t) = f(st) for each t € S.

Let X be a subspace of B(S) containing 1 and let X™* be its topological dual. An
element p of X* is said to be a mean on X if ||u]| = (1) = 1. We know that
is a mean on X if and only if inf f(S) < u(f) < sup f(5) for all f € X. We often
write p:(f(t)) instead of pu(f) for p € X* and f € X. Let X be [s-invariant, i.e.,
[s(X) C X foreach s € S. A mean pon X is said to be left invariant if pu(lsf) = pu(f)
for each s € S and f € X. A sequence of means {u,} on X is said to be strongly
left regular if ||, — pn|| — 0 for each s € S, where [} is the adjoint operator
of I;. In the case when S is commutative, a left invariant mean is said to be an
invariant mean and a strongly left regular sequence is said to be a strongly regular
sequence [8, 9]. We remark that an invariant mean on B(N) is said to be a Banach
limit [2]. Further, let X be satisfied that for each bounded subset {f,, : n € N} of
X, the mappings t +— inf,, f,,(¢) and t — sup,, f(t) are elements of X. A mean pu
on X is said to be monotone convergent if p;(lim,, f,(t)) = limy, p(fn(t)) for each
bounded sequence {f, : n € N} of X such that 0 < f} < fo <---.

Let E be a reflexive Banach space, let X be a subspace of B(S) containing 1 and
let i be a mean on X. Let f be a bounded function from S into E such that the
mapping t — (f(t),z*) is an element of X for each z* € E*. We know from [§]
that there exists a unique element xy € E such that (zg,z*) = u(f(t),2*) for all
z* € E*. Following [8], we denote such o by [ f(¢t) du(t).

Let C be a closed, convex subset of a reflexive Banach space E. A family S =
{T} : t € S} is said to be a uniformly Lipschitzian semigroup on C' with Lipschitz
constants {k; : t € S} if

(i) k¢ is a nonnegative real number for each t € S and sup,cg kt < o0;

(i) foreacht € S, T} is a mapping from C into itself and || Tz —Try|| < kil|z—yl|

for each z,y € C;

(iii) Tys = TyTs for each t,s € S.
A uniformly Lipschitzian semigroup S = {7} : t € S} on C with Lipschitz constants
{kt : t € S} is said to be asymptotically nonexpansive if inf, g sup;cq ks < 1, and
it is said to be nonexpansive if k; = 1 for all t € S. We denote by F'(S) the set of
common fixed points of S, i.e., (,cg{r € C: Ttx = 2}. Let S = {T; : t € S} be a
uniformly Lipschitzian semigroup on C with Lipschitz constants {k; : ¢ € S} such
that {Tiu : t € S} is bounded for some u € C' and let X be a subspace of B(S) such
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that 1 € X and the mappings ¢t — k; and t — (Tix,z*) are elements of X for each
z € C and z* € E*. Following [13], we also write T,z instead of [ Tjx du(t) for a
mean pon X and z € C.

3. MAIN RESULTS

Now we state our main results.

Theorem 1. Let C' be a closed, convex subset of a uniformly convex Banach space
E whose norm is uniformly Gateaux differentiable. Let S be a semigroup and let
S ={T, : t € S} be an asymptotically nonexpansive semigroup on C with Lipschitz
constants {kt : t € S} such that F(S) is nonempty. Let X be a subspace of B(S)
such that 1 € X, X is ls-invariant for each s € S and the mappings t — ki and
t — (Tix,z*) are elements of X for each x € C and x* € E*. If there is a left
invariant mean on X, then F(S) is a sunny, nonexpansive retract of C.

We show a strong convergence theorem which generalizes the results in [14, 19,
18]:

Theorem 2. Let C, E, S, S and X be as in Theorem 1. Assume that there is a
left invariant mean on X. Let P be the sunny, nonexpansive retraction from C onto
F(S) and let {pn} be a strongly left reqular sequence of means on X. Let {a,} be
a real sequence satisfying 0 < ap <1, a, — 0 and

— ki) —1
(3.1) i ek =1

n— 00 Qp,
Let x be an element of C' and let {x,} be the sequence defined by
(3.2) Tp = an® + (1 —an)Tp, xn

for n > ng, where ng is a sufficiently large natural number. Then {x,} converges
strongly to Pzx.

