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and they are of the form

(1.2) xk+1 = xk + ηkdk,

where xk ∈ Rn is the k-th approximation to a solution, ηk > 0 is a step size,
and dk ∈ Rn is a search direction. We denote g(xk) by gk.

The bound constrained optimization problem (1.1) appears in various kinds
of applications including the control allocation problem [17], the image de-
blurring [19], the molecular conformation analysis [13] and the linear support
vector machine [26]. Furthermore, problem (1.1) also appears as a subproblem
in augmented Lagrangian methods and penalty methods [9, 11].

There are several numerical methods for solving problem (1.1), which in-
clude active-set type methods, projected gradient methods and affine scaling
methods, for example [2,3,6,7,10,15,16]. In this paper, we focus on an active-
set method. Recently, Yuan and Lu [27] proposed an active-set limited memory
BFGS algorithm that used an active set identification technique [10] to esti-
mate active variables, and determined the search direction for free variables by
the limited memory quasi-Newton method.

Inspired by their algorithm, we combine this technique with memoryless
quasi-Newton methods based on the spectral-scaling Broyden family. When
we solve large-scale bound constrained optimization problems, the number of
free variables becomes large. If we use usual quasi-Newton methods, we need
too much memory requirement, because the approximate matrix of Hessian
is dense. So, we focus on the memoryless quasi-Newton method proposed
by Shanno [25], which was developed for solving unconstrained optimization
problems. Memoryless quasi-Newton methods need less memory requirement.
Recently, memoryless quasi-Newton methods have been studied by several re-
searchers [18,20,22,23]. Based on the Broyden family with the spectral-scaling
secant condition [4, 5], Nakayama et al. [24] claimed that the preconvex class
performs better than the BFGS update.

In this paper, we modify the active-set strategy of Yuan and Lu [27] which is
based on Facchinei et al. [10] and combine the modified active-set strategy with
the memoryless quasi-Newton method based on the spectral-scaling Broyden
family. In our numerical experiments, we investigate how our modification and
a choice of parameters of the Broyden family affect numerical performance.

This paper is organized as follows. In Section 2, we first modify the al-
gorithm of Yuan and Lu [27]. Next, we introduce memolyless quasi-Newton
methods and propose our method. In addition, we show the global convergence
of the proposed method. In Section 3, we present some numerical experiments.
Finally Section 4 gives conclusions.
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2. Proposed method and its global convergence

In this section, we first introduce the active-set method of Yuan and Lu [27]
and give its modification. Next, we introduce quasi-Newton methods and com-
bine the modified active-set method with memoryless quasi-Newton methods.
Finally, we present the global convergence results of the proposed method.

The KKT conditions of (1.1) are equivalent to the following conditions:

(2.1)


(g(x))i ≥ 0 for all i ∈ L := {i : li = (x)i},
(g(x))i = 0 for all i ∈ F := {i : li < (x)i < ui},
(g(x))i ≤ 0 for all i ∈ U := {i : ui = (x)i}.

Note that x that satisfies (2.1) is called a stationary point. We define sets
L(x), U(x), and F (x) by L(x) := {i : (x)i ≤ li + ai(x)(g(x))i},

U(x) := {i : (x)i ≥ ui + bi(x)(g(x))i},
F (x) := {1, . . . , n}\(L(x) ∪ U(x)),

where ai(x) and bi(x) (i = 1, . . . , n) are nonnegative continuous functions
bounded from above on K, such that if (x)i = li (respectively, (x)i = ui),
then ai(x) > 0 (respectively, bi(x) > 0). Then there exist positive constants a
and b such that

ai(x) ≤ a and bi(x) ≤ b (i = 1, . . . , n)

for any x ∈ K.
Let ZJ ∈ Rn×|J| be a matrix whose columns are {ei|i ∈ J} for any index

set J ⊂ {1, . . . , n}, where ei is the i-th column of the identity matrix in Rn×n.
Yuan and Lu [27] defined the search direction dk by

(2.2) (dk)i =


li − (xk)i for all i ∈ L(xk),
ui − (xk)i for all i ∈ U(xk),
−αk

∗(ZF (xk)Z
T
F (xk)