Remark 1. The inequality (3.1) implies that there exists ng € N such that (1 —
an) (n)t(ke) < 1 for n > ng. So for n > ny, there exists a unique point x,, € C
satisfying z, = anx + (1 — an)7Tp,Tpn, since the mapping 75, from C into itself
defined by Th,u = apx + (1 — a,)T,, v is a contraction, i.e., ||T,u — Tyv| < (1 —
an) (pn)e(ke) ||lu — || for each u,v € C.

Remark 2. By [24], we know that the condition F(S) # () can be replaced by the
condition that there exists u € C such that {Tiu : t € S} is bounded.

In the case when S is nonexpansive, we have the following:

Theorem 3. Let C, E, S, S, X, P and {u,} be as in Theorem 2. Assume that
S is nonexpansive. Let {a,} be a real sequence satisfying 0 < a,, < 1 and a, — 0.
Let x be an element of C and let {x,,} be the sequence defined by (3.2) for n € N.
Then {x,} converges strongly to Px.

Next, we show another strong convergence theorem which generalizes the results
in [15, 20, 18]:
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Theorem 4. Let C, E, S, S, X and P be as in Theorem 2. Assume that for each
bounded subset {f, : n € N} of X, the mappings t — sup,, f(t) and t — inf,, f,,(t)
are elements of X. Let {un} be a strongly left reqular sequence of monotone con-
vergent means on X. Let {b,} be a real sequence satisfying 0 < b, <1, b, — 0,
ool o b =00 and

oo
(3.3) (1 = ba) (e (k)2 = 1), < oo,

n=0

Let x and yo be elements of C' and let {y,} be the sequence defined by
(3.4) Ynt1 = bpx + (1 = by) T, Un forn e N.
Then {yn} converges strongly to Pzx.

In the case when § is nonexpansive, we also have the following:

Theorem 5. Let C, E, S, S, X, P and {u,} be as in Theorem 4. Assume that
S is nonexpansive. Let {b,} be a real sequence satisfying 0 < b, < 1, b, — 0 and
Yo obn =00. Let x and yo be elements of C' and let {yn} be the sequence defined
by (3.4). Then {y,} converges strongly to Pzx.

4. PROOFS OF THEOREMS
For the sake of completeness, we give the proof of the following lemma.

Lemma 1. Let C be a closed, convexr subset of a reflexive Banach space E. Let
S be a semigroup and let S = {T}; : t € S} be a uniformly Lipschitzian semigroup
on C with Lipschitz constants {k: : t € S} such that F(S) is nonempty. Let X
be a subspace of B(S) such that 1 € X, X is ls-invariant for each s € S and the
mappings t — ky and t — (Tix,x*) are elements of X for each x € C and x* € E*.
Let i be a mean on X. Then

(i) ifx € F(S), then Tyx = x;

i) [Ty — Tzl < polko)lly — 21| for each y, = € C.

Proof. Let © € F(S). Then we have (T,z,2*) = p(Tix,z*) = (z,2*) for all 2* €
E*, and hence we get (i). Let y,z € C and let 2* € J(T,y — T),z). Then we have

Ty — Tuz|* = pulTey — Toz, 2™ < k) lly — 2|l]|2*]),
and hence we get (ii). O
The following is crucial to prove our theorems.

Lemma 2. Let C be a closed, convex subset of a uniformly conver Banach space E.
Let S be a semigroup and let S = {T; : t € S} be an asymptotically nonexpansive
semigroup on C with Lipschitz constants {k; : t € S} such that F(S) is nonempty.
Let X be a subspace of B(S) such that 1 € X, X 1is ls-invariant for each s € S
and the mappings t — k¢ and t — (Tyx,z*) are elements of X for each x € C' and
x* € E*. Let {un} be a strongly left reqular sequence of means on X. Then for each
r >0,

inf max{sup(ks — 1)4, sup lim sup ||Ty,u — To(Ty,w)|} = 0.
sesS tes tesS n—ooueCNB;,
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Proof. Let » > 0. Set d = sup{||Tiul| : v € C N B,,t € S} and set R =
max{d,sup{||Tiul| : v € C N Byg,t € S}}. We may assume d > 0. Fix ¢ > 0.
From [19, Lemma 1], there exists 6 > 0 satisfying

(@(Fg(U) N Br) + B§) NC C F.(U)

for all mappings U from C' into E such that |[Uz — Uyl|| < (1 4+ 0)|lz — y|| for each
x,y € C; see also [6, Theorem 1.2]. From [19, Lemma 3], there also exist n > 0
and a positive natural number N such that for each mapping U from C into itself
satisfying sup{||U"z| : n € Nyo € CN By} < R and ||Uz — Uy| < (14 n)|jz —y||
for each z,y € C, there holds

1 & J L
‘m+1§Ux_U<m+1ZZ;Ux>HS5

for all m > N and x € CN By. We may assume max{d,n} < e. From inf, sup, ks; <
1, there exists sop € S such that ks < 14 min{d,n} for allt € S. Fix t € S. Then
we have

I+ S (Lo (T~ Too (v i(TsotV(Tsu)) <o

i=0 i=0
for all s € S and v € C'N B,.. Hence for each mean p on X, we have

N N
1 _ 1 _
/ m ZT(Sot)isu d,LL(S) S CO{]\H—l ZT(SQt)iSu S S} C COF(;(TS()t) N BR
i=0 i=0
for all u € C' N B,, where (sot)’s represents s. From the strong left regularity of

{1n}, there exists nl), > ng such that [/, — lE"sOt)iunH < 6/d for all n > nl}, and
i=1,...,N. Since

N
1
‘ Ty — / N+1 ;T(sot)isu dpin(s)

N
1
= sup |(pn)s(Tsu,u™) — ——— (Mn)S<T(s t)isUaU*>
Ju =1 N+1 Z; '
1 N
< sup ‘(Nn)s(Tsua U*> - (l*s t iﬂn)s(Tsua U*>}
N+1;Hu*|=1 (0)

N

1 «

< N +1 Zl H,Um - l(sot)iMnH ~d <9,
1=

we get T, u € (€o(Fs(Tsyt) N Br)+B;s) NC for allu € CN B, and n > nl,. So we

have T),,u € F.(Tsy) for all w € C'N B, and n > nY., and hence we get

sot?

inf max{sup (ks — 1)+, sup lim sup ||y, u — To(Tp,u)||}
seS tes teS n—ooueCNB;,

< max{sup(k:sot —1)4, sup lim  sup ||T,,u— TSOt(TunU)H} <e.
tesS teS n—oo ueCNBy

Since € > 0 is arbitrary, we obtain the conclusion. U
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Till the end of Lemma 5, we assume that C, E, S, S, X, P, {tn}, {an}, no, z
and {z,} are as in Theorem 2 and we set a = limn((un)t(kt) — 1)/an. For n € N
with 1 <n <ng—1, we set x,, = .

Lemma 3. Let v be a Banach limit and let {x,,} be a subsequence of {xn}. Then
there exists a unique point z of C satisfying

(4.1 vilen, = 2 = minvillas, — ]

and the point z is an element of F(S).

Proof. From Lemma in [24], there exists a unique point z of C satisfying (4.1). We
shall show inf cgsup;cg||Tstz — 2| = 0. Suppose not. Then there exists ¢ > 0
such that for each s € S, there exists ¢ € S satisfying ||[Tstz — 2z|| > €. Set R =
max{||z||,sup{||T¢z|| : t € S}}. From Lemma in [24] and its proof, we can choose
0 > 0 such that

1
Vil|Tn; — < i(VzHJ;nz - UH2 + Vszrm - UH2) -0

for all u,v € C'N Bg with ||u — v|| > e. By the property of ¢, inf, sup, ks; < 1 and
Lemma 2, there also exists s € S such that || Tsz — 2| > ¢, (k2 — Dyil|zn, — 2|2 <6
and v;||xy, — Ts2||? < vi|| Tszn, — Tsz||* + 6. Then we have

2

TsZ+Z <

2

1
Vil|Tn; — E(Vlnxnz - TSZ||2 + Vlem - ZH2) -9

1
< villan, — 2|17 + 5 (6 = Dvillon, — 2] = 0)

< Vj||xn, — ZHQ.

So we get a contradiction. Hence we have inf, sup, || Tstz — z|| = 0. From the strong
left regularity of {uy,}, there is a left invariant mean p on X. Fix w € S. For each
s € S, we have
|Twz — 2| = (Twz — 2, J(Twz — 2))

= u(Tywz — Tz, J(Tywz — 2)) + we(Trz — 2, J(Twz — 2))

= (Twz — Twstz, J(Twz — 2)) + Ttz — 2z, J(Twz — 2))

< sup T2z — Tyl Tz = 2 +sup [Tz — 21Tz — 2)]

tes tesS

< (ko + Dsup [Topz = 2{[[|/(Twz = 2)]|
te

Since inf, sup; || Tsiz — z|| = 0, we get ||Twz — 2||> = 0. Therefore we obtain z €
F(S). O
Lemma 4.