HkZF (xk)Z
T
F (xk)

gk)i for all i ∈ F (xk),

where

(2.3) αk
∗ = max{α | 0 ≤ α ≤ 1,

li ≤ (xk)i − α(ZF (xk)Z
T
F (xk)

HkZF (xk)Z
T
F (xk)

gk)i ≤ ui, i ∈ F (xk)}

and Hk is an approximation to the matrix ∇2f(xk)
−1

.
We note that there is a case where αk

∗ in (2.3) becomes zero. For example,
we assume that F (xk) = {1, . . . , n} and that there exists i such that (gk)i >
0 , −(ZF (xk)Z

T
F (xk)

HkZF (xk)Z
T
F (xk)

gk)i > 0 and (xk)i = ui hold. From the

definition of αk
∗ in (2.3), we have αk

∗ = 0 and dk = 0. Thus xk does not
change, while xk is not a stationary point, because xk does not satisfy the
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third condition of (2.1). To avoid this phenomenon, we consider a modification
of the active-set strategy of Yuan and Lu. Specifically, we define the index set
T (xk) by

T (xk) = {i ∈ F (xk) |(
(xk)i = li, −(ZF (xk)(Z

T
F (xk)

HkZF (xk))Z
T
F (xk)

gk)i < 0, (gk)i < 0
)

or
(
(xk)i = ui, −(ZF (xk)(Z

T
F (xk)

HkZF (xk))Z
T
F (xk)

gk)i > 0, (gk)i > 0
)
}

and use −(Hk)ii(gk)i as a search direction for i ∈ T (xk), where (Hk)ii is the
(i, i) element of Hk. Note that if Hk is positive definite, (Hk)ii is positive.
Summarizing the above argument, we define the search direction dk by
(2.4)

(dk)i =


li − (xk)i for all i ∈ L(xk),
ui − (xk)i for all i ∈ U(xk),
−αk

new(ZF (xk)\T (xk)H̄kZ
T
F (xk)\T (xk)

gk)i for all i ∈ F (xk)\T (xk),

−αk
new(Hk)ii(gk)i for all i ∈ T (xk),

where

H̄k = ZT
F (xk)\T (xk)

HkZF (xk)\T (xk)(2.5)

and

αk
new = max{α | 0 ≤ α ≤ 1,

li ≤ (xk)i − α(ZF (xk)\T (xk)H̄kZ
T
F (xk)\T (xk)

gk)i ≤ ui, i ∈ F (xk)\T (xk),

lj ≤ (xk)j − α(Hk)jj(gk)j ≤ uj , j ∈ T (xk)}.(2.6)

It is significant that we suitably choose Hk in (2.5) for large-scale prob-
lems. Accordingly, we apply memoryless quasi-Newton methods to the active-
set method (2.4)–(2.6). In the following, we briefly introduce quasi-Newton
methods and memoryless quasi-Newton methods. Let Bk be an approximation
to ∇2f(xk) and set Hk = B−1

k . The matrix Bk or Hk is updated at each
iteration such that the secant condition

(2.7) Bksk−1 = yk−1 or Hkyk−1 = sk−1

holds, where sk−1 = xk − xk−1 and yk−1 = gk − gk−1. As updating formulas
that satisfy (2.7), the DFP update and the BFGS update are well-known. They
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are respectively given by

Bk = Bk−1 −
Bk−1sk−1y

T
k−1 + yk−1(Bk−1sk−1)

T

sTk−1yk−1
(2.8)

+

(
1 +

sTk−1Bk−1sk−1

sTk−1yk−1

)
yk−1y

T
k−1

sTk−1yk−1

and

(2.9) Bk = Bk−1 −
Bk−1sk−1(Bk−1sk−1)

T

sTk−1Bk−1sk−1
+

yk−1y
T
k−1

sTk−1yk−1
.

In this paper, we focus on the Broyden family:

(2.10)


Bk = Bk−1 −

Bk−1sk−1s
T
k−1Bk−1

sTk−1Bk−1sk−1
+

yk−1y
T
k−1

sTk−1yk−1
+ ϕk−1vk−1v

T
k−1,

vk−1 =
√
sTk−1Bk−1sk−1

(
yk−1

sTk−1yk−1
− Bk−1sk−1

sTk−1Bk−1sk−1

)
,

where ϕk−1 ∈ R is a parameter. We can consider the Broyden family of the
inverse matrix version:
(2.11)

Hk = Hk−1 −
Hk−1yk−1y

T
k−1Hk−1

yTk−1Hk−1yk−1
+

sk−1s
T
k−1

sTk−1yk−1
+ ϕH

k−1wk−1w
T
k−1.

wk−1 =
√

yTk−1Hk−1yk−1

(
sk−1

sTk−1yk−1
− Hk−1yk−1

yTk−1Hk−1yk−1

)
.