((pn)e (k) — 1)+|

(X —x, J (2 — 2)) < -

|z, — 2|2 for alln > ny and z € F(S).
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Proof. Let n > ng and let z € F/(S). Since an (v, — ) = (1 — ap)(Tpy, xn — z,) and
T,z =z, we get

1—ay,

(on =z, J(n — 2)) = @ (Ty,®n — T, J (T — 2))
= 1 ;nan (<Tun$n — Ty, 2, J(xn — 2)) + (2 — zp, J (T — z)))
1—a,

IN

. ((un)e(ke) 2 — 2I* = l|lzn — 2]1%)
((pn)e(ke) — 1)

an,

< (e O

Lemma 5. Each subsequence {x,,} of {zn} contains a subsequence of {xn,} con-
verging strongly to an element of F(S).

Proof. Let {zp,} be a subsequence of {x,} and let v be a Banach limit. Then there
exists z € F(S) satisfying (4.1). By Lemma 4, we get v;(z,, — x, J(zn, — 2)) <
(a)4vil|zn, — 2||>. This inequality, a < 1 and [25, Lemma 1] yield

1
Vil|zn, — 2|* < mw@;m —z,J(xn, — 2)) <0.

Hence there exists a subsequence of {z,,} converging strongly to z. g
Now we can prove Theorems 1 and 2.

Proof of Theorem 1. Assume that there is a left invariant mean g on X. From
inf, sup, kst < 1, we know that p(k;) < 1. Let x be an element of C' and let {x,}
be the sequence defined by

1
Tn x+ (1 — n+1>T“x" for each n € N.

o+l
First we shall show that {z,} converges strongly to an element of F(S). By
Lemma 5, we know that each subsequence {z,,} of {z,} contains a subsequence of
{zn,} converging strongly to an element of F(S). Let {z,,} and {z,,,} be subse-
quences of {z,,} converging strongly to elements y and z of F'(S), respectively. From
Lemma 4 and g (k) < 1, we have (y —z,J(y —2)) <0 and (z —z,J(z —y)) <0,
which implies y = z. So {z,} converges strongly to an element of F(S). Hence
we can define a mapping P from C onto F(S) by Px = lim,, z,,. By the argument
above, we have (x — Px, J(z — Pz)) <0 for all z € C and z € F(S). Therefore P
is the sunny, nonexpansive retraction from C onto F'(S). O

Proof of Theorem 2. Let {z,,} be a subsequence of {z,} converging strongly to an
element y of F(S). By Lemma 4, we have (y — z,J(y — Px)) < (a)+|y — Pz|?*
Hence we obtain

(1~ (a)4)lly — Pz|* < (& — Pz, J(y — Px)) <0

by (2.2). From a < 1, we have y = Pz. Hence by Lemma 5, {z,,} converges strongly
to Px. 0
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Proof of Theorem 8. Since S is nonexpansive, we have mn((un)t(kt) — 1) / an =
0 < 1. So we obtain the desired result by Theorem 2. O

Next, we give the proofs of Theorems 4 and 5. Till the end of Lemma 8, we
assume that C, E, S, S, X, P, {un}, {bn}, z and {y,} are as in Theorem 4.
By the standard measure theory argument, we have the following:

Lemma 6. Let pi be a monotone convergent mean on X and let {fn:n €N} bea
bounded sequence of X. Then lim,, f, € X and

E Nt(fn(t)) < Nt( m fn(t))
n—oo n—oo
Since each p,, is monotone convergent, the following holds:

Lemma 7. lim lim | Ty — ynl| = 0.
m—00 N— 00

Proof. Set R = sup({||Ty, ynll : m € N} U{|Te(Ty, yn)|| : t € S,n € N}). Let € > 0.
By Lemma 2, there exists so € S such that lim,, | Tsot (T tn) — Ty yn|| < € for each
t € S. From the strong left regularity of {x,}, there also exists my, € N such that
|05, tm — pm|| < € for all m > my,. So by Lemma 6, we get

n@oHTumyn - yn”2 = H@O(Nm)KTt(Tunyn) — Ty Yn, J(Tum (Tunyn) - Tunyn)>
< (pn)e (i (T(Tyu ) = T J (Lt (T ) = Tpanhn)))
< (U)o ( B (T(Ty ) = Ty s I (T (T ) = Tuntn))) + 4R%
= ()¢ ( B (Tot(Tp, ) = Ty I (T (T ) = Tounn))) + AR
< (2R +4R%)e

for all m > my,, and hence we have lim,, limy, | 7)., yn — yn|* < (2R + 4R%)e. Since
€ > 0 is arbitrary, we obtain the conclusion. O