The Broyden family includes the DFP update (2.8) and the BFGS update
(2.9), i.e., ϕk−1 = 0 (or ϕH

k−1 = 1 in (2.11)) corresponds to the BFGS update

and ϕk−1 = 1 (or ϕH
k−1 = 0 in (2.11)) corresponds to the DFP update. The

Broyden family with ϕk−1 ∈ [0, 1] is called the convex class. If ϕk−1 ∈ [0, 1], the
approximate matrix by the Broyden family is positive definite. In the convex
class, it is known that ϕk = 0 (namely, the BFGS formula) is suggested as
the best choice. On the other hand, Zhang and Tewarson [28] studied the
preconvex class, which means the Broyden family with ϕk−1 ∈ (ϕ∗

k−1, 0), where
ϕ∗
k−1 is a threshold. As same as the convex class, the preconvex class generates

positive definite approximate matrices. If ϕk−1 = ϕ∗
k−1, then the approximate

matrix degenerates. Zhang and Tewarson claimed that better choices than
the BFGS formula could be found in the preconvex class. Note that (2.10)
with ϕk−1 ∈ [0, 1] corresponds to (2.11) with ϕH

k−1 ∈ [0, 1] and (2.10) with

ϕk−1 ∈ (ϕ∗
k−1, 0) corresponds to (2.11) with ϕH

k−1 ∈ (1,∞). Thus, (2.11) with
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ϕH
k−1 ∈ [0, 1] and ϕH

k−1 ∈ (1,∞) is also called the convex class and the preconvex
class, respectively.

In the memoryless quasi-Newton methods, we focus on the updating formula
of Hk in (2.11). By replacing Hk−1 with the identity matrix I, (2.11) becomes

(2.12)


Hk = I −

yk−1y
T
k−1

yTk−1yk−1
+

sk−1s
T
k−1

sTk−1yk−1
+ ϕH

k−1wk−1w
T
k−1,

wk−1 =
√

yTk−1yk−1

(
sk−1

sTk−1yk−1
− yk−1

yTk−1yk−1

)
.

The quasi-Newton method based on (2.12) is called the memoryless quasi-
Newton method based on the Broyden family. We note that we can compute
the product of Hk and a vector v by using inner products of vectors and that
it is written by

Hkv = v −
yTk−1v

yTk−1yk−1
yk−1 +

sTk−1v

sTk−1yk−1
sk−1 + ϕH

k−1(w
T
k−1v)wk−1.

Therefore, we can directly apply this technique to large-scale optimization prob-
lems.

To establish the global convergence of the method, we now modify the above
memoryless quasi-Newton method by combining two types of secant conditions.
The first one is the spectral-scaling secant condition by Cheng and Li [5], and
the second one is given by Li and Fukushima [21]. The usual secant condition
(2.7) is based on the first order approximation of g, namely ∇2f(xk)sk−1 ≈
yk−1. Cheng and Li considered the previous relation multiplied by γk > 0,
namely, γk−1∇2f(xk)sk−1 ≈ γk−1yk−1 and gave the spectral-scaling secant
condition:

(2.13) Bksk−1 = γk−1yk−1 or Hkyk−1 =
1

γk−1
sk−1,

where γk > 0 is a spectral-scaling parameter. Note that Bk approximates
γk−1∇2f(xk) instead of ∇2f(xk) and that γk−1 is used for numerical stability.
In this paper, we choose γk−1 satisfying

γ ≤ γk−1 ≤ γ(2.14)

with positive constants γ and γ. Next, we incorporate Li-Fukushima’s modi-
fication into the spectral-scaling secant condition to preserve the positive def-
initeness of Bk (or Hk). Specifically, we use zk−1 := yk−1 + ζk−1sk−1 instead
of yk−1 in (2.13), and then the modified spectral-scaling secant condition we
consider is given by