The following is crucial to prove Theorem 4.
Lemma 8. lim (x — Px, J(y, — Px)) <0.
n—oo

Proof. From inf,sup, ks; < 1 and Lemma 7, we can choose a positive real sequence
{Bm} such that limg, Bm = 0, Limy, ()¢ (ke) — 1) /Bm < 1, and ((pm)(ke))? <
1+ B2, and limy, | T),,, yn — Ynl| < B2 for all m € N. Without loss of generality, we
may assume [, < 1/2 for all m € N. By Remark 1, there exists a unique point x,
of C satisfying x,, = Bmax+ (1 — )T}, Tm for all sufficiently large m. Without loss
of generality, we may also assume that x,, is defined for all m € N. We know that
{zm} converges strongly to Pz by Theorem 2. Set R = sup ({||T},,,, Zm ||} U{[|zm|/} U

1EHT,umynH} U {HynH}) From (1 — ﬁm)(Tumem —Yn) = (Tm — Yn) = Bm(z — yn), we

(1- ﬂm)QHTumxm - ynH2 > |zm — yn”2 = 2Bm(x = Yn, J(Tm — Yn))
= (1 =28n)||Tm — ?/n||2 + 2B — T, J(Yn — Tim))



82 NAOKI SHIOJI AND WATARU TAKAHASHI

for each m,n € N. Then we get

1
(T = 2m, J(Yn — Tm)) < 5. (1= B 1 Ty — ynlI> — (1 = 2B ) |12 — ynll?)
Qﬁm 2 2 Bm 2
%m (1T = vl = i = 9 + 22Ty 2 — il
<120 (I T T 2 %) + 2R?
= 25 - umyn||+H umyn*ynH) —|Zm — ynl| )+ Bm

3R
S 4R2ﬁm + FHTymyn - ynH
m

for each m,n € N. So we have

lim (& — 2, J (Yo — Tm)) < (4R +3R)

n—oo
for each m € N. Since {x,,} converges strongly to Px and the norm of E is uniformly
Gateaux differentiable, we obtain the conclusion. O

Now we can prove Theorem 4.

Proof of Theorem 4. Fix ¢ > 0. By Lemma 8, there exists n € N such that 2(x —
Pz, J(ym — Px)) < € for each m > n. Since (1 —0by,)(Ty,, Ym — Pr) = (Yms1 — Px) —
b (z — Px), we have

(1 = bm) 2| Ty yim — Pal* > [lym+1 — P||* = 20, (@ — P, J(ym+1 — Pi))
for each m € N. So we get

[yms1 = Pl < bne + (1= bm)* ()i (ke))?[lym — P
for each m > n. Set pp = ||Yym—Px|%, cm = ((1tm)e(ke))? and dy, = ((1=byn)em—1)+
for each m € N. We remark that Y dy < oo by (3.3). Then for each m € N,
we have
Pn+m S (bn+m—1 + (1 - bn+m—1)2cn+m—1bn+m—2 + -
+ (1 - bn+m—1)26n+m—1(1 - bn+m—2)26n+m—2 e (1 - bn+1)20n+lbn)5
+ (1 - bn+m—1>20n+m—1(1 - bn+m—2)20n+m—2 e (1 - bn)2cnpn
< (1 + dn—i-m—l)(l + dn+m—2) T (1 + dn+1)
(bpgm—1 4+ (1 = bpgm—1)bntm—2 4+ -+ (1 = bpgm—1) - -+ (1 = bps1)bp )€
+ (14 dntm—1)(1 + dptm—2) - (1 + dy)
(1= bpm—1)(1 = bppm—2) -+ (1L = bn)pn
< S0t (g 4 ¢~ T ),
Hence we get

lim pp, = lim ppim < eXizodh . ¢,
m—oo m—0o0

Since € > 0 is arbitrary, {y,} converges strongly to Pz. O
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Proof of Theorem 5. Since S is nonexpansive, we have Yo7 (1= bn)((1n)e(ke))* —
1) L= 0 < 00. So we obtain the desired result by Theorem 5. 0

5. DEDUCED THEOREMS FROM MAIN RESULTS

Throughout this section, we assume that C is a closed, convex subset of a uni-
formly convex Banach space F whose norm is uniformly Gateaux differentiable.
Since we use a sequence of abstract means in our main results, we can deduce many
theorems from them. We give the proofs for some theorems in this section. For
others, see [8, 18, 17].