Bksk−1 = γk−1zk−1 and Hkzk−1 =
1

γk−1
sk−1.
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The additional term ζk−1sk−1 can be regarded as a regularizer, and the param-
eter ζk−1 is chosen such that there exist positive constants ζ and ζ satisfying
the relations

(2.15) sTk−1zk−1 = sTk−1(yk−1 + ζk−1sk−1) ≥ ζ∥sk−1∥2

and

(2.16) 0 ≤ ζk−1 ≤ ζ,

where ∥ · ∥ denotes the l2 norm. Replacing yk−1 by γk−1zk−1 in (2.12), we have
a memoryless Broyden family based on the modified spectral-scaling secant
condition, as follows:

(2.17)


Hk = I −

zk−1z
T
k−1

zTk−1zk−1
+

1

γk−1

sk−1s
T
k−1

sTk−1zk−1
+ ϕH

k−1wk−1w
T
k−1,

wk−1 =
√
zTk−1zk−1

(
sk−1

sTk−1zk−1
− zk−1

zTk−1zk−1

)
.

As in (2.11), (2.17) with ϕH
k−1 = 1 corresponds to the memoryless BFGS for-

mula, and (2.17) with ϕH
k−1 = 0 corresponds to the memoryless DFP formula.

Also we call (2.17) with ϕH
k−1 ∈ [0, 1] and ϕH

k−1 ∈ (1,∞) the convex class and

the preconvex class, respectively. We emphasize that if ϕH
k−1 ∈ [0,∞), Hk in

(2.17) is positive definite. In this paper, ϕH
k−1 is chosen such that

0 ≤ ϕH
k−1 ≤ ϕ(2.18)

holds, where ϕ is a fixed positive constant.
Summarizing the above arguments, we propose a new active-set method for

solving problem (1.1). Specifically, we adopt the search direction (2.4)–(2.6) in
which we use (2.17) for Hk in (2.5). In (1.2), we choose a step size ηk satisfying
the Armijo condition by a backtracking technique. That is, for a constant
β ∈ (0, 1), find the smallest integer i = 0, 1, . . . such that

(2.19) f(xk + βidk) ≤ f(xk) + σβigTk dk

holds and set ηk = βi. We present our algorithm as follows.

Algorithm 1. (Active-set memoryless quasi-Newton method based on spectral-
scaling Broyden family) 　
Step 0: Given a starting point x0 ∈ K, and constants σ ∈ (0, 1) and

β ∈ (0, 1). Set k = 0.
Step 1: Compute the search direction dk in (2.4)–(2.6) by using Hk in (2.17).
Step 2: If a stopping criterion is satisfied, we stop the algorithm.
Step 3: Find a step size ηk by (2.19).
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Step 4: Set xk+1 = xk + ηkdk.
Step 5: Set k := k + 1 and go to step 1.

Now, we give the global convergence property of the proposed method. For
this purpose, we make the following assumptions.

Assumption 1. The level set L0 = {x ∈ Rn : f(x) ≤ f(x0)} ∩K is compact.

Assumption 2. The gradient g of f is Lipschitz continuous on L0, namely,
there exists a positive constant L such that

(2.20) ∥g(u)− g(v)∥ ≤ L∥u− v∥ ∀u, ∀v ∈ L0.

Assumption 3. For all k ≥ 1, sk−1 and zk−1 are linearly independent.

We can obtain the largest and smallest eigenvalues of (2.17) from the result
in Al-Baali [1]. Estimating the eigenvalues, we have the following proposition,
which implies that Hk in (2.17) is uniformly positive definite and bounded
above.

Proposition 2.1. Suppose that Assumptions 1–3 hold and (2.14), (2.15) and
(2.18) are satisfied. Then, there exist positive constants m and M such that
Hk in (2.17) satisfies

m∥x∥2 ≤ xTHkx ≤ M∥x∥2 ∀x ∈ Rn.

The next proposition gives a necessary and sufficient condition for xk to be
a stationary point of (1.1).

Proposition 2.2. Let the sequence {xk} be generated by Algorithm 1. Suppose
that all assumptions of Proposition 2.1 hold. Then xk is a stationary point of
(1.1) if and only if dk = 0.