Theorem 6. Let T be an asymptotically nonexpansive mapping from C into itself
with Lipschitz constants {ky : n € N} such that F(T) # 0 and let P be the sunny,
nonexpansive retraction from C onto F(T). Let {an} be a real sequence such that
0 <an <1, a, — 0 and lim, (3°7_ok;/(n +1) = 1)/a, < 1, and let {b,} be
a real sequence such that 0 < by, < 1, by, — 0, Y% by, = 0o and Y oo ((1 —
b)) (D5 ki / (n+ 1)) - 1)Jr < 00. Let x and yo be elements of C and let {z,} and
{yn} be the sequences defined by

T, for all sufficiently large n,

T = apz + (1 —ayp)

and
1 .
yn+1=bnx+(1—bn)n+1;T]yn forn €N,

respectively. Then both {x,} and {y,} converge strongly to Pzx.

Theorem 7. Let T and U be asymptotically nonexpansive mappings from C into
itself with Lipschitz constants {k, : n € N} and {k, : n € N}, respectively such
that TU = UT and F(T)NF(U) # (. Let P be the sunny, nonexpansive retraction
from C onto F(T) N F(U). Let {an} be a real sequence such that 0 < a, < 1,

an — 0 and lim, (2>, Divjm kikg/(n 4+ 1)(n +2) — 1)/an < 1, and let {b,}
be a real sequence such that 0 < b, < 1, b, — 0, Y.°° (b, = 00 and Y oo ((1 —
n)(2 0020 2ot Kt/ (n+ 1) (n+ 2))% — 1)+ < o0o. Let x and yo be elements of C
and let {x,} and {y,} be the sequences defined by

Ty = apx + (1 — an)m Z Z TU 2, for all sufficiently large n,
1=0 i+j=l

and
n+1 = bp, 1-b,)———— T'Uy,, N,
pors =+ 1)y 3 5 T e

respectively. Then both {x,} and {y,} converge strongly to Pzx.

The following is a generalization of Theorem 6. For simplicity, we state it for a
nonexpansive mapping.
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Theorem 8. Let T be a nonexpansive mapping from C into itself such that F(T) #
0 and let P be the sunny, nonexpansive retraction from C onto F(T'). Let {on; :
n,j € N} be a real sequence such that o, j > 0, Z]O'io ay,j =1 and lim, Z]O'io |atn 41
— oy j| = 0. Let {an} be a real sequence such that 0 < a, <1 and a, — 0 and let
{bn} be a real sequence such that 0 <b, <1, b, — 0 and > o2 b, = co. Let x and
yo be elements of C and let {x,} and {y,} be the sequences defined by

o
Ty = apx + (1 — ay) Zaijja?n forn €N,
j=0

and

[0.9]
Yn+1 = bpx + (1 — by) Zan,jijn forn €N,
§=0
respectively. Then both {x,} and {y,} converge strongly to Px.

Proof. For each n € N, define a mean p, on B(N) by u,(f) = Z;io o, f; for
f=(fo, f1,---) € B(N). Then {uy} is strongly regular; see [8]. We shall show that
each i, is monotone convergent. Fix n € N. For A € 2N set m(A) = ZjeA Qp j.
Then (N, 2N, m) is a measure space. Let f € B(N) with f > 0 and let {f?:i € N}
be a nonnegative, monotone increasing sequence of B(N) such that lim; f;f = f; for
each j € N. By the monotone convergence theorem, we have

lim () = Jim [ fdm = [ fam= (),
1—00 1—00 N

So ., is monotone convergent. Hence by Theorems 3 and 5, we obtain the conclu-

sion. Il

Theorem 9. Let S = {S(t) : t > 0} be an asymptotically nonexpansive semigroup
on C with Lipschitz constants {k(t) : t > 0} such that F(S) # 0 and the mappings
t— k(t) and t — (S(t)z,z*) are measurable for each x € C and z* € E*, and let P
be the sunny, nonexpansive retraction from C onto F(S). Let {v,} be a sequence of
positive real numbers with vy, — 00, let {ay} be a real sequence such that 0 < a,, <1,
an — 0 and lim, ([ k(t) dt/yn — 1) Jan <1, and let {b,} be a real sequence such
that 0 < by, <1b—>0 Znon—ooandzno(l o) (Jo" k(t) dt/yn)*=1), <
00. Let x and yo be elements of C' and let {xz,} and {y,} be the sequences defined
by
1