The following lemma is given by Facchinei et al. [10] for a general iterative
method (1.2) and plays an important role in showing the global convergence.

Lemma 2.3. Let the sequence {xk} be generated by (1.2), where ηk is computed
by (2.19). Suppose that Assumption 1 holds and that there exist scalars µ > 0
and p > 1 such that, for every k = 0, 1, . . . , the search direction dk ∈ Rn

satisfies the following conditions:

a. xk + dk ∈ K,
b. gTk dk ≤ −µ∥dk∥p,
c. dk = 0 if and only if xk is a stationary point of (1.1),
d. if xk → x̄ and dk → 0, then x is a stationary point of (1.1).

Then the sequence {xk} has at least an accumulation point and every accumu-
lation point of this sequence is a stationary point for (1.1).
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Using Lemma 2.3, we have the global convergence theorem of our proposed
method.

Theorem 2.4. Let the sequence {xk} be generated by Algorithm 1. Suppose
that if xk → x̄, then F (xk) = {i |li < (x̄)i < ui} holds for k sufficiently
large. Suppose that all assumptions of Proposition 2.1 hold. Then the sequence
{xk} has at least an accumulation point and every accumulation point of this
sequence is a stationary point for (1.1).

3. Numerical experiments

In this section, we report numerical results to investigate numerical per-
formance of our method. In CUTEst [14], there are 65 bound constrained
optimization problems. However, the initial points of four problems are not in
the feasible regions. Therefore, we removed these problems and tested 61 prob-
lems. All codes were written in Python 3.7 with PyCUTEst [12]. PyCUTEst
is a Python interface to CUTEst. They were run on a PC with 3.5GHz Intel
Core i5, 32.0 GB RAM memory and Linux OS Ubuntu 16. We stopped the
algorithm if ∥PK(gk)∥∞ < 10−5 held or if CPU time exceeded 600 seconds or
if a numerical overflow occurred. Here, PK(gk) means

PK(gk) =

 min(0, (gk)i) (xk)i = li,
(gk)i li < (xk)i < ui,
max(0, (gk)i) (xk)i = ui.

By taking into account (2.1), PK(gk) = 0 implies that xk is a stationary point.

We set parameters to be ai(x) = bi(x) = 10−6, γk−1 =
sTk−1zk−1

zTk−1zk−1
, σ = 10−4,

β = 0.5 and

(3.1) ζk−1 =


0, if sTk−1yk−1 ≥ ζ∥sk−1∥2

ζ −
sTk−1yk−1

∥sk−1∥2
, otherwise,

where we used ζ = 0.01. When sTk−1yk−1 ≥ ζ∥sk−1∥2 holds, ζk−1 in (3.1)
obviously satisfies (2.15) and (2.16). Otherwise, we have

sTk−1zk−1 = sTk−1(yk−1 + ζk−1sk−1) = sTk−1yk−1 + ζ∥sk−1∥2 − sTk−1yk−1

= ζ∥sk−1∥2

and

ζk−1 = ζ −
sTk−1yk−1

∥sk−1∥2
> 0.
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Also, from (2.20), we get

ζk−1 = ζ −
sTk−1yk−1

∥sk−1∥2
≤ ζ +

L∥sk−1∥2

∥sk−1∥2
= ζ + L.

Therefore, ζk−1 in (3.1) satisfies (2.15) and (2.16).
To compare numerical performance between the tested methods, we adopted

the performance profiles based on the CPU time by Dolan and Moré [8]. In [8],
the performance profile is explained as follows.

For ns solvers and np problems, the performance profiles P :
R → [0, 1] is defined as follows: Let P and S be the set of
problems and the set of solvers, respectively. For each problem
p ∈ P and for each solver s ∈ S, we define tp,s = CPU time
required to solve problem p by solver s. The performance ratio
is given by rp,s = tp,s/minstp,s. Then, the performance profile
is defined by P (τ) = 1

np
size{p ∈ P|rp,s ≤ τ}, for all τ ≥ 1,

where size A, for any set A, stands for number of the elements
in that set. Note that P (τ) is the probability for solver s ∈ S
such that a performance ratio rp,s is within a factor τ ≥ 1 of
the best result. The left side value of the performance profile,
namely P (1), gives the percentage of the test problems for
which a method is the best result. The right side value, namely
P (τ) with sufficient large τ , gives the percentage of the test
problems that are successfully solved by each of the methods.
The top curve is the method that solves the most problems in
a result that is within a factor τ of the best result.

To investigate the difference of Yuan-Lu’s active-set strategy (2.2)–(2.3) and
the modified strategy (2.4)–(2.6), we tested the methods given in Table 1.

Table 1. Tested methods with or without the modification
method

Method 1 Algorithm 1 (ϕH
k−1 = 1.0)

Method 2 Algorithm 1 (ϕH
k−1 = 1.0) with (2.2)–(2.3) instead of (2.4)–(2.6)
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Figure 1. Performance profiles of Table 1

In Figure 1, Method 1 is clearly superior to Method 2. From this fact, we
can see that the modification of the direction for i ∈ T (xk) works well. Actu-
ally, Method 1 could successfully solve 18 problems which could not be solved
by Method 2. For these problems, Method 2 stopped even if xk was not a
stationary point.

Next, we tested our method with the parameter ϕH
k−1 = 0 (DFP), 0.25, 0.5,

0.75, 1 (BFGS), 1.25, 1.5 and 1.75. Note that the method with ϕH
k−1 = 0, 0.25,

0.5, 0.75 and 1.0 is the convex class and that with 1.25, 1.5 and 1.75 is the
preconvex class (see Table 2).

Table 2. Tested methods with convex and preconvex classes
method active-set strategy class

ϕH
k−1 = 0 (DFP) (2.4)–(2.6) convex

ϕH
k−1 = 0.25 (2.4)–(2.6) convex

ϕH
k−1 = 0.5 (2.4)–(2.6) convex

ϕH
k−1 = 0.75 (2.4)–(2.6) convex

ϕH
k−1 = 1.0 (BFGS) (2.4)–(2.6) convex

ϕH
k−1 = 1.25 (2.4)–(2.6) preconvex

ϕH
k−1 = 1.5 (2.4)–(2.6) preconvex

ϕH
k−1 = 1.75 (2.4)–(2.6) preconvex
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Figure 2. Performance profiles of Table 2

In Figure 2, ϕH
k−1 = 1.0 (BFGS) is better than the other methods. On the

other hand, ϕH
k−1 = 0 (DFP) does not perform well. In the convex class, the

numerical performance becomes better as ϕH
k−1 is close to 1.0. In the preconvex

class, we can see that numerical performance becomes better as ϕH
k−1 becomes

larger. The convex class is better than the preconvex class.

4. Conclusion

We have proposed an active-set memoryless quasi-Newton method based on
the spectral-scaling Broyden family for bound constrained optimization prob-
lems and have shown its global convergence. The modification of the search
direction for i ∈ T (xk) gives a better effect on numerical performance.

Acknowledgements. This research was supported in part by JSPS KAK-
ENHI (grant number 20K11698) and the Research Institute for Mathematical
Sciences in Kyoto University.

References

[1] M. Al-Baali, On measure functions for the self-scaling updating formulae for quasi-
Newton methods, Optimization 32 (1995), 59–69.

[2] D. P. Bertsekas, Projected Newton methods for optimization problems with simple con-

straints, SIAM Journal on Control and Optimization 20 (1982), 221–246.
[3] R. H. Byrd, P. Lu, J. Nocedal and C. Zhu, A limited memory algorithm for bound

constrained optimization, SIAM Journal on Scientific Computing 16 (1995), 1190–1208.



ACTIVE-SET MEMORYLESS QUASI-NEWTON METHOD 159

[4] Z. Chen and W. Cheng, Spectral-scaling quasi-Newton methods with updates from the
one parameter of the Broyden family, Journal of Computational and Applied Mathe-
matics 248 (2013), 88–98.

[5] W. Y. Cheng and D. H. Li, Spectral scaling BFGS method, Journal of Optimization
Theory and Applications 146 (2010), 305–319.

[6] T. F. Coleman and Y. Li, An interior trust region approach for nonlinear minimization
subject to bounds, SIAM Journal on Optimization 6 (1996), 418–445.

[7] Y. H. Dai and R. Fletcher, Projected Barzilai-Borwein methods for large-scale box-
constrained quadratic programming, Numerical Mathematik 100 (2005) 21–47.
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