Tn
Tp = anx + (1 —a,)— S(t)xy, dt for all sufficiently large n,
Tn Jo

and
1 Tn
Ynt1 = bpzr 4+ (1 — bn)y— S(t)yn dt forn €N,
n Jo
respectively. Then both {x,} and {y,} converge strongly to Pzx.

Remark 3. Theorem 9 is also applicable to the case when the mappings ¢ — k(t)
and ¢t — S(t)z are continuous for each z € C. In this case, the corresponding result
was obtained in [21].
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Theorem 10. Let S and P be as in Theorem 9. Let {\,} be a sequence of positive
real rﬂnbers with A, — 0, let {ay,} be a real sequence such that 0 < a, <1, a, — 0
and lim,, ()\ fooo e Mtk (t) dt — 1)/an <1, and let {bn} be a real sequence such that
0<b,<1,b,—0, Zfobn_ooandz o((L=0n) (A fo7 e Mtk(t) dE)? —1), <

. Let x and yo be elements of C' and let {xy} and {yn} be the sequences defined
by

Ty = apx + (1 — an))\n/ e*)‘"tS(t)mn dt for all sufficiently large n,
0

and

Ynt+1 = bpx + (1 — bn)/\n/ e S (t)yy, dt forn e N,
0

respectively. Then both {x,} and {y,} converge strongly to Px.

The following is a generalization of the above two theorems. For simplicity, we
state it for a nonexpansive semigroup.

Theorem 11. Let S and P be as in Theorem 9. Assume that S is nonexpan-
siwe. Let {an} be a sequence of measurable functions from [0,00) into itself such
that [;° an(t)dt = 1 for each n € N, limy oy (t) = 0 for almost every t > 0,
limy, [ |an(t + s) — an(t)|dt = 0 for each s > 0 and there exists § € L{ [0, 0)
such that sup, a,(t) < B(t) for almost every t > 0, where 3 € Li [0,00) means
the restriction of 3 on [0,s] belongs to L'[0,s] for each s > 0. Let {a,} be a real
sequence such that 0 < a, <1 and a,, — 0 and let {b,} be a real sequence such that
0<b,<1,b,—0and) > b, =00. Let x and yo be elements of C' and let {x,}
and {yn} be the sequences defined by

Tp = apx + (1 — ay) / an (t)S(t)x, dt forn eN,
0
and -
Ynt1 = bpx + (1 — bn)/ an(t)S(t)yn dt forn €N,
0
respectively. Then both {x,} and {y,} converge strongly to Pzx.

Proof. Let X be the subspace of B([0, c0)) which consists of all bounded, measurable
functions. We remark that an element f in X is not an equivalence class with the
usual equivalence relation, where the usual equivalence relation g ~ h means the
Lebesgue measure of the set {t € [0,00) : g(t) # h(t)} is zero. The reason is that
we consider that X is a subspace of B ([0 00)) with the supremum norm. For each
n € N, define a mean i, on X by pn(f) = [5° an(t)f(t)dt for each f € X. Then
for each s > 0, we have

lim ||, — 0 paa|
n—oo

_ T sup{

n—oo

/OOO /Oooozn s+t)dt‘ feX7|f|§1}

:liInsup{/Os dt+/oo (t—s))f(t)dt‘:feX,|f|§1}

n—oo
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< lim </Osan(t)dt+/soo\an(t) —an(t—s)|dt> =0.

n—oo

So {pn} is strongly regular. Next, we shall show that each p, is monotone conver-
gent. Fix n € N. Let A be the Lebesgue measurable field on [0, 00). For A € A, set
m(A) = [, an(t)dt. Then ([0,00),.A,m) is a measure space. Let f be an element of
X with f > 0 and let {f; : j € N} be a nonnegative, monotone increasing sequence
of X such that lim; f;(t) = f(t) for each t > 0. Then by the monotone convergence
theorem, we have

i pa(£) = T [0, = [ an(0r(0)dt = ()
Hence by Theorems 3 and 5, we obtain the conclusion. O
